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Abstract. The aim of this paper is the detailed investigation of trigono-
metric polynomial spaces as a tool for approximation and signal analysis.
Sample spaces are generated by equidistant translates of certain de la
Vallée Poussin means. The different de la Vallée Poussin means enable us
to choose between better time- or frequency-localization. For nested sam-
ple spaces and corresponding wavelet spaces, we discuss different bases
and their transformations.

81 Introduction

Trigonometric polynomials and the approximation of periodic functions by poly-
nomials play an important role in harmonic analysis. Here we are interested in
constructing time-localized bases for certain spaces of trigonometric polynomi-
als. We use de la Vallée Poussin means of the usual Dirichlet kernel, which
allow the investigation of simple projections onto these spaces. Interpolation
and orthogonal projection are discussed. With the different de la Vallée Poussin
means, the operator norms of these projections as well as the time-frequency
localization of the basis functions can be controlled. In order to improve the
time-localization, the side oscillations are reduced by including more frequencies
and averaging the highest ones. Adapting basic ideas of wavelet theory, inter-
polatory and orthonormal bases are employed, both of which are constructed
from equidistant shifts of a single polynomial. One of our main goals is the
investigation of basis transformations in a form that facilitates fast algorithms.
We observe that the corresponding transformation matrices have a circulant
structure and can be diagonalized by Fourier matrices. The resulting diago-
nal matrices contain the eigenvalues, which are computed explicitly. So, the
algorithms can be easily realized using the Fast Fourier Transform (FFT).

Further, we consider the nesting of the sample spaces to obtain multiresolu-
tion analyses (MRA’s). For the resulting orthogonal wavelet spaces, we proceed
as above and find wavelet bases consisting of translates of a single polynomial.
Again, interpolatory and orthonormal bases are constructed, which show the
same time-frequency behaviour as the sample bases do. The basis transforma-
tions can be described analogously by circulant matrices.

Most important for practical reasons are the decomposition of signals in fre-
quency bands, which correspond to the wavelet spaces, and their reconstruction.
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Focusing on basis transformations, the two-scale relations and decomposition
formulas are also given in matrix notation suitable for the use of FFT methods.
Then the transformations for signal data follow easily (see [19]).

This direct approach to trigonometric wavelets is an alternative to the con-
struction of periodic wavelets by periodization of cardinal wavelets (see [1], [3],
[6], [8], [10]). In particular, the de la Vallée Poussin means can be obtained
by periodization of cardinal functions which are products of sinus cardinalis
functions.

A first constructive approach to trigonometric wavelets was introduced by
C. K. Chui and H. N. Mhaskar in [2] taking very simple nested multiresolution
spaces and corresponding wavelet spaces. They constructed the scaling func-
tions by means of the partial Fourier sum operator applied to a Haar function
with small support in order to get time-localized basis functions. The two dis-
advantages of this procedure are, first, that the resulting approximation in the
sample space is only a quasi-interpolation and, second, that the basis functions
are just as localized as the simplest de la Vallée Poussin mean, the modified
Dirichlet kernel.

The idea that we followed was initiated by the paper [18] of A. A. Pri-
valov, where he considered the de la Vallée Poussin means in a different content.
Namely, he was interested in an orthonormal polynomial Schauder basis for Ca,
of optimal degree. This problem has also been considered by P. Wojtaszczyk
and K. Wozniakowski in [23], by D. Offin and K. Oskolkov in [9], and was finally
solved by R. Lorentz and A. A. Sahakian in [7] (see also K. Wozniakowski [24]).

Privalov’s approach was also the starting point for E. Quak and the first
named author to investigate in [14], [15] and [16] particular cases of trigono-
metric wavelet spaces. A more general concept of periodic wavelets was given
by G. Plonka and M. Tasche in [12], where both constructive and periodized
versions are included.

The present paper is organized as follows. In Section 2 we introduce sample
spaces and discuss different bases and their transformations. Beside the inter-
polatory basis, its dual basis and the orthonormalized basis, which all consist
of translates of a single function, we also consider a frequency basis. We con-
clude this section by general L} -stability arguments and asymptotic estimates
for the basis functions, which are connected to approximation estimates for the
corresponding projections.

In Section 3 we restrict ourselves to certain parameters which allow nested
sample spaces and the construction of wavelet spaces. Then the ideas of Section
2 concerning scaling function bases are adapted to the corresponding wavelet
bases, their transformations and asymptotics.

Finally, the reconstruction and decomposition formulas are developed in
Section 4 for the interpolatory and orthonormal bases, respectively, in order to
provide the relevant algorithms for signal analysis.
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§2 Sample spaces

We denote by Csr the space of all continuous 27-periodic functions with the
maximum norm, by LZ_ the space of square-integrable 2m-periodic functions
and by T, the set of all trigonometric polynomials of degree at most n. The
inner product in LZ_ is given by

27
(f,9) = %/f(x) g(z) dx, for all f,gEL%W.
0

At first we consider interpolation at equidistant nodal points in the interval
[0,27) in its simplest form. This can be achieved by a discretization of the
Fourier sum operator S, with kernel D, , n € N,

Spf(z) = C;—O—I—Z(akcoskx—l—bksinkx) = (f,Dnp(o—2)), (2.1)
k=1

with the coefficients

27 27 27

/f(t)COSktdt, by = %/f(t)sinkt dt .
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The Dirichlet kernel

sin(2n + 1) %

n — , forx ¢ 2x7Z |
Dp(x) = 1—|—22cossx = S 5
o=t 2n+1, for z € 277
is vanishing at all nodal points zznkfl , for k = 1,...,2n. Taking correspond-

ing translates of D, as fundamental polynomials, we can define the Lagrange
interpolation operator, for any f € Cor, at 2n 4+ 1 equidistant points.

The disadvantages of this approach are, firstly, that periodic multiresolution
needs an even (dyadic) number of nodal points, and secondly, that the kernel
has no bounded L}_-norm, for n — oo, or, in other words, is not sufficiently
local. Both of these problems can be resolved by using certain de la Vallée
Poussin means of D,, instead of the Dirichlet kernel itself.
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2.1 Trigonometric interpolation

We define the de la Vallée Poussin means go% ,for NM eNand N > M| by

1 N+M-1
M
r) = ——— Dy, (z
SDN( ) QM\/ﬁm:%;M ( )
N-M N4+M-1
N+M-—/
= ——[14+2 Z cosfx + 2 Z 7cos£x) (2.1.1)
2N ( £=1 L=N-M+1 2M

