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Approximation Methods and Data Analysis

During the last 15-20 years the world is facing an overwhelming increase of
data of various types. This includes data for document analysis, data com-
ing from social networks, data for traffic control, image and video data, data
from high throughput measurements in biology, physics, and other fields in
science. Therefore, there is an increasing demand for efficient methods of
analyzing the tremendous amount of data. The analysis of data can often be
related to function approximation. Consequently, it seems natural to apply
powerful methods from approximation theory in order to create new highly
productive algorithms for data analysis. On the other hand challenges in
the field of data analysis stimulate new directions of research in approxima-
tion theory. The workshop is focused on approximation methods and data
analysis. It is a continuation of a longstanding tradition of workshops on
approximation theory and related fields held in Northern Germany since the
1990’s.
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Program Overview

Time Monday Tuesday Wednesday Thursday Friday

09:00 - 10:00 Chui Zhou Chandrasekaran Rauhut

10:00 - 10:30 Hessenberger Christensen Iglewska-Nowak Merkert

10:30 - 11:00 Coffee break

11:00 - 11:30 van der Walt Bergmann Bakan Führ

11:30 - 12:00 Zhuang Pereverzyev Lomako Quellmalz

12:00 - 12:30 Ehler Kolomoitsev

12:30 - 14:00 Lunch break

14:00 - 15:00 Fornasier Michel

15:00 - 15:30 Ganesh Kunis

15:30 - 16:00 Seibert Diederichs

16:00 - 16:30 Potts Coffee break Excursion Coffee break

16:30 - 17:00 Sickel Skrzipek

17:00 - 17:30 Skopina Stasyuk Schneider

17:30 - 18:00 Lebedeva Derevianko Wannenwetsch

18:00 - 18:30 Wülker Myroniuk Look

19:00 Conference Dinner

All talks will take place at Schloss

All meals will be served at the dining room at Schloss

Only Dinner on Monday will be served at Marstall

4



Program

Monday

Chair: M. Tasche

16.00 - 17.00 D. Potts
High dimensional approximation with trigonometric polynomials

17.00 - 17.30 M. Skopina
On construction of multivariate Parceval wavelet frames

17.30 - 18.00 E. Lebedeva
On a connection between nonstationary and periodic wavelets

18.00 - 18.30 C. Wülker
Fast Fourier transforms for spherical Gauss-Laguerre basis functions
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Tuesday

Chair: F. Filbir

09.00 - 10.30 C. K. Chui (+ D. Hessenberger)
Impact of Professor Mhaskar’s work to my current research on data science

10.30 - 11.00 Coffee Break

Chair: M. Skopina

11.00 - 11.30 M. van der Walt
Data-driven atomic decomposition via frequency extraction
of intrinsic mode functions

11.30 - 12.00 X. Zhuang
Multiscale data analysis: Affine systems, framelets, manifolds and beyond

12.00 - 12.30 M. Ehler
Optimal covering, integration, and approximation on Riemannian manifolds

12.30 - 14.00 Lunch

Chair: O. Christensen

14.00 - 15.00 M. Fornasier
Learning and sparse control of multiagent systems

15.00 - 15.30 M. Ganesh
Sign-definite approximations for wave propagation models

15.30 - 16.00 K. Seibert
A mathematical view on spin-weighted spherical harmonics in
quantum mechanics and geophysics

16.00 - 16.30 Coffee break

Chair: Ronny Bergmann

16.30-17.00 W. Sickel
Approximation numbers of embeddings of anisotropic Sobolev spaces of
dominating mixed smoothness – preasymptotics and asymptotics

17.00-17.30 S. Stasyuk
Sparse trigonometric approximation of Nikolskii–Besov type classes of
functions with small mixed smoothness

17.30-18.00 N. Derevianko
About one description of the local Besov spaces

18.00-18.30 V. V. Myroniuk
Construction of orthogonal trigonometric Schauder basis for C(T2)
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Wednesday

Chair: Hartmut Führ

09.00 - 10.00 D.-X. Zhou
Approximation analysis of distributed learning and online learning

10.00 - 10.30 O. Christensen
The unitary extension principle and its generalizations

10.30 - 11.00 Coffee Break

Chair: Martin Ehler

11.00 - 11.30 R. Bergmann
A second order non-smooth variational model for restoring
manifold-valued images

11.30 - 12.30 S. Pereverzyev
Aggregation by the linear functional strategy in supervised learning

12.30 - 14.00 Lunch

14.30 - 19.00 Excursion to Wismar
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Thursday morning

Chair: Hrushikesh N. Mhaskar

09.00 - 10.00 S. Chandrasekaran
A minimum Sobolev norm numerical technique for PDEs

10.00 - 10.30 I. Iglewska–Nowak
Directional wavelets on the sphere

10.30 - 11.00 Coffee Break

Chair: Winfried Sickel

11.00 - 11.30 A. Bakan
Frobenius’ Theorem (1894) revisited

11.30 - 12.00 T. Lomako
Estimates of Lebesgue constants for convex polyhedra

12.00 - 12.30 Y. Kolomoitsev
On Lp-error of multivariate polynomial interpolation on
Lissajous-Chebyshev nodes

12.30 - 14.00 Lunch
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Thursday afternoon

Chair: Xiaosheng Zhuang

14.00 - 14.30 S. Kunis
Super-resolution meets algebraic geometry

14.30 - 15.30 V. Michel
A best basis approximation method for ill-posed problems in
Earth Sciences and Industrial Mathematics

15.30 - 16.00 B. Diederichs
Improved estimates for condition numbers of RBF interpolation matrices

16.00 - 16.30 Coffee break

Chair: Maria van der Walt

16.30-17.00 M. Skrzipek
Signal reconstruction and approximation

17.00-17.30 N. Schneider
Vectorial Slepian functions on the ball

17.30-18.00 K. Wannenwetsch
Deterministic sparse FFT algorithms

18.00-18.30 S. Loock
Phase retrieval from near-field measurements using sparsity constraints
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Friday

Chair: Michael Skrzipek

09.00 - 10.00 H. Rauhut
Interpolation via weighted `1-minimization

10.00 - 10.30 D. Merkert
A framework for FFT-based homogenization on anisotropic lattices

10.30 - 11.00 Coffee break

Chair: Vitalii Myroniuk

11.00 - 11.30 H. Führ
Wavelet approximation theory in higher dimensions

11.30 - 12.00 M. Quellmalz
A generalization of the Funk-Radon transform
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Excursion: Wismar

Wismar harbour

On Wednesday afternoon, there will be the opportunity to visit the nearby city of Wismar.
Wismar is a port and Hanseatic city in Northern Germany on the Baltic Sea, in the state

of Mecklenburg-Vorpommern. It is located about 45 kilometres (28 miles) east of Lübeck and
30 kilometres (19 miles) north of Schwerin, and is part of the Hamburg Metropolitan Region.
Its natural harbour, located in the Bay of Wismar, is well-protected by a promontory. A
unique representative of the Hanseatic League city type, with its Brick Gothic constructions
and many patrician gable houses, Wismar has been included in the UNESCO list of World
Heritage Sites since 2002, together with the historical core of Stralsund. 1

We leave the hotel for Wismar at 2:30pm, where we will stay until 6pm or 6:30pm. We
arrive back at the hotel at 7:00pm. Costs will be 10 Euro per person.