1 M-1

M—k
W(DN_M(Q;)JF > m cos(N—i—k)a:). (2.1.2)

k=—M+1

By induction, one easily proves that they can be rewritten in the form

sin Nesin Mz

_——— for « ¢ 27Z
-2 x bl bl
S0%(£) — 2M~/2N sin 5 (213)
V2N, for x € 2nZ,
which guarantees zero values at the nodes ’%, k=1,...,2N —1.
TTTTTTTTTTT TTTTTTTTTTT TTTTTTTTTTT TTTTTTTTTTT
6 — 6 —
5 517 5F 54
aL ¥24 7 Al ¥2a 7
3 — 3 —
Tl 1 if ]
0 T 0 VA I\v
—1 I Y IV VI 1 Y I —1 T Y Y A T Y Y Y I Y
= % o §F ot -t -5 0 3 o«
g _I TTTTTTTTTT TTTTTTT ||2| I_ g _I TTTTTTTTTT TTTTTTT ||1| I_
Al ¥2a 7] Al ¥Yaa 7]
3 — 3 —
T 1 if ]
B Af\(\ {\f\n ] _ AAI\AA AAI\A‘\. ]
0 A A"l 0 LA O
—1 Y I IVI uvl I Y I B —1 Y Y I I IVIVI Ivlvl 1 B e
% 0 §F 7 -= - 0 } o«

Figure 1. Interpolating sampling functions

The corresponding trigonometric interpolation operator L% 1 Cor — Cop 18

defined by

L f(x) = ﬁ Z_:lf(%) M (a-5) (2.14)
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satisfying, for all k£ € Z,

Wi(F) = 1(5%)
For s =0,...,2N — 1, the translates
No@) = N (e - )

of the de la Vallée Poussin means are linearly independent since go%s (’%) =
V2N 6y s, for k,s =0,...,2N —1, but they are not orthogonal (see Proposition
1). Let

VJ\M ::span{gp%s :5:0,...,2]\7—1} .
Then the dimension of Vi¥ is 2N independently of M . Being an interpolation

operator, LY : Cyr — V¥ is the identity on V¥ .
It is instructive to know how single frequencies are mapped by LY .

Lemma 1. For allk € Ny, let k = ¢ mod 2N , with 0 < { < 2N — 1. Then,

L cos(k o) ()
coslx if 0</l<N-M,
= Wcosﬁx—i—%cos(?]\f—ﬁ)x, if N—M<{l< N+M,
cos(2N — l)x if N+M <£<2N-1,
L sin(k o) ()
sin {x if 0<l<N-M,
= { MENED Gin g — Y22 Gin(9N — e, if N—M < £< N+M,
—sin(2N — O)x if N+M <L<2N-1.

Proof: We use the well-known fact that, for all N e N, k € Z,

2%—:1 ( . ) 2Ncosx, 1if k=0 mod2N, (2.15)

cos (x + =) = 1.

— N 0, if k# 0 mod 2N,

2%—:1 . ( . ) 2Nsinz, if k=0mod2N, (2.1.6)
sin (x + ££%) = 1.

pod N 0, if k # 0 mod 2N.
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By definition of L% , we have, for any k£ € Ny,

LY cos(ko)() = —— 3 cosk($F) ol (& — 5F)
2N s=0
1 2N -1 N+M-1 m
= IV cosksT7T (1+22cosr(x—%))
s=0 m=N-M r=1

= 60 kmod2N + W ;M ; (60, (k —rymod2N + 60, (k+4r)mod2N ) COS T

Now we have to consider three different cases for £, with & = £ mod 2N .
HFO0<{<N—M, then

N+M—-1 m

L%cos(k'o)(x) = (505—1—— Z 2(5 pcosrr = cosfzx.

m=N-M r=1
IfN-M<t<N+M,then

N+M—-1 m

L%cos(k'o)(x) = Z Z (00 + 0ran—g) cOSTE

m=N-M r=1
N+M =L cos bx + w cos(2N — l)x

= (4 S con e+ (3 - Sgt)con2¥ B

N+ M<L<L2N -1, then

N+M—-1 m

Ncos(ko)( ) = Z Zéer ccosre = cos(2N — O)x.

mNMrl

The formula for the sine frequencies is proved analogously. Bl

From Lemma 1, it follows immediately that LA is also the identity on Ti_ s ,
and

Tn_ar C VN C Tngar—1, (2.1.7)

which is basic for nesting subspaces to form a trigonometric multiresolution
analysis.

A more detailed description of VJ\M in terms of frequencies is given by the
following result.
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Theorem 1. For M < N | the set
{oNr: k=0,... 2N -1},
with
9%0(1‘) =2/2, Q%k(l‘) :=v/2cos kz, Q%zN_k(l‘) = /2sin ke (2.1.8)

where k=1,...,N — M , and

M) = Loose,
M y_p(@) = ﬁ(M TR os(V = e+ X =8 s + k), (2.19)
Q%N_l_k(x) = \/5(]\42]\—;]{ sin(N — k) — ———sin(N + k’)x) ,

where k = 1,..., M — 1, constitutes an orthogonal basis of VJ\M .

Proof: By (2.1.7), the orthogonal basis (2.1.8) of Ty_js is a basis of V¥ N
Twn_ar - In order to find the remaining orthogonal basis of VJ\M S TN_p , where
© denotes the orthogonal difference, we rewrite the high-frequency part of (2.1.2)
for the translates go%z as follows

M-1
Yo MEcos(N k) (- &)
k=—M+1
= cos Njf;” cos Nz
M-1
+ MA}’“ (cos (N-lj'\lf)h cos(N + k)z + sin (N-lj'\lf)h sin(N + k’)x)
k=1
M-1
+ cos cos(N — k)z — sin sin(N — k)z
Mj‘}-k ( (N—Nk)zn (N — k) . gN—Nk)zn in(N — k) )
k=1
M-1
= cos Njf;” cos Nz + Z cos % (% cos(N — k)x + MA}’“ cos(N + k)x)
k=1

M-1

+ Z sin % (% sin(N — k)x — MA}’“ sin(N + k)z) .
k=1

Thus, we see that the functions in (2.1.9) are elements of VJ\M and clearly or-

thogonal to all functions of Tw_j3s . The mutual orthogonality of these functions

1s obvious, and their number is 2M — 1 = dim VJ\M —dimTy_ . 1
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Let us introduce vector notations for the sequence of basis functions,

N-— N-—
N )j 0 "\ and Q% = <Q%k)12c 01

Then the corresponding basis transformations can be described by their trans-
formation matrices.

Theorem 2. The translates of the de la Vallée Poussin means satisfy the rela-
tions

Uy
IN-1 . IN-1
where the matrices UN = (uZ k) and Uy = (ﬁgz) have the entries,

forall{ =0,... 2N —

1 ON 1

Upo = —F7=> Upe = T 7=>

’ VN ’ 2V N

Uy N = (_1)Z a%z = (_1)Z

’ VN ' ’ 2N’

! f 0<k<N
—— cos , 1

N _ <N _ VN
Upp = Uge = 1

Proof: From (2.1.2) and the definition of the basis elements g%k , 1t follows
immediately that

el = S (Seon ST )+ X sin 7 oo a0,

which confirms the entries of Uy . The second relation is determined by the
inverse transformation. From the interpolation

Q%k(l‘) = L% Q%k(l’)
2N—-1
1 M (Eﬂ) M
= — E — x
\/ﬁ QN,k N SDN,Z( )

£=0

and from Lemma 1, we obtain the entries of UJ_\,1 .
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2.2 Gram matrix and dual basis

For a more detailed investigation of the sample spaces, we introduce the Gram
matrix

GM = (<@%ra§0%s>>ifz_01'

To simplify the further computations, we will employ the particular structure
of this Gram matrix. It is easily seen that G% 1s symmetric and circulant. The
latter fact allows us, according to [4], Chap. 3, to diagonalize G% by means of
the 2N-th Fourier matrix; 7.e.

G% = FQND%FZNa
where
1 amirs\ 2N -1 . )
Foy = ﬁ(e 5% )m_o, Foy = (Fay) ™" (2.2.1)

Clearly, the diagonal matrix D% = diag (d%r)ifo_

GY .

1 . .
contains the eigenvalues of

Lemma 2. The eigenvalues of the Gram matrix G are
M?+ (N —r)? ,
d%r — T, If N—M<7Q<N+M,

1, otherwise.

Proof: We compute the elements of the diagonal matrix D% =FyN G% Fon
in the form

2N—
M . lkr?r
dN,r - § : SDN 0 aSDNk Mo

Since G% is symmetric, the eigenvalues are real-valued, and we obtain by the
interpolation formula (2.1.4)

N, = (N0, N 4) cos 5

2N-1

— <§0 o krm

cos 30%,k>

=k
N

k=0

= \/2N<g0%0 , LA cos(r0)) .
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Using Lemma 1 and the representation (2.1.2) of ¢ | we consider again three
cases. If 0 <r < N — M, then

d¥ = (Dn_wp,cos(ro)) = 1,
N4+ M<r<2N -1, then
d%r = (Dn-pr,cos((2N —7r)o)) = 1,

and if N — M <r <N+ M, then

N4+M—-1
d%r = 2< Z MAN=L cos(Co) |
I=N—M+1
M‘Z%l cos(ro) + M_m%l cos((2N —r) o)>
(M+J\7—7‘)2 (M—(N—T))2 _ M2+(J\7—7‘)2
ar T 1M = M7 - h

The functions ¢¥ , being non-orthogonal, we are now interested in the dual
functions. They are needed in order to find the orthogonal projection of a
function f € LZ_ with respect to the interpolating basis. The dual functions
oM € VM of the basis functions ©¥, (r, = 0,...,2N — 1) are uniquely
determined by the orthonormality conditions

~M M
<80N,r aSDN,z> = dre.
As the duals are also in Vi¥ | they possess an expansion in V¥ . Hence, let

2N-1
SDNT Z aNr s SDNs ) . (222)

To simplify the main result on the dual functions, we denote

- . N-
f% = <30%T)i 0 '

Theorem 3. The dual functions satisfy the transformation equations

-1
g% = (G%) f% and f% = GY Z?%, (2.2.3)
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where
AN = m)~!
(GN) = Fyy (DN) Fsy
. Mt IN-1
_ — M2 k(s—r)m
- (57«75 i Y (1) eostly ) (2.2.4)
k=—M+1 r,s=0
G% = Fan D% Fayy
1y Mt IN-1
_ _ M2aik? k(s T
= ((57‘,5 + IN Z ( 2]\}—2 - 1) cos ( N ) ) ’
k=—M+1 r,s=0
with
_ -1 —
DY = diag (a¥,)20 7, (D%) = diag (1/d¥,)20 7,

the entries of which are known from Lemma 2.

Proof: From the definition in (2.2.2), it follows that

2N-1

<¢%7‘ ’SD%Z> = Z a%r,s <¢%s a@%z> = 67‘,2 )
s=0

_ -1
which establishes the coefficient matrix (O‘%r,s)if_ol = (G%) . Furthermore,

the inverse of a circulant is again a circulant, and hence,
A ) L
(G¥) =T (DN)  Fav,

-1 _
with (D%) = diag (l/d%T)ifo ' Therefrom we calculate

[ | £(s=r)
" i(s—r)m
aN,r,s = Z M € N
2N £=0 dNVZ
1 2N -1 o ) N+M-1 ( )
_ h(s—r)m 2M2 h(s—r)m
= grl2e T o+t D (m—l) e
£=0 L=N-M+1
1 ( e (N+4k) (s =)
2 t(N+k)(s—r)m
= —(ewve,+ X (%—1)6 %
) M2+k.2
2N k=—M+1

M-1

(=0 o2 h(s—r)n
= (5577‘ —|— T Z (M2—+k32 — 1) COS N .
k=—M+1
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Inverting this relation yields the second formula, and we can compute

1 aN-1 o
o o B M HG=rin
<80N,r aSDN,s> = 9N Z dy, e~
=0
1 2N-1 N+M-1 ) )
_ 1 L(s—r)m M +[N—Z] B L(s—r)m
- 9N (Z e v + Z ( 2M?2 e™ ¥
£=0 L=N-M+1

1

M—

1 M2 k’2 t(N4k)(s—r)w

= 2—(2Naw+ > (M) et )
k=—M+1

(N

_ - M24E2 k(s—r)m

= (5577«—1—7 (21‘}'2 —1)COSJTL. |
k=—M+1

For the entries of G%, we also know another form from the paper [18] of

A. A. Privalov.

Proposition 1. ([18]) Suppose M < N € N. Then

M 1

M M _ _
<§0N,ra§0N,r> =1 3N+ 19N M

and, forr # s,

M(r—=s)m . (r—s)« s M(r—s)m (r—s)m
_s 2M cos ————s8in “ i/~ — SIn — 5 €08 ~5

s 3 (r=s)m
8N M?sin” “0=

<§0%r a@%s> = (_1)T

In Section 2.4 we will use the fact that G% is positive definite. In particular,
we proved the following inequality.

Proposition 2. ([17]) For N, M € N, with M|N , and forr =0,... 2N —1

2N-1
1
M M M M
<§0N,ra30N,r>_ Z |<§0N,sa§0N,r>| > Z
=
Let us end with the representation of the dual functions in the orthogonal
basis of frequencies.

Theorem 4. For the dual functions, we have

-1
M M M yr—1 <M
oY = Uy (DN) o and o = DN U3 &Y.

with U n | UJ_\,1 from Theorem 2 and D% (D%) as given in Theorem 3.
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Proof: We insert the coefficients of (2.2.4) in (2.2.2) and obtain

M-1 2N-1

! . s—r)m
k=—M+1 s=0
1 M-1
- \/ﬁ(DN_M (l‘ — %) + :_ZJ\:LH MJ\Zk cos(N + k) (x — %)
M-1 .
+ 3 (s 1)
—M+1
< (i cos(V ) (2= ) + St eos(N = 1) (2= ) )

Thus, the dual functions are

A @) = e (Dvow (o - %)
M-1 (2.2.5)
+2M Y P cos(N 4 k) (v — 5F)
=—M+1

By the definition of g%k , we can conclude that

~M \/5 al 1 7“]4771’ M
PN = ﬁ(zw co QNk + Z dM SIHTQN,ZN—I@) .

k=0 Nk k=1 "N,2N-k

Writing this in matrix notation yields the first equation. Then the inverse

transformation works by means of the identity (Ux(DY)"1)~' = DY UR'.
|

From (2.2.5), it follows that the dual functions are shifts of @%0 again, which

is an even function like go%o . Note also that the coefficients O‘%r,s are equal to
the function values

o, = NV, () (2.2.6)

which follows from the interpolation property of the basis in the expansion

(2.2.2).