1Source Wikipedia. Picture by A. Koker. The copyright holder of this file allows anyone to use it for any
purpose, provided that the copyright holder is properly attributed.
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Plenary Talks

Tuesday, 09.00 - 10.30
Impact of Professor Mhaskar’s work to my current research on data science

Charles K. Chui
Stanford University, U.S.A. and Hong Hong Baptist University, China

Contents of discussion:

(1) What is ’Big data’?

(2) Current research journals devoted to data science

(3) My research and development program in this field

(4) Neuroendocrine integration

(5) EKG and pulse signals

(6) Mathematical approaches

(i) Directed graphs,

(ii) Deep learning via deep-net,

(iii) Atomic signal decomposition

(7) Tele-health and early diagnosis: Health care for All

Tuesday, 14.00 - 15.00
Learning and sparse control of multiagent systems

Massimo Fornasier
Technische Universität München, Germany

In the past decade there has been a large scope of studies on mathematical models of social
dynamics. Self-organization, i.e., the autonomous formation of patterns, has been so far
the main driving concept. Usually first or second order models are considered with given
predetermined nonlocal interaction potentials, tuned to reproduce, at least qualitatively,
certain global patterns (such as flocks of birds, milling school of fish or line formations in
pedestrian flows etc.). However, often in practice we do not dispose of a precise knowledge
of the governing dynamics. In the first part of this talk we present a variational and optimal
transport framework leading to an algorithmic solution to the problem of learning the inter-
action potentials from the observation of the dynamics of a multiagent system. Moreover,
it is common experience that self-organization of a society does not always spontaneously
occur. In the second part of the talk we address the question of whether it is possible to
externally and parsimoniously influence the dynamics, to promote the formation of certain
desired patterns. In particular we address the issue of finding the sparsest control strategy
for finite agent models in order to lead the dynamics optimally towards a given outcome. We
eventually mention the rigorous limit process connecting finite dimensional sparse optimal
control problems with ODE constraints to an infinite dimensional sparse mean-field optimal
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control problem with a constraint given by a PDE of Vlasov-type, governing the dynamics
of the probability distribution of the agent population.

Thursday, 14.30 - 15.30
A best basis approximation method for ill-posed problems in Earth Sciences and
Industrial Mathematics

Volker Michel
Geomathematics Group, University of Siegen, Germany

Inverse Problems, as they typically occur in Earth sciences or in medical imaging, have sev-
eral aspects in common. In particular, the domain of the unknown function is often a sphere
or a ball and the problem is usually ill-posed and connected to severe numerical difficulties.
Examples of such problems are, in Earth sciences, the analysis of satellite data for Earth
observation, the identification and quantification of climate-based water mass transports
(melting glaciers, rainy season . . . ), and the investigation of the Earth’s interior based on
gravitational and seismic data. Amongst others, such problems are closely related to the
inversion of both the electric potential at a human scalp and the magnetic field around the
head, where the neuronal currents inside the brain are the unknowns. Moreover, some sim-
ulation problems in industrial mathematics, for example in fabric production, are connected
to the approximation of functions on the sphere from big data sets and can be tackled with
related methodologies.
In this talk, the modelling and the associated mathematical theory of the mentioned prob-
lems are briefly recapitulated. The main focus is on the numerical solution of these problems.
For the last few years, a novel best basis algorithm, the Regularized Functional Matching
Pursuit (RFMP), and its enhancement, the Regularized Orthogonal Functional Matching
Pursuit (ROFMP), have been developed for such problems by the Geomathematics Group
Siegen, see [1, 2, 3, 4]. These algorithms will be presented together with their theoretical
properties and some numerical results.
Furthermore, some of the problems above, such as the observation of the consequences of
climate change, are connected to various other problems which are not all pure inverse prob-
lems but involve, for example, partial differential equations or signal analysis. In some cases,
this leads to still unsolved mathematical problems and an interesting perspective for future
research.

References

[1] D. Fischer, V. Michel: Sparse regularization of inverse gravimetry — case study: spatial
and temporal mass variations in South America, Inverse Problems, 28 (2012), 065012
(34pp).

[2] V. Michel: RFMP — An iterative best basis algorithm for inverse problems in the
geosciences, in: Handbook of Geomathematics (W. Freeden, M.Z. Nashed, and T. Sonar,
eds.), 2nd edition, Springer, Berlin, Heidelberg, 2015, pp. 2121-2147.

[3] V. Michel, S. Orzlowski: On the convergence theorem for the Regularized Functional
Matching Pursuit (RFMP) algorithm, Siegen Preprints on Geomathematics, issue 13,
2016.

[4] V. Michel, R. Telschow: The regularized orthogonal functional matching pursuit for
ill-posed inverse problems, SIAM Journal on Numerical Analysis, 54 (2016), 262-287.
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Wednesday, 11.30 - 12.30
Aggregation by the linear functional strategy in supervised learning

Sergei V. Pereverzyev
Johann Radon Institute, Austrian Academy of Sciences, Austria

Supervised Learning consists in approximating an unknown function given a sample of its
eventually corrupted values, which are interpreted as input-output responses of a system
under consideration. There is a huge body of literature where the above mentioned approxi-
mation is performed by a regularization in a Reproducing Kernel Hilbert Space. This kernel
based learning approach requires to define a suitable kernel and a regularization parameter.
Moreover, the issue of dealing with big data samples has become a hot topic recently. In
this talk we are going to demonstrate a possibility to address all these issues by an aggre-
gation of different approximations constructed either for several regularization parameters
and kernels, or for several shorter pieces of big data samples.