2.3 Orthonormal basis of translates

We also seek a basis of Vi¥ consisting of orthonormal translates OSD%T(l‘) =

Opt (a: — ﬂ) of a function Op¥ € VM . Writing

2N-1

0@%7«(95) = Z’YNHSDNS x), (2.3.1)
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for all » = 0,... 2N — 1, we have to determine the coefficients 'y%r ;- The
coeflicient matrix

M M \2N-1 —1/2 v (=7 e
'y = (7N,r,s)ns:0 = (QN) (QON (T))

r,s=0

is obviously circulant. Hence, we can write I‘% = Fon A% Fsn, with a
diagonal matrix A% . If we require the orthonormality

2N—-12N-1

<0S0%,ka0$01w Z Z ’YNM’YNH @N,za¢%s> = Ok, (2.3.2)

and denote
IN-1

% (0@1\77')7. 0 3

then we can summarize the representation as follows.

Theorem 5. In V¥ | there exists a basis of orthonormal translates of an even
function Op? satisfying the relations

-1
Og) = TV &) e = (V) eV @iy
-1
Ol = (T¥) & ad Y =T Og), (23.4)
where
'Y = Fon AY Fop
2N -1
(_1)5—7' ey oM k(s—r)m (235)
= (et D (W—l)ws iy
k=—M+1 r,5=0
and

-1 _ -1
(r%) = Fon (A%) Foy

2N-1
s r
— V2M242k2 k(s—r)m
= ((57«75 271‘;' — 1) cos & ~ ) ,
-M+1 r,s=0

with

o . 2N -1 )t . / )2N_1
Ay = diag (1/ d%ﬁ =0 (AN) - dlag( d%’z £=0

and d%z from Lemma 2.
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Proof: With AY = diag (1/ d¥, , we are able to compute the coeffi-
7/ 2=0

cients 'y%m ,forr,s=0,...,2N —1, from the equation I‘% = Fon A% Fon
and obtain
2N-1
M L 1 zqs;rgw

k=—M+1
M-1
_ (_1)5—7‘ oM k(s—r)m
= (5577' + T ZJ\; ) (W - 1) COs N .
=—M+

)ZN—I

s,r=0

) L _ ) L
The entries of (I‘N) = (’y%sm = Fyn (AN) Fopn follow from

2N-1

7]1\‘7457' - L]\] Z \/> M(S o

{=

2N—-1
1 i(s—r)m Nirers i(N4k)(s—r)m
- 9N ( € + Z ( VIR 1) Y

[\]

2N
=0 -—M+1
-1
( 1 V2M?242k2 k(s—r)m
= 65,7‘ + T __ZJ:W+1 (T — 1) COS JTL .

Now we prove the orthonormality of the translates for the representations in
(2.3.3). From (2.3.5), we derive that ¥4 . = ¥ . Hence, Op¥ is even, and
we have

T —
r¥ G (r¥) = ¥ G¥TY = Fav AY DY AN Foy = Loy

being the 2N-th identity matrix, which proves (2.3.2). The relations in (2.3.4)
are easy to derive from (2.3.3) and (2.2.3). B

Finally, we want to represent the orthonormal translates in the basis of
frequencies.

Theorem 6. For the orthonormal translates, we have the relations

-1
0N = Uy AN o and Y = (A%) Uy 0 (2.3.6)
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-1
with U ,UJ_\,l from Theorem 2 and A (A%) as given in Theorem 5.

Proof: We obtain an explicit form for the orthogonal translates of Op! by
evaluating

2N-1

OSDNT Z P)/NT sSDN s )
2N—-1 1 M-
N+k)(s—r)7m
= SDNT + Z N Z (\/21\/21%-21«2 - 1) cos { }\(, ) 30%,8(96)
M- 2N—-1
N+k)(s—r)7m
= Z (\/21\/21%-2;@2 _1) Z cos L7 % : PN (@)
k=—M 5s=0
with
2N -1
S cos WHRL=IIT A (4) = LM cos(NV +K) o) (2 — )
s=0
J‘;[J_Wk cos(N + k) (x — 5F) + MJ-I\}k cos(N — k) (z — ) -
Thus,
1 M-1
O (2) = —= (Do (2 — 5) +2 Sk cos(N + k) (e — 5))
2N k=—M+1 -

This can be rewritten:

N-1

N
1 1 krm 1 . ke
OSO%,T = ( E COS —— 0N T+ E —F/———sin —QN,ZN—k) ,
V2N M ,/d%k N k=1 \/d%QN_k N

which yields the matrices in (2.3.6). H

2.4 Time-frequency-localization and projection estimates
L? -Norms and stability

Our first aim 1s to describe the time-localization in terms of the Lgﬂ—norms of
the scaling functions. Therefore let us define, for 1 < p < oo,

1 27 %
7, = (5 [ 1rwre)” md i = e s (s,

z€[0,27]
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and analogously for vectors {ay} € C*V

2N-1

{artle = (Z |ak|p) and  [{ap}llpe = max|ag].
k=0

From the well-known inequalities of Holder and Nikolskii (see e.g. A.F. Timan
[22], Chap. 4.9), one knows that

[[tnll
[[tnll,

for all polynomials ¢, € T, and 1 < p < ¢ < oco. We want to have basis
functions with the order n»~ % on the right-hand side, which ensures the best
possible time-localization with respect to a polynomial MRA. In particular, we
are looking for polynomials satisfying

o |
e

1<

< COnv™a,

1
[tnllog ~ nlitall, ~ nlitall;-

The notation A, ~ B, means |A;'B,| < C and |4, B;!| < C. Here and in the
following, C' denotes positive constants depending on fixed parameters involved,
but their values may be different at each occurrence.

Let us recall the basic result of an L3_-estimate for the interpolating func-
tions established by S.B. Steckin [20]

oMol = =Zeploa 3 + 0 +0 (7).

In order to obtain explicit constants, we proceed with the following simple
derivation. For 2M < N |

" 2 % |sin(2M1t) sin(2N1)
Mol = —— ) it
Sl T 2M~2N Jo sin“ ¢
- 2 2N ™7 |sin(2N'1) P E| i
™/ 2N 2N = sint 2M = snlzt
1 N 1 N
< — 271'—1—71'111——1—71') = — (3—1—111—) . 2.4.1
™/2N ( 2M V2N 2M ( )

This computation contains some information about the time-localization of ¢!
in the three different intervals of integration. Moreover, we know the maximum
value of go%o , and thus

leMoll . = V2N (2.4.2)

In Section 3.1 we will define N; and M; in such a way that 3M; < N; and that
N;/M; is bounded from above by a constant. Assuming N/2M to be constant,



18 J. Prestin & K. Selig

we conclude from (2.4.1) and (2.4.2) by means of Nikolskii’s inequality, for
arbitrary 1 < p < oo, that

leNoll, ~ NZ7%. (2.4.3)

As a further step, we formulate the Riesz stability in the more general L} -
setting.

Theorem 7. For arbitrary sequences {a;} € C?N and 1 < p < oo, the inequa-
lities

IN—1

M
E : AUk PNk
k=0

3 1_1
[HowHler < (2N)772

< 4.
= < < Aol (244)

P

are satisfied, with

dr+ 3
4= TED AN,

independent of p, or

C
—, If 1<p<?2,
4 =1 p_1 b (2.4.5)
Cp, if 2<p< .

As noted above, for simplicity, we assume
3 < — < K, (2.4.6)

where K is a constant independent of N . This implies the uniform boundedness
of Ain (2.4.4), for 1 < p < oo, because of

dr+ 3
3

N
< — . (.
A< (3—|—ln2M) < 12452InkK

Proof: a) We start with the inequality on the left-hand side, which can be
proved by using a well-known inequality for trigonometric polynomials ¢, € T,
(see e.g. [22], Chap. 4.9), namely:

oot
nl’N

=

1 2N—-1
(g 3

£=0

) < 1+ jl,. @47)
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for 1 < p<ooand N € N. Then, by applying the interpolatory properties of
oM, we conclude that

1 2N -1 i 1 2N -1 1 2N -1 p %
14 _ M ir
(ﬁ > |af|) = (2— > |7 2 el () )
£=0 £=0 k=0
1 aN-1
< (1+ (N+M—1)7r) o
=~ N \/ﬁ kz_% kgpN,k
= P
1 aN-1
< 144 || —
( 3) \/ﬁ ;;) kPN k
= P

b) In order to prove the inequality on the right-hand side, we use, for 1 < p < oo,
the function g from the space LI_, where 1/p+ 1/¢ = 1, with ||g||q = 1 such
that

IN-1 2

M
E , Yk PN K
k=0

Then Holder’s inequality gives

1 IN—1
o g(x) Z ag go%k(x) de .
0 k=0

P

IN-1 2

1
Z g ﬁ/g(l’) @%k(l’) da
k=0 0

1 2N-1 % 1 2N-1 q
T\ |4
S 2N (ﬁ Z |ak|p) (ﬁ kz: |(g * 30%,0) (%)| ) )

k=0 =0

where * denotes the usual 2m-periodic convolution,

(9% oNo) (1) = —/g(m)go%o(t—x)dx.

Now we apply (2.4.7) and obtain two different estimates,

2N -1 q
1 o )
(ﬁ kE (9 ¢x0) (5] ) < (14 40) llg* oMol
=0
lgll, lenoll, if 1<¢<o0,
< <1+ 4%) % 1 N+M-1

> ISmll,, i 1<g<oo.
2M\/2Nm:N_M
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The second estimate in (2.4.5) follows from the boundedness of the Fourier sum
operator Sy, in LZ_ for 1 < ¢ < oo (see e.g. [25]). The proof is completed by a

27

similar derivation for p = co. Applying (2.4.7) again, we find that

IN-1 IN_1
_1 M v/ ! M kx
_— Z Uk PN g < 2N max |ag| sup (— Z |¢N70 (x_ W)|
H 2N k=0 . k T 2N o
< ol 52 VIV [l

Asymptotics for the dual and orthogonal functions

Our next goal is to achieve the same time localization results for the dual func-

tions ¥ and for the orthogonal functions Op¥ as we have in (2.4.3) for the

interpolatory functions. At first we determine estimates for the coefficients
M d M

aN,r,s an PVN,r,s :

Lemma 3. The coefficients in the basis representations (2.2.2) and (2.3.1) sa-

tisfy the decay conditions, for r;s =0,... 2N — 1,

0¥, | A < Cmax{(r— s[4+ 177, 2N —[rs)T7 . (248)

Proof: For r = s, both of the coefficients given in (2.2.4) and (2.3.5) are less
than 2, since M < N . For r # s, let us focus on

M—1
1 .
|7]J\‘74,7',s| = ﬁ Z (ﬁ - 1) cos JTN_SE
h=—M+1

We define the 27-periodic even function f, by

M 1, for o] < T
fy(@) = (rM)*+N%o

0, for %<|l‘|§ﬂ',

bl

The derivative of f is of bounded variation and possesses two jumps in [—7, 7] .
Hence, for the Fourier coefficients a,_;, with » > s, we have (see [25], Chap.
10)

1

= _7; fy(z) cos(r — s)z de

< C(lr=sl+1)77,

|aj st =

and by the aliasing formula for discrete Fourier coefficients,

N-1

1 Kis Kis

A = g X Aot — )k
k=—N

1 (o]
- Z ‘ Z alZNZ+7‘—s| + alZNZ—r+s|
{=—00

IN

Cmax{(|r —s[)™?, [2N —r+s|7?} .
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Thus, (2.4.8) is proved for ¥4 . The same idea works for o (see Theorem
3), if one replaces f, by

IM 32 1
M2724+ N2g2 -

0, for M fpj<r. W

bl

for [af < M

falz) =

Now 1t 1s easy to obtain the same time-localization result for the dual and
orthonormal functions as we have in (2.4.3) for ¢! .

Theorem 8. For 1 < p < oo, we have the asymptotic behaviour
~ M 1_1
IEXol, ~ 0Pl ~ N3,
Proof: The proof simply consists of the application of Lemma 3 to (2.4.4). E.g.,

we obtaln

2N-1
M M
E TN,0kPN k
k=0

A v v
1_1
N\/N(ﬁz‘%]\‘{&k‘) ~N="».
k=0
Let us end this subsection with a quite different description of time localiza-

tion (see also [16]). In [0, 2], we define, for k = 1,... 2N, the intervals

log¥l, =

P

Ing = [

and describe the decay in terms of the distance from the peak. Again, we start
with the interpolating function go%o(x) . From (2.1.3), one obtains by standard
estimates and (2.4.6) that

VN

k2

M

Jnax len o)l i
(2N — k)2’

if 0<k<N,
(2.4.9)
if N<k<2N.

Now, for simplicity, we restrict ourselves to 0 < & < N . The same time loca-
lization results can be shown for the dual and orthonormal functions.

Theorem 9. Let 0 < k < N . Then
IeN ol ~ 10N e ~ VN (2.4.10)

and

=

e {IeXo @) 0pN (@)} < € =5 (2.4.11)
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Proof: Formula (2.4.10) is already included in Theorem 8. Here we only show
the estimate in (2.4.11) for Op¥ . With Lemma 3, (2.3.1) and (2.4.9), we obtain

max [0 ()]
N 2N—-1 1 "
< Cl%ﬁi(gg — ri<n+T2%4Eﬁfrangmwn)
N 1
SCWWZ%V+MW%HUP
2N -1 1
+r§;12N—r T T

Then (2.4.11) follows directly by splitting the sums on the right-hand side into

IN—-1 k/2 3k/2 IN—-1

=2+ 2+ ) - W

r=0  r=14k/2 r=143k/2

Error estimates

Here we want to summarize approximation properties of the interpolatory and
orthogonal projections onto the spaces V¥ . For simplicity, we only deal with
the most interesting case of continuous functions and estimates in the sup-
norm. Roughly speaking, the same results are available for Li_ and especially
for I |1 < p < oo, avoiding the logarithmic term in the estimates.