The talk is a dissemination of the results obtained in FWF-project I1669 and Horizon2020
project AMMODIT

Monday, 16.00 - 17.00
High dimensional approximation with trigonometric polynomials

Daniel Potts
Technische Universität Chemnitz, Germany

A straightforward discretisation of problems in d spatial dimensions with N = 2n grid
points in each coordinate leads to an exponential growth Nd in the number of degrees of
freedom. Even an efficient algorithm like the d-dimensional fast Fourier transform (FFT)
uses C dNd logN floating point operations. This is labelled as the curse of dimensions and
the use of sparsity has become a very popular tool in such situations.
We consider the (approximate) reconstruction of a high-dimensional (e.g. d = 10) periodic
signal from samples using a trigonometric polynomial pI : Td ' [0, 1)d → C,

pI(x) :=
∑
k∈I

p̂k e2πik·x, p̂k ∈ C,

where I ⊂ Zd is a suitable and unknown frequency index set. For this setting, we present a
method which adaptively constructs the index set I of frequencies belonging to the non-zero
or (approximately) largest Fourier coefficients in a dimension incremental way. This method
computes projected Fourier coefficients from samples along suitable rank-1 lattices and then
determines the frequency locations. For the computation, only one-dimensional fast Fourier
transforms (FFTs) and simple index transforms are used. When we assume that the signal
has sparsity s ∈ N in frequency domain and the frequencies k are contained in the cube
[−N,N ]d ∩Zd, N ∈ N, our method requires O(d s2N) samples and O(d s3 + d s2N log(sN))

arithmetic operations in the case
√
N . s . Nd.

Finally, we compare the dimension incremental method with an alternative method in the pe-
riodic case which uses algorithms from spectral estimation. This method is based on shifted
sampling in combination with a divide-and-conquer technique for the ESPRIT (Estimation
of Signal Parameters via Rotational Invariance Technique) algorithm.

This is joint work with Toni Volkmer and Manfred Tasche.
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References

[1] D. Potts, M. Tasche, and T. Volkmer. Efficient spectral estimation by MUSIC and
ESPRIT with application to sparse FFT. Front. Appl. Math. Stat., 2, 2016.

[2] D. Potts and T. Volkmer. Fast and exact reconstruction of arbitrary multivariate
algebraic polynomials in Chebyshev form. In 11th international conference on Sampling
Theory and Applications (SampTA 2015), pages 392–396, 2015.

[3] D. Potts and T. Volkmer. Sparse high-dimensional FFT based on rank-1 lattice sam-
pling. Appl. Comput. Harmon. Anal., in press, 2015.

Friday, 09.00 - 10.00
Interpolation via weighted `1-minimization

Holger Rauhut
RWTH Aachen, Germany

We consider the interpolation of functions that are both sparse with respect to a certain or-
thonormal basis of functions, as well as smooth to a certain degree. Weighted `1-minimization
comes up naturally as a interpolation method in this context. We present theoretical results
generalizing approaches from compressive sensing. Moreover, we present applications to the
numerical approximation of the solution of parametric operator equations. If time permits,
we also discuss corresponding multilevel schemes.

Thursday, 09.00 - 10.00
A minimum Sobolev norm numerical technique for PDEs

S. Chandrasekaran* and H. N. Mhaskar
University of California, Santa Barbara, U.S.A.

We present a method for the numerical solution of PDEs based on finding solutions that
minimize a certain Sobolev norm. Fairly standard compactness arguments establish conver-
gence. The method prefers that the PDE is presented in first order form. A single short
Octave code is used to solve problems that range from first-order Maxwell’s equations to
fourth-order bi-harmonic problems on complicated geometries. The method is high-order
convergent even on complex curved geometries.

Our method has its roots in generalized Birkhoff interpolation. Let xi denote N points
in Rd. Let f be an unknown function from Rd to Rq. Given N point-wise (possibly vector-
valued) linear observations of f :

g(xi) =

‖j‖1≤M∑
j∈Nd

Aj(xi) ∂
‖j‖1
j f(xi), (0.1)

the problem is to compute an approximation to f .
The above problem is well-posed for some special choices of the matrix coefficients Aj

and points xi in the sense that, as N approaches infinity, only the true solution can satisfy
all the observations. In particular the numerical solution of linear PDEs can be posed as
generalized Birkhoff interpolation problems. The classical approach to the above problem
is to expand the unknown solution as a finite linear combination of basis functions, such
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that the constraints (0.1) become a system of square (or skinny) equations for the unknown
coefficients. Then the (least-squares) solution of these equations is taken to be the computed
solution for the unknown function. Our approach is almost the same, except that we pick
more expansion coefficients so that we obtain a fat system of linear equations. As our
solution we pick the one that minimizes a certain Sobolev norm. Assuming the true solution
satisfies all the interpolation constraints and has a finite Sobolev norm, we can establish
(see [1, 2] for the special case of classical interpolation) that there is a uniform bound on the
Sobolev norm of our computed solution independent of the number of constraints. It then
follows from standard compactness arguments that our computed solution will converge to
the true solution as the number of interpolation conditions increase.

The rate of convergence of the method is controlled by the order of the Sobolev norm.
Higher orders give higher rates but they come with higher condition numbers. Using recent
advances in high relative accuracy numerical linear algebra we show how the use of diagonal
Sobolev norms leads to the development of specialized numerical techniques that are accurate
even for extremely ill-conditioned discretizations.

While the above technique works extremely well in 2D for problems that range from
Maxwell’s equations to Navier–Stokes to elasticity, the method (just like classical finite el-
ement and finite difference techniques) becomes too slow to be practical for 3D problems.
We show how by exploiting the freedom in grid placement enabled by the minimum Sobolev
norm technique we can improve the computational complexity by orders of magnitude mak-
ing the approach fast and practical for 3D problems too.

References

[1] S. Chandrasekaran, H. N. Mhaskar and K. R. Jayaraman, Minimum Sobolev norm in-
terpolation with trigonometric polynomials on the torus, in Journal of Computational
Physics, 249 (2013), 96–112.

[2] S. Chandrasekaran and H. N. Mhaskar, Minimum Sobolev norm technique for the numer-
ical discretization of PDEs, in Journal of Computational Physics, 299 (2015) 649–666.