In particular, we want to compare the approximation order with the best approx-
imation by trigonometric polynomials of corresponding degree, as A. A. Privalov
mentioned in [18]. Further results connecting the convergence order of a given
function f with smoothness conditions on f can be easily deduced. Denote, for

f602ﬂ"
En(f) = inf{If —tall, : tn €T} -

In this subsection we do not necessarily assume the uniform boundedness of
N/M as done in (2.4.6). But, for further use, we restrict ourselves to N/M =
3,4,5,.... However, in the case of (2.4.6), we obtain error estimates in the order
of the best approximation.

Theorem 10. Let f € Cy, . For the interpolatory projection L% onto VJ\M, we
have the estimates

Ensri—1(f) < IF—INfll, < (A+1) Ex—u(f), (2.4.12)

with A as defined in (2.4.5).
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Proof: The inequality on the left-hand side follows immediately from L%f €
Tn4ar—1. For the inequality on the right-hand side of (2.4.12), we write

En_m(f) = [If —tv-mllos
to conclude with the help of (2.4.4) that
=Ll < Ex-ml(f) +lltv—nr — LN fllo,
< Ex_m(f) +A|tn-sr—fll,. H

Now we are looking for error estimates for the orthogonal projection. The
proof of Theorem 10 shows that we only have to deal with the operator norm
of the orthogonal projection operator P : L2 — V¥

2N -1 2N -1
PUF = D N0 el = D (.00, 0p),
k=0 k=0

Lemma 4. The orthogonal projection PJJ\‘,4 onto VJ\M satisfies
N
M 2
128N, e, < Clog? 3

Proof: Writing

2N—-1
P = ) wony, (2.4.13)
k=0
we obtain by (2.4.4)
M M . M
1PN flloo < CNIISDN,ollloslrlgggNIle =t ON |lenoll; leel

Taking the inner product with go%z in (2.4.13), we estimate

2N-1
|<P1¥fa80%,z>| = Z €k<80%,k ,30%,0
k=0
2N-1
> el (WMo, oM = D Kbl o)
ey

Applying Proposition 2 yields
el < AUPY S onol = AKF oX )l < 41Fll lenel, -

Hence,

2
which, together with (2.4.1), proves the lemma. H

Using Lemma 4 and standard projection estimates, we arrive at the following
final result.
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Theorem 11. Let f € LZ_. For the orthogonal projection PJJ\‘,4 onto VJ\M, we
have the estimates

Exorri(f) < If = P Fl. < Clog® = Exa()). (2.4.14)

It remains an open question whether one can replace the factor log2 % in (2.4.14)
by log % , the best possible constant in (2.4.12).

§3 Wavelet spaces
3.1 Trigonometric MRA

For periodic polynomial multiresolution analyses, it is natural to consider a
dyadic number of nodal points (see [10]). To allow more generality for practical
applications, we additionally allow any (odd) factor ¢ € N and define

WA iG>,
M; = (3.1.1)
1, ifj<A,

for all j € Ny and any constant A € Ng. For fixed ¢ and A, we define a
trigonometric MRA {V;}32, of L3, by

Theorem 12. If ¢ 2 > 3, then all properties of a periodic MRA are satisfied,
namely:

(7) Vi C Vi, for all j € Ny, dimV; = 2Ny,
(i) d%&(Uw)zﬁw
7=0
k
(ii4) fevj:»f(o_%)evj, for all k€ Z, j €Ny,
J
. km
(iv) d¢; €V Vj:span{(/)jyk::qu(o—ﬁ): k=0,...,2N; — 1}.
J

Taking ¢; = gp%j as the generating function, for any j € Ny and {a;} € C*Ni |

we have the stability condition

2N; -1

Z ag G5k

k=0

A |{artle < < B {aw}le (3.1.2)

2

with best possible constants A = 1/v/2 and B=1.
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Note that, if we replace ¢;; by the orthonormal translates Op; ;. := ng%ik,
then we obtain best stability; i.e. A= B =1.
Proof: The inclusion relation V; C V;11, for all j € Ny, follows from (2.1.7), if
Ni+M;—1 < Njgi— Mg
For j < X, this is obviously true, and for 7 > A, it means that
Mj+ My < 3-27% < e2/ 41,
This yields the condition
3 < e2 de N;j > 3M;, forall j>\.

Then we have N; — M; > 2/+1=* "which, by (2.1.7), implies property (ii). The
third and fourth properties follow directly from the construction in Section 2.1.
It remains to establish the stability constants in (3.1.2).

Let us denote by v, ., for = 0,...,2N; — 1, the eigenvectors of the Gram
matrix G; = (65, 65.6))i ¢l such that G; v;, = dj,v; , where d;, =
d%jr are the eigenvalues known from Lemma 2. The eigenvectors form an

orthogonal basis of C2i. Therefore we can write any 2N;-dimensional vector a
2N; -1

as a linear combination e = >, 20" a, v; ., with complex coefficients a, . Let
(a,B)r = ZZJ;%_I agf), denote the Euclidian inner product of a,B e C2Ni |
Then we have

2

2N; -1 2N; -1 2N; -1
Sk gk = < S ok dik, Y, ¢j,l>

k=0 9 k=0 =0

2N; -1
= <G] g’Q>E = Z djﬂ' |a7‘|2 <yj,7‘ ’yj,r>E’
r=0

and since
2N;—1 2N; =1
Z |Oék|2 = <Q’Q>E = Z |ar|2 <ﬂj7raﬂj,r>Ea
k=0 r=0

[ 2 g . . .
the quotient HZZJXB Lo quka / ( ZJXB ! |ak|2) is bounded by the minimal
= ) =

and maximal eigenvalue of G , respectively. B

Let L; := L%J denote the interpolation operator mapping Co. onto V; . We
can prove the fol]lowing two-scale relations for the shifted scaling functions.
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Theorem 13. For r=20,...,2N; — 1, we have the refinement equations
IN;—
1 (2s —|— 1
Gj () = —=dj41,20( Z o5, r( ) ) bir1,2s41(2)  (3.1.3)
V2
and, for j > X, the dilation relation
1+ coszx
bie1le) = VT o5(2) TE2E (3.1.4)

Note that in (3.1.4) the function (1 + cosx)/2 maintains the values of ¢;(20)
around 2k7 and suppresses the interposed oscillation of ¢;(20) around (2k+1)w
where k € 7.

Proof: By the interpolation property of ¢; ., we have

¢jr(x) = Ljp15.(2)

Il
[N
=
+
(=
ngh
©-
[y
=
—~
[V
=5
~—
©-
s
+
—
£
&

1
ﬁ ¢]+1 2r \/W Z ¢]r(28+1 ) ¢]+1 25+1( )

For all levels j > A, we have N; 1 = 2N; and M;4; = 2M; , which yields
sin N; (2z) sin M; (22) 4 @
cos® —
M;\/4N;sin” © 2

1+ cosx

$jti(x) =

Furthermore, we need the following two-scale inner product.

Lemma 5. For£=10,...,2N; —1,and m=0,...,2N;41 — 1, we have

1 ki
i) = 3.1.5
<¢],Z ¢]+17 > 2N]+1 QS]Z <2N ) ( )
Proof: By (2.1), (2.1.2) and {cos(mo),cos(no)) = % dm,n , We can write

(Dj0, Gj41,m) = \/m <¢jlaDNj+Mj—1 (0— J\T;'/]l:l)>

1 5 (mﬂ')
VIN 4 P\aN
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3.2 Interpolating wavelets

The wavelet spaces are defined as the relevant orthogonal complements of V; in
Vigr; te. Vigr = V; @ W, for all j € Ny, where @ denotes the orthogonal sum.
From Theorem 1, we derive a simple orthogonal basis of the wavelet spaces.

Theorem 14. An orthogonal basis of W} is given by the set
{O'jyzi EIO,...,QNj—l},

with the functions

ojo(z) = jcos?Nx o N, (x) = @sianx,
(3.2.1)
ojan—k(x) = V2 cos kz o k(z) = V2sin kz
Wherek:Nj—I—Mj,...,Nj+1—Mj+1;
oie(x) = \/5( 21‘}1+k cos(2N; — k)x + 2+1 kcos(?Nj—l—k)x),
(3.2.2)
ojan—k(x) = \/5( 2JJVJ[rl+k sin(2N; — k)x—ﬂgﬂl ksm(?N + k) )
where k=1,... ,M;41 —1; and
M+ —k
oiN—k(T) = \/5( ST cos(N + k) — 2M cos( j—k')x),
e (3.2.3)
o Nk (T) = \/5( 25‘4 sin(N; —I—k)x—l— 2M sm( — k)

where k=1,... , M; — 1.

Proof: First, we check that all functions o;,, for £ =0,...,2N; — 1, belong to
Vit1. By Theorem 1, this is obvious for the polynomials in (3.2.1) and (3.2.3).

Let pj s := Q%j,z' In (3.2.2), we have, for k=1,... ,M;41 — 1,

Ojk = Pj+12N;—k, O0j2N;—k = Pj+1,2N;+k -

Second, we verify that (o;,,p;x) = 0, for all £,¢ = 0,... 2N; — 1. This
is evident for all o;, in (3.2.1) and (3.2.2). For (3.2.3), 1t follows by simple
calculations. H

Regarding shift-invariant spaces, we are now looking for a localized wavelet
function v; € V;41 that generates the wavelet space W;; w.e.

w; = span{%( 7\;—) n:O,...,QNj—l}.
J
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To determine the wavelet +/; uniquely, we may additionally require interpolation
properties for the translates ¢; , , in this case at the 2N, interpolation nodes
of V41 which are not interpolation nodes of the translates of ¢;. Hence, we
demand that ¢; € V;41,

(d50,%5) = 0, forall £=0,...,2N;—1, (3.2.4)

and, in analogy to the scaling function, that

2m + 1)
wj(“”%) VIN; 6o, forall m=0,... 2N;—1.  (3.2.5)

Theorem 15. There exists a uniquely determined function v; € V; 11 satisfying
(3.2.4) and (3.2.5), namely:

vi(w) = ﬁ¢>j+1(x—ﬁ) @( ﬁ) (3.2.6)

For its translates v; ,(x) = ;(x — %), n = 0,... ,2N; — 1, the refinement

7
equations are given by

IN;—
1 (2n —|— 1)
Yjn(x) = \/—¢>y+1 2ny1(@ Z j, s( ; ) $jt1,2s(). (3.2.7)
For j > X, we have the special dilation equation
1+ cos(x — 57— 1)
it (x) = V24, (22) e (3.2.8)

Proof: For an arbitrary f € V1, there is an expansion

4N;—1

= Lj+1f Hs ¢]+1sa
2NJ+1 Z%

with 4N; coefficients pu, = f(F +1).

condition in (3.2.4) is equivalent to

0 = (Bjk,f)
1
= \/m Z Hs ¢]ka¢]+ls>
J s=0
4N;—1

1 ST
T 9N Z% s (‘Sj’k(zNj)’

s=

By means of (3.1.5), the orthogonality

4N;—1
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forall k =0,...,2N;—1. The interpolation property in (3.2.5) holds if and only
if

2m+1
f(%) = fam+1 = V2N; dmpo,
j

forallm =0,...,2N;—1. Hence,

2N;—1
1 1 ! T

I= (@m v 5i+(337) ¢]+1,%)

is the only function in Vj44 satisfying (3.2.4) and (3.2.5). By (3.1.3), it follows

f = ;, where ¢; is defined in (3.2.6). For its translates, (3.2.7) is obtained,

using that ¢; is an even function. Finally, by means of (3.1.4), we can write,
for j > A,

vinile) = VEop(e— o) = (e - g —)

2N 41 2N; 4
1+ cos(x — 552—)
™ ™ 2N.
= (2050 (20 - 5 ) - Va0 (20 - 1) ke
<¢3+1 TN, V2o (20 IN; 2

which proves (3.2.8). B

N; =12, M4, =8, M; =4 N; =12, M4 =4, M; =2
PR RS IR RRARRRRN PR R RN IR RN
3L Y] 3L vi ]
b ALN 1 lC | ]
0 4 o 0 7 A
agh 1 gk i
ok 1 5E i
3L 1 5E ]

I T Y B | I Y Y B | I T Y B | I Y Y B |
I

N; =12, M; 1 =2, M; =1 N; =12, M; 1 =M; =1
U RRR R R R R (RARRRRRRRRN PR E R RS IR RRRRRRRRRN
3L Y] 3r vi ]
(%_ /\vj\ ..VA ﬁ‘,‘ /\Vf\ ] (%_ A A /\ Avﬂ A‘IA /\ AN A i
Ak v v 4 Jt oy VY _
9L 1 Ok ]
3L 1 5E ]

I T Y B | I Y Y B | I T Y B | I Y Y B |
= F 0 F r - F 0 F 7

Figure 2. Interpolating wavelet functions
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Now we can define the interpolation operator R; : Cop — W; |

2N;—

o (2k—|—1)
Rif = 7 Z f( i )@k, (3.2.9)

which is the identity in W; and fulfils, for k € Z,

o (255) = 5 (1555).