Wednesday, 09.00 - 10.00
Approximation analysis of distributed learning and online learning

Ding-Xuan Zhou
City University of Hong Kong, China

Analyzing and processing big data has been an important and challenging task in various
fields of science and technology. Learning theory has wide applications in data science. It
aims at learning function relations or data structures from samples. Distributed learning
and online learning are important topics in learning theory. They are powerful methods to
handle big data.

Distributed learning is based on a divide-and-conquer approach and consists of three
steps: first we divide oversized data into subsets and each data subset is distributed to one
individual machine, then each machine processes the distributed data subset to produce one
output, finally the outputs from individual machines are combined to generate an output
of the distributed learning algorithm. It is expected that the distributed learning algorithm
can perform as efficiently as one big machine which could process the whole oversized data,
in addition to the advantages of reducing storage and computing costs.
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Online learning processes samples one-by-one. It has been applied to various learning
tasks and is closely related to some topics in optimization, image processing, compressed
sensing and information theory.

This talk describes some approximation theory viewpoints of distributed learning and on-
line learning, and demonstrates analysis of learning with least squares regularization schemes
in reproducing kernel Hilbert spaces including error bounds and learning rates.
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Contributed Talks

Monday
Monday, 17.00 - 17.30
On construction of multivariate Parceval wavelet frames

Maria Skopina
St. Petersburg State University, Russia

Construction of compactly supported wavelet frames in the multivariate case is much more
complicated than in the univariate case because an analog of the Riesz Lemma does not
exist for the trigonometric polynomials of several variables. We give a new method for the
construction of compactly supported Parseval wavelet frames in L2(Rd) with any preassigned
approximation order n for arbitrary matrix dilation M . The number of wavelet functions
generating a frame constructed in this way is less or equal to (d + 1)| detM | − d. Earlier
Bin Han proposed another method, where the number of generating wavelet functions is

less than
(
3
2

)d | detM |. Another advantage of our method is in its simplicity. The method
is algorithmic, and the algorithm is simple to use, it consists mainly of explicit formulas.
Computations are needed only to find several trigonometric polynomials of one variable from
their squared magnitudes. The number of generating wavelet functions can be reduced for
a large enough class of matrices M . Namely, if all entries of some column of M are divisible
by | detM |, then the algorithm can be simplified so that the number of wavelet functions
does not exceed | detM |. Moreover, the existence of compactly supported Parsevsl wavelet
frames with | detM | − 1 wavelet functions and an arbitrary approximation order is proved
for such matrices.

References

[1] A.S. Romanyuk, Approximation of classes of periodic functions of several variables,
Math. Notes. (2002), V. 71 (1), p. 98–109.

[2] A.S. Romanyuk, Best M -term trigonometric approximations of Besov classes of periodic
functions of several variables, Izv. Math. (2003), V. 67 (2), p. 265–302.

[3] V.N. Temlyakov, Constructive sparse trigonometric approximation and other problems
for functions with mixed smoothness, Sb. Math. (2015), V. 206 (11), p. 1628–1656.

[4] V.N. Temlyakov, Constructive sparse trigonometric approximation for functions with
small mixed smoothness, arXiv: 1503.00282v1 [math.NA] 1 Mar 2015, p. 1–30.

[5] S.A. Stasyuk, Bestm-term trigonometric approximation for periodic functions with small
mixed smoothness from Nikolskii–Besov type classes, Ukr. Mat. Zh. (2016), V. 68 (7),
p. 983–1003.

18



Monday, 17.30 - 18.00
On a connection between nonstationary and periodic wavelets

Elena Lebedeva
St. Petersburg State University, Russia

We compare frameworks of nonstationary nonperiodic wavelets and periodic wavelets. We
intend to extrapolate the idea of periodization and to study how to construct one system
from another using periodization. One can design nonstationary wavelet system such that its
periodization coincides with the given periodic system and its nonstationary masks can be
chosen arbitrarily smooth. Under mild conditions on periodic scaling functions among these
solutions we find a wavelet frame with the following additional property. Time-frequency
localization of the resulting nonstationary system is adjusted with angular-frequency local-
ization of the initial periodic system, that is limj→∞ UCB(ψPj ) = limj→∞ UCH(ψNj ), where

UCB, UCH are the Breitenberger and the Heisenberg uncertainty constants, ψPj ∈ L2(T)

and ψNj ∈ L2(R) are periodic and nonstationary wavelet functions respectively.

Monday, 18.00 - 18.30
Fast Fourier transforms for spherical Gauss-Laguerre basis functions

Christian Wülker
University of Lübeck, Germany

Spherical Gauss-Laguerre (SGL) basis functions, i.e., normalized functions of the type

L
(l+1/2)
n−l−1 (r2) rl Ylm(ϑ, ϕ), |m| ≤ l < n ∈ N, L

(l+1/2)
n−l−1 being a generalized Laguerre polyno-

mial, Ylm a spherical harmonic, constitute an orthonormal basis of the space L2 on R3 with
Gaussian weight exp(−r2). These basis functions are used extensively, e.g., in biomolecular
dynamic simulations. However, to the present, there is no reliable algorithm available to
compute the SGL Fourier coefficients of a given function in a fast way. This talk presents
such generalized FFTs. We start out from an SGL sampling theorem that permits an exact
computation of the SGL Fourier expansion of bandlimited functions. By a separation-of-
variables approach and the employment of a fast spherical Fourier transform, we then unveil
a general class of fast SGL Fourier transforms. All of these algorithms have an asymp-
totic complexity of O(B4), B being the respective bandlimit, while the number of sample
points on R3 scales with B3. This clearly improves the naive bound of O(B6). At the same
time, our approach results in fast O(B4) inverse transforms. We demonstrate the practical
suitability of our algorithms in a numerical experiment. Notably, this is one of the first
performances of generalized FFTs on a non-compact domain. We conclude with the layout
of a true O(B3 log2B) fast SGL Fourier transform and inverse, and an outlook on future
developments.
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Tuesday
Tuesday, 11.00 - 11.30
Data-driven atomic decomposition via frequency extraction of intrinsic mode
functions

C.K. Chui, H.N. Mhaskar, M.D. van der Walt*
Vanderbilt University, U.S.A.

Decomposition of signals into finitely many primary building blocks, called atoms, is a
fundamental problem in signal processing, with many potential high-impact applications,
particularly when real-world signals or time series are considered. The goal of this talk is to
describe the construction of atoms for signal decomposition directly from the input signal
data, using local methods. The highlights of our discussion include a natural formulation
of the data-driven atoms, a modified sifting process (based on the popular empirical mode
decomposition (EMD)) for real-time implementation, further decomposition of the intrinsic
mode functions, motivation of the signal separation operator, and the problem of super-
resolution, leading to our new computational scheme for data-driven atomic decomposition,
which we’ve coined “superEMD”.

Tuesday, 11.30 - 12.00
The unitary extension principle and its generalizations

Ole Christensen
DTU Compute, Technical University of Denmark, Denmark

The unitary extension principle (UEP) by Ron & Shen yields a convenient way of construct-
ing tight wavelet frames in L2(R). Since its publication in 1997 several generalizations and
reformulations have been obtained, and it has been proved that the UEP has important
applications within image processing. In the talk we will present a recent extension of the
UEP to the setting of generalized shift-invariant systems on R (or more generally, on any
locally compact abelian group). For example, this generalization immediately leads to a
versions of the UEP on sequence spaces. The results are joint work with Say Song Goh.

Tuesday, 12.00 - 12.30
Optimal covering, integration, and approximation on Riemannian manifolds

Martin Ehler
University of Vienna, Austria

Function approximation from finite samples on compact Riemannian manifolds based on
eigenfunctions of the Laplace-Beltrami operator have been extensively studied in the recent
literature, cf. Mhaskar et al., extending earlier results on the Euclidean sphere. The approxi-
mation scheme involves sequences of quadrature points on the manifold. Here, we investigate
on the covering radius of such points and check that sequences of low-cardinality quadra-
ture points on compact Riemannian manifolds inherit asymptotically optimal covering radii.
The latter generalizes results for the Euclidean sphere by Brauchart et al. Moreover, we
present numerical experiments for the Grassmannian manifold that illustrate and match the
corresponding theoretical results for covering, integration, and approximation.

This is joint work with Anna Breger and Manuel Gräf.
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Tuesday, 15.00 - 15.30
Sign-definite approximations for wave propagation models

M. Ganesh* and C. Morgenstern
Colorado School of Mines, U.S.A.

The standard Galerkin formulation of the acoustic wave propagation governed by the Helmholtz
partial differential equation (PDE) in H1(Ω) is indefinite for large wavenumbers. However,
the Helmholtz PDE is in general not indefinite. The lack of coercivity (indefiniteness) in the
formulation and associated finite element method (FEM) models is one of the major diffi-
culties for approximation and simulation wave propagation models using iterative methods.

We develop, analyze, and implement a new class of constructive preconditioned sign-
definite FEM Helmholtz wave propagation models in homogeneous and heterogeneous media.
Our formulations also provide concrete answers to some key issues raised by the authors in a
recent SIAM Review article about the practical use of their theoretical homogeneous media
sign-definite formulation.

Tuesday, 15.30 - 16.00
A mathematical view on spin-weighted spherical harmonics in quantum mechan-
ics and geophysics

Katrin Seibert
Geomathematics Group, University of Siegen, Germany

The spin-weighted spherical harmonics (by Newman and Penrose) form an orthonormal basis
of L2(Ω) on the unit sphere Ω and have a huge field of applications. Mainly, they are used
in quantum mechanics and geophysics for the theory of gravitation and in early universe
and classical cosmology. The quantity of formulations conditioned this huge spectrum of
versatility. Formulations we use are for example given by the Wigner D-function, by a spin
raising and spin lowering operator or as a function of spin weight.
We present a unified mathematical theory which implies the collection of already known
properties of the spin-weighted spherical harmonics. We recapitulate this in a mathematical
way and connect it to the notation of the theory of spherical harmonics. Here, the fact that
the spherical harmonics are the spin-weighted spherical harmonics with spin weight zero is
useful.
Furthermore, our novel mathematical approach enabled us to prove some previously un-
known properties. For example, we can formulate new recursion relations and a Christoffel-
Darboux formula. Moreover, it is known that the spin-weighted spherical harmonics are the
eigenfunctions of a differential operator. In this context, we found Green’s second surface
identity for this differential operator and the fact that the spin-weighted spherical harmonics
are the only eigenfunctions of it.
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Tuesday, 16.30 - 17.00
Approximation numbers of embeddings of anisotropic Sobolev spaces of domi-
nating mixed smoothness – preasymptotics and asymptotics

Winfried Sickel
Friedrich Schiller University Jena, Germany

We investigate the approximation of d-variate periodic functions in anisotropic Sobolev
spaces of dominating mixed (fractional) smoothness ~s on the d-dimensional torus, where
the approximation error is measured in the L2−norm.
As it is well-known, in high dimensions functions from isotropic Sobolev spaces Hs(Td) can
not be approximated sufficiently fast (in the sense of approximation numbers of correspond-
ing embeddings). One needs to switch to smaller spaces. Since the beginning of the sixties it
is known that Sobolev spaces of dominating mixed smoothness Hs

mix(Td) may help. However,
for very large dimensions even these classes are oversized. A way out is to sort the variables
in dependence of there importance. This can be done in various ways. Here we make use of
the following approach used for the first time by Papageorgiou and Woźniakowski [1]. We
associate to each variable different smoothness assumptions. As smoother the function is
with respect to the variable x` as weaker is the influence of this variable. This philosophy is
reflected in the choice of the function space H~s

mix(Td) either described as a tensor product
of univariate Sobolev spaces

H~s
mix(Td) = Hs1(T)⊗ . . .⊗Hsd(T)

or simply by the norm

‖ f |H~s
mix(Td)‖ :=

[∑
k∈Zd

|ck(f)|2
d∏
j=1

(
1 + |kj|

)2sj]1/2 <∞ .

We assume ~s = (s1, s2, . . . , sd) and

s1 = s2 = . . . = sν < sν+1 ≤ sν+2 . . . ≤ sd

for some number 1 ≤ ν < d. It will be the main aim of my talk to describe the behaviour of
the approximation numbers

an(Id : H~s
mix(Td)→ L2(Td))

in dependence of n,~s, ν and d.
This is joined work with Thomas Kühn (Leipzig) and Tino Ullrich (Bonn).

References:

[1] A. Papageorgiou and H. Woźniakowski: Tractability through increasing smoothness,
Journal of Complexity 26 (2010), 409–421.
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Tuesday, 17.00 - 17.30
Sparse trigonometric approximation of Nikolskii–Besov type classes of functions
with small mixed smoothness

Serhii Stasyuk
Institute of Mathematics, Kyiv, Ukraine

The report is devoted to the best m-term trigonometric approximation (is one of kinds of
sparse trigonometric approximation) of Nikolskii–Besov classes Br

p,θ (and close classes Hr
p,θ

(introduced in [3]) to Br
p,θ) of periodic functions with mixed smoothness. It should be note

that norm of function from class Hr
p,θ is defined through Lp-norms of binary blocks (which

are supported on layers of step hyperbolic cross) of Fourier series of function f . Obtained
in [1]–[5] estimates of the best m-term trigonometric approximation of classes Br

p,θ and Hr
p,θ

have same orders. But for some meanings of parameter r we manage to demonstrate, that
order estimates of the mentioned approximative characteristic for classes Br

p,θ and Hr
p,θ are

different.
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Tuesday, 17.30 - 18.00
About one description of the local Besov spaces

Nadiia Derevianko
Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

In this talk we deal with the local Besov spaces Bα
p,ρ(x0) of periodic functions of one variable.

Obtained in the paper [1] is a characterization of these spaces in terms of the absolute values
of the coefficients in a series expansion of f ∈ Bα

p,ρ(x0) on some system of trigonometric
polynomials that is not linearly independent. We described the spaces Bα

p,ρ(x0) by conditions
on the coefficients in a series expansion of their elements on some orthogonal trigonometric
Schauder basis [2].

This is joint work with Jürgen Prestin (Universität zu Lübeck, Institut für Mathematik)
and Vitalii Myroniuk (Institute of Mathematics of NAS of Ukraine).

References

[1] H.N. Mhaskar, J. Prestin, J. Fourier Anal. Appl. 11, (2005), p. 353-373.

[2] J. Prestin., K.K. Selig, Oper. Theory, Adv. Appl. 121, (2001), p. 402-425.

Tuesday, 18.00 - 18.30
Construction of orthogonal trigonometric Schauder basis for C(T2)

V. V. Myroniuk
Institute of Mathematics of NASU, Kyiv, Ukraine

The talk is based on a joint research with Nadiia Derevianko (Institute of Mathematics of
NASU, Kyiv, Ukraine) and Jürgen Prestin (Institute of Mathematics, University of Lübeck,
Germany).

We construct an orthogonal trigonometric Schauder basis in the space C(T2), which has a
small growth of the polynomial degree. The construction is mainly based on an anisotropic
periodic multiresolution analysis in L2(T2), which has been recently developed in [1] and [2].
The polynomial degree is considered in the terms of l1- and l∞-norm.

References

[1] D. Langemann, J. Prestin, Multivariate periodic wavelet analysis, Appl. Comput. Harm.
Anal. 28, (2010), p. 46–66.
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Wednesday
Wednesday, 10.00 - 10.30
Multiscale Data analysis: Affine systems, framelets, manifolds and beyond

Xiaosheng Zhuang
City University of Hong Kong, China

While Big Data are high-volume, high-dimensional, and high complexity, they are typically
concentrated on low-dimensional manifolds or represented by graphs, digraphs, etc. Sparsity
is the key to analysis of data of various forms. Multiscale representation systems provide effi-
cient and sparse representation of various data sets. In this talk, we will discuss construction
and applications of multiscale representation based on affine systems. We show that using
affine systems, we can provide characterization and construction of various representation
systems including wavelets, framelets, shearlets. We demonstrate that tight framelets can
be constructed on manifolds and fast algorithmic realizations exist for framelet transforms
on manifolds. Also, orthogonal systems on graphs and trees have been studied by [Chui,
Filbir and Mhaskar, Representation of functions on big data: graphs and trees, ACHA 2015],
we will demonstrate that representation of functions on big data associated with directed
graphs can be represented by tensor product of two orthogonal systems on trees constructed
from the digraphs.

Wednesday, 11.00 - 11.30
A second order non-smooth variational model for restoring manifold-valued im-
ages

Ronny Bergmann
University of Kaiserslautern, Germany

In many real world situations, measured data is noisy and nonlinear, i.e., the data is given
as values in a certain manifold. Examples are Interferometric Synthetic Aperture Radar
(InSAR) images or the hue channel of HSV, where the entries are phase-valued, directions
in Rn, which are data given on Sn−1, and diffusion tensor magnetic resonance imaging (DT-
MRI), where the obtained pixel of the image are symmetric positive definite matrices.

In this talk we extend the recently introduced total variation model on manifolds by a
second order TV type model. We first introduce second order differences on manifolds in
a sound way using the induced metric on Riemannian manifolds. By avoiding a definition
involving tangent bundles, this definition allows for a minimization employing the inexact
cyclic proximal point algorithm, where the proximal maps can be computed using Jacobian
fields. The algorithm is then applied to several examples on the aforementioned manifolds
to illustrate the efficiency of the algorithm.

This is joint work with M. Bačák, J. Persch, G. Steidl, and A. Weinmann.
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Thursday
Thursday, 10.00 - 10.30
Directional wavelets on the sphere

Ilona Iglewska–Nowak
West Pomeranian University of Technology, Szczecin

A spherical wavelet transform will be presented. The main difficulty by defining a wavelet
transform over the sphere lies in introducing a dilation parameter. It is a consequence of the
fact that the two-dimensional sphere has no group structure. One of the solutions to this
problem is based on the theory of so-called approximate identities. The idea was developed
in the 1990s by Freeden, Windheuser, Schreiner and others (zonal, i.e., rotation-invariant
wavelets), and further in the beginning of the present century by Bernstein and Ebert who
presented theoretical basis for construction of non-zonal wavelets.

The author of the present talk has defined concrete non-zonal wavelet families that satisfy
the conditions of the definition. The construction is based on directional derivatives, an idea
of Hayn and Holschneider. A relaxation of the conditions of the wavelet definition yields a
broader class of wavelets. The price to be paid is that a direct reconstruction is no longer
available, the wavelets constitute a frame.

In the talk, the definitions of wavelets and wavelet transforms, the idea of directional
derivatives, as well as some wavelet properties will be presented. It will be shown how the
frames can be discretized.

Thursday, 11.00 - 11.30
Frobenius’ Theorem (1894) revisited

Andrew Bakan
Institute of Mathematics, Kyiv, Natl.Acad.Sci. of Ukraine

To each nonzero sequence s := {sn}n≥0 of real numbers we associate the Hankel determi-
nants Dn = detHn of the Hankel matrices Hn := (si+j)

n
i,j=0, n ≥ 0, and the nonempty set

Ns := {n ≥ 1 |Dn−1 6= 0}. We also define the Hankel determinant polynomials P0 := 1, and
Pn, n ≥ 1 as the determinant of the Hankel matrix Hn modified by replacing the last row
by the monomials 1, x, . . . , xn. Clearly Pn is a polynomial of degree at most n and of degree
n if and only if n ∈ Ns. It is said that the polynomial Pn is of full degree if degPn = n.
Kronecker established in 1881 that if Ns is finite then rankHn = r for each n ≥ r − 1 and
Pn ≡ 0 for all n ≥ r + 1, where r := maxNs. It can easily be derived from the Kronecker
results (1881) that each Hankel determinant polynomial Pn of degree n ≥ 1 is preceded by
a nonzero polynomial Pn−1 whose degree can be strictly less than n − 1 and which has no
common zeros with Pn. It is shown that Frobenius actually proved in 1894 the following
statement. Except of polynomials of full degree and proportional to them the sequence of
Hankel determinant polynomials {Pn}n≥0 contains no other nonzero polynomials.
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Thursday, 11.30 - 12.00
Estimates of Lebesgue constants for convex polyhedra

Tetiana Lomako
Institute of Applied Mathematics and Mechanics of NAS of Ukraine, Slov’yans’k, Ukraine

Let B be a bounded set in Rd. The following integral is called the Lebesgue constant for B∫
[0,2π)d

∣∣∣∣ ∑
k∈B∩Zd

ei(k,x)
∣∣∣∣dx.

In the talk, we will present some new estimates of the Lebesgue constants in the case when
B is a convex polyhedron. Our results generalize and give sharper versions of the results of
E.S. Belinsky [1], A.A. Yudin and V.A. Yudin [2], and M. Ash [3].

This is a joint work with Yu. Kolomoitsev (Institute of Applied Mathematics and Me-
chanics of NAS of Ukraine, Slov’yans’k).

Thursday, 12.00 - 12.30
On Lp-error of multivariate polynomial interpolation on Lissajous-Chebyshev
nodes

Yurii Kolomoitsev
Institute of Applied Mathematics and Mechanics of NAS of Ukraine, Slov’yans’k, Ukraine

We obtain estimates of the Lp-error of polynomial interpolation on Lissajous-Chebyshev
nodes for bivariate functions of bounded variation. The results show that Lp-error of poly-
nomial interpolation on Lissajous-Chebyshev nodes has the same behavior as the corre-
sponding polynomial interpolation on the tensor product Chebyshev grid. Similar estimates
of approximation of continuous functions in L∞-norm were recently derived in [1].

This is a joint work with T. Lomako and J. Prestin.

References

[1] P. Dencker, W. Erb, Yu. Kolomoitsev, T. Lomako, Lebesgue constants for polyhe-
dral sets and polynomial interpolation on Lissajous-Chebyshev nodes, arXiv:1608.03451
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Thursday, 14.00 - 14.30
Super-resolution meets algebraic geometry

Stefan Kunis
University Osnabrück, Germany

Prony’s method is a prototypical eigenvalue analysis based method for the reconstruction
of a finitely supported complex measure on the unit circle from its moments up to a certain
degree. In this talk, we give a generalization of this method to the multivariate case and
show that there is sharp transition of stable identifiability with respect to the ratio of the
separation distance of the parameter and the order of moments. Moreover, we present a
painless construction of a dual certificate in a popular optimization approach to this so-
called super-resolution problem

Thursday, 15.30 - 16.00
Improved estimates for condition numbers of RBF interpolation matrices

Benedikt Diederichs
University of Hamburg, Germany

We improve existing estimates for the condition number of matrices arising in radial basis
function interpolation. To this end, we refine lower bounds on the smallest eigenvalue and
upper bounds on the largest eigenvalue, where our upper bounds on the largest eigenvalue
are independent of the matrix dimension (i.e., the number of interpolation points). We
show that our theoretical results comply with recent numerical observations concerning the
condition number of radial basis function interpolation matrices.

Thursday, 16.30 - 17.00
Signal reconstruction and approximation

Michael Skrzipek
Fernuniversität in Hagen, Faculty of Mathematics and Computer Science, Hagen, Germany

We introduce an algorithm which combines ideas of Prony’s approach to recover signals from
given samples with approximation methods. We solve two overdetermined systems of linear
equations (in the l1-sense) with linear programming methods and calculate the zeros of a
suitable ‘Prony-like’ polynomial. We get the bandwidth M , the frequencies as well as the
amplitudes and some other characteristics of the signal. Especially it is reconstructed if
sufficient many (at least 2M) samples are given.

If we have too few samples or if they are too much noised, we get an approximation of the
original noiseless signal. Even if we have sufficient many but possible erroneous samples the
obtained signal interpolates at least M of them (usually the low-noised or noiseless ones)
and, of course, all samples if the signal is recovered.

The described method behaves well to moderate sampling errors and is resistant to outliers
in the samples which can be detected, filtered off or corrected during the calculations to
improve the quality of the computed signal.
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Thursday, 17.00 - 17.30
Vectorial Slepian functions on the ball

Naomi Schneider
Geomathematics Group, University of Siegen, Germany

Due to Heisenberg’s uncertainty principle, a function cannot be simultaneously limited in
space as well as in frequency. The idea of Slepian functions in general is to find functions
that are at least optimally spatio-spectrally localised. Here, we are looking for Slepian func-
tions which are suitable for the representation of real-valued vector fields on the ball.
We work with diverse vectorial bases on the ball which all consist of Jacobi polynomials
and vector spherical harmonics. Our aim is to find bandlimited vector fields that are well-
localised in a part of a cone whose apex is situated in the origin. Following the original
approach towards Slepian functions, the optimisation problem can be transformed into a
finite-dimensional algebraic eigenvalue problem. The entries of this matrix are treated ana-
lytically as far as possible. For the remaining integrals, numerical quadrature formulae have
to be applied. The eigenvalue problem decouples into a normal and a tangential problem.
Both can be solved using the Jacobi method.
The number of well-localised vector fields can be estimated by a Shannon number which
mainly depends on the maximal radial and angular degree of the basis functions as well as
the size of the localisation region.
We intend to use the vectorial Slepian functions on the ball in a project of our group dealing
with the imaging of neural currents in the brain. In this talk, the theoretical approach and
numerical results of the localisation problem are presented.

Thursday, 17.30 - 18.00
Deterministic sparse FFT algorithms

Katrin Wannenwetsch
Georg-August-Universität Göttingen, Germany

Fast Fourier Transform algorithms have been known for a long time. Using these algorithms,
one can compute a vector x ∈ CN from its discrete Fourier transform x̂ = FNx, where FN

denotes the discrete Fourier matrix of orderN , requiringO(N logN) arithmetical operations.
In order to improve the complexity of FFT algorithms, one needs additional a priori

assumptions on the vector x. We propose several deterministic algorithms for vectors with
small support or sparse vectors.

In this talk, we consider the case where a signal x ∈ CN is known to vanish outside a
support interval of length m < N and we can derive a sublinear algorithm to compute x
from its discrete Fourier transform x̂ ∈ CN . The algorithm is deterministic and numerically
stable. In case of exact Fourier measurements it requires only O(m logm) arithmetical
operations. For noisy measurements, we propose a stable O(m logN) algorithm.

Further results include algorithms that use other a priori assumptions such as nonnega-
tivity and sparsity of the vector x.

This is joint work with Gerlind Plonka.
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Thursday, 18.00 - 18.30
Phase retrieval from near-field measurements using sparsity constraints

Stefan Loock
Georg-August-Universität Göttingen, Germany

We consider the problem of iterative phase retrieval in near field X-ray propagation imaging.
Single distance measurements ask for strong a priori information about the specimen, e.g.
the specimen’s support, that are not always accessible.

In [1], we therefore proposed to use soft-thresholding of the shearlet coefficients of real-
valued images. The numerical evaluation using simulated data with noise showed promising
results, outperforming existing methods.

In [2], we extended this framework to cover complex-valued images whose expansions of
amplitude and phase are sparse in a shearlet frame. Both, numerical experiments as well as
the application to experimental data show the usefulness of this method.

We extended the method further by using different threshold operators such as smooth-
hard shrinkage which leads to significantly improved reconstructions, especially in the pres-
ence of noise, see [3].

Joint work with Gerlind Plonka, Anne Pein and Tim Salditt. We gratefully acknowledge
the funding of this work by the German Research Foundation (DFG) in the framework of
SFB 755 ’Nanoscale Photonic Imaging’.
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Friday
Friday, 10.00 - 10.30
A framework for FFT-based homogenization on anisotropic lattices

Dennis Merkert
University of Kaiserslautern, Germany

In this talk we want to generalize the FFT-based method for homogenization of the equations
of quasi-static linear elasticity proposed by Moulinec and Suquet in 1994 to anisotropic
lattices. Given a periodic and piece-wise constant fourth-order stiffness distribution tensor
C and a constant reference stiffness C0, the equations of linear elasticity are reformulated
as the Lippmann Schwinger equation which has the strain field ε as a fixed-point. This
equation is of the form

ε(x) = ε0 −∇Sym

(
∇H

SymC0∇Sym

)−1∇H
Sym

(
C(x)− C0

)
ε(x)

and holds true in L2-sense for x ∈ Td, i.e. on the d-dimensional torus. The constant ε0

denotes a given macroscopic strain and ∇Symu := 1
2

(
∇u+(∇u)T

)
is the symmetric gradient

operator acting on a periodic displacement field u. The operator ∇H
Sym is the L2-adjoint of

the symmetric gradient operator.
Moulinec and Suquet discretized this equation on a regular tensor product grid and de-

composed the fixed-point iteration into two block diagonal operators connected with discrete
Fourier transforms. This allows for a computationally efficient application of the fixed-point
iteration that is easy to evaluate. The numerical effort is hereby dominated by that of the
FFT algorithm.

In order to take structural anisotropies of a given geometry and different shapes of its peri-
odic unit cell into account we generalize this approach arbitrary sampling lattices and tilings
of the d-dimensional Euclidean space. This allows to choose preferences in certain sampling
directions and allows to adjust the alignment of frequencies with e.g. edges. Furthermore,
subsampling can be used to reduce the numerical effort required to solve the problem while
sacrificing only a small amount of accuracy.

We demonstrate this approach on an anisotropic laminate structure and a generalized
Hashin structure consisting of elastic neutral confocal ellipsoids.
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Friday, 11.00 - 11.30
Wavelet approximation theory in higher dimensions

Hartmut Führ
RWTH Aachen, Germany

The success of wavelets in applications such as signal and image processing is to a large degree
based on their approximation theoretic properties. The central mathematical statement
that summarizes these properties is the characterization of smoothness spaces such as Besov
spaces in terms of summability conditions on the wavelet coefficients. Hence the elements of
a Besov space can be understood as the sparse signals with respect to the wavelet systems.

In higher dimensions, an increasing variety of generalized wavelet systems becomes avail-
able, each of which induces its own spaces of sparse signals. The methodology of coorbit
spaces, developed by Feichtinger and Gröchenig, provides a very general and flexible means
of describing spaces of sparse signals over generalized wavelet systems, leading to very gener-
all consistency and discretization results. Here consistency refers to the important property
that, for any two analyzing wavelets within a well-understood class of functions, the spaces
of sparse signals coincide.

Thus wavelet coorbit space theory provides a comprehensive and unified scheme that
comprises many known examples such as isotropic wavelets and Besov spaces in higher
dimensions, shearlets and their coorbit spaces in arbitrary dimensions, and many more.

Friday, 11.30 - 12.00
A generalization of the Funk-Radon transform

Michael Quellmalz
Technische Universität Chemnitz, Germany

The Funk-Radon transform (a.k.a. spherical Radon transform) assigns to a function on the
two-sphere its mean values along all great circles. We consider the following generalization:
we replace the great circles by the small circles being the intersection of the sphere with
planes containing a common point ξ inside the sphere. If ξ is the origin, this is just the
classical Funk-Radon transform.

We describe a purely geometric mapping from the sphere to itself that enables us to
represent the generalized Radon transform in terms of the Funk-Radon transform. This
representation is utilized to characterize the nullspace and range as well as to show an
inversion formula of the generalized Radon transform.

32



Participants

Andrew Bakan Academy of Sciences of Ukraine, Kyiv

Ronny Bergmann TU Kaiserslautern

Christian Bey Universität zu Lübeck
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the Helmholtz Center Munich for financial support.
Moreover, they acknowledge the support by the European Union via the project AMMODIT:
H2020-MSCA-RISE-2014 Project number 645672.
Special thanks go to the team of the hotel Schloss Hasenwinkel.

35