Further, we are interested in the expansion of the localized basis in the ortho-
gonal basis from Theorem 14. Let us introduce the notations for the vectors of
the functions

IN; -1 aN;—1
Y= (V)2 and o, = (75,1) k=0

Theorem 16. The translates of the wavelet ¢; defined in (3.2.6) satisfy the
relations

=0;0, and g, = o' Y.,

o] =i J j

. _ 2N;— -1 _ /v 2N;— _
where the matrices O; = (OJ,T,S)H 0 Y and o; = (0‘77577«)8 o have, for r =

0,...,2N; — 1, the entries

-1
Oj,r0 = ) bjo0r =
37,0 \/N_] 7,0, 9
B 1
JTs \/N_j’ ], T 2\/—
-1 2 1
cos(r—i— )Sﬂ-, if 0<s <N,
y VN 2N;
Ofr,s = Ofs;r = 1 |
sin ZEUST e v s <o
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Proof: Similar to (2.1.1), we can write

1 2r+1)m 2r+1)7w
bir(x) = V2N, (DNj+1—Mj+1 (x — TN, ) — Dnj-u, (x TN, )
J
Mjy1-1
+ Y sV + b (v - 25T
k=—M;11+1
Mj—1
_ Z MJ‘Zk cos(N; + k) (x — K_ng‘;% W) )
E=—M;+1

M;-1

1 N M;+k 2r+1)m

- (3 o rn oo
J k=—M;+1

Njp1=Mjpa

+ 2 Z cosﬁ(x—%)

Z:Nj-I—Mj
MJ+1 1
M;y1-k (2r+1)7m
D T cos(Nis + k) (l‘ - T) )
k:—Mj+1-|—1

Rewriting this in the basis defined in Theorem 14 gives

Gin(e) = ( Z 2Nj — ]2473\527“ + )r o 1(x)

=0
Y (@2N; — k) (2r + )7
Zsm 5N O'jyzNj_k(l‘)) ,
L—1 J

which yields the entries of O; . The inverse transformation matrix Oj_1 1s easily
obtained by the interpolation

ois(xr) = Rjojs(x)

- Ly U](%) bie(x). W
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N;/M; =3
4 20yl + )
//\\\ ////’\\ e
I
| — — | —= | —
0 N; o Nyn Njt2 Njts
N;/Mj =10
; 29i42(- + 537
\/
L X X
/l\ T T T
0 N; o Nyn Njt2 Njts

Figure 3. Frequency spectrum of ¢; and g(k=3)/2 Yr( o+ ﬁ), k=0,1,2,...

3.3 Gram matrix and dual wavelets

In the sequel, the index j of a matrix indicates that its dimension is 2N; x 2; .
In particular, let I; be the 2/V;-th identity matrix and F'; be the 2/N;-th Fourier
matrix defined in (2.2.1). We denote the Gram matrix of the translates of the
wavelet function ; € W; by
2N; -1
Hj = (b 5,5)), 20 -

The Gram matrix is symmetric and circulant, and so we can diagonalize 1t as
well by means of the 2N;-th Fourier matrix F'; such that

H; = F, E; F;, (3.3.1)
2N; -1

with a diagonal matrix E; =: diag (e; x)._p

Lemma 6. The eigenvalues of the Gram matrix H; are

%—i—zjéﬁa if 0§]{7<M]+1,

1, i My <k < Nj— My,
e = ¢ s+ SR i N = My <k < Nj+ M,

1, if Nj+Mj§k§2Nj—Mj+1,

%+M’ if 2N; — M1 <k <2N; —1.
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Proof: By means of (3.2.6) and (3.3.1), it is possible to compute the eigenvalues
as elements of the diagonal matrix E; = F; H; F; , using that

(s 0js)
= <\/§¢j+1,2r - ¢j,r ) \/§¢j+1,25 - ¢j,s>

= 2(dj+1,20, bj41,25) +{Djr, bjs) — 2\/§<¢j+1 b (o — —(s}?”»
= 2(¢j41,20, j41,26) + (Djir s D) — 20r5.
Hence,

H;, = 2G;+G;—-2I,

IN; -1 M; 9 IN;—1
where Gj = ((6;,r,9;)), L, = Gy, and Gj = (($j41,20,8541,25)), ;Lo
are known to be circulant. By the distributive law for matrices, we have

Hj = FjEijIFj (Q_bj—l—Dj—QIj) Fj,

. : ay \ Vil < : 2N, -1
with D; = diag (dN']r) and D; = diag(n;r),— - To compute the
S r=0 -

elements of ﬁj , we rewrite the elements of the circulant éj ,

1 2N; -1 zlgs‘]\7r27'r
2—]\9 zZ: Njee I = (@j41,90,Pj41,25)
=0
1 2Nj41-1 i6(2s—2r)w
= 2N, D diprge T
i

1 2sz+1:_1d it(s—r)m
= _ i+1.4 [ 7
4N] j+1,
£=0
2N; -1
_ 3 diret dipronite
2

if(s—r)m
—

£=0
Then, by Lemma 2, we obtain

djp1,0+ djpron40

e = 9
3M7, 442 .
o, if 0</l< My,
= 1, if M <O<2N; — My,

3MZ, +(2N;—0)°

2 )
M7,

if 2Nj—Mj+1<£§2Nj—1.
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The eigenvalues of H; follow immediately, for £ = 0,...,2N; — 1, from
ek = 2mjptdip—2. W

Now, we define the dual functions 1/;]'77« € W; of the interpolating translates
Yi0, for v, £ =0,...,2N; — 1, by the orthogonality conditions

<1Z)j,ra1/)j,2> = - (3.3.2)

As elements of WW; , they have a representation

2N; -1

Gir(®) = Y Biws tys(x). (3.3.3)
5s=0

We denote the function vector

Theorem 17. For the dual functions, we have the relations

I Hi'Yy, and 4, = Hj9,

J J

with
Hj = F] Ej F]
1 M1 2_.2
_ s Y MR g Gtk
r,s 2M?2 N,
2N j ’
J =—M;+1
Mpa—1 ] . 2N; -1
M k(s=r)m
J+1
+ 3 i)
k=—M;t1+1 r,s=0
and
—1 _ . -1
H;' = F;E;'F,
1 M;-1 R R
M2—k (N;+k)(s—7)
= (57'75 + 2N Z M]z_l_kz COS N]
J T k=—M;+1
M,pa—1 ] . 2N; -1
M: -k k(s—r)m
J+1
£ Y mEmestEE) ) B
k:_Mj+1+1 r,s=0
where
. 2N;—1 -1 : 2N;—1
E] = dlag(ej,T)T:(J) 3 E] = dla’g(l/ejyr)r:(]) )

the entries of which are known from Lemma 6.
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Proof: By (3.3.2) and (3.3.3), we have
2N; -1

<1/:j’7‘ ’1/)j7z> = Z 6]’,7‘,5 <1/)j78 a1/)j,ﬁ> = 67‘,2 s
s=0

which yields
(Birshnie = Hj' = F;Ej'F;.

r,s=0

Due to the circulant structure of the inverse Hj_1 =F; Ej_1 F; , we can com-
pute its elements as

2N; -1

6 1 1 ik s]\f—vrfr
. — _ — € 3
J.78 IN: Z .
e
J k=0 ik
1 (T s, M7t o N k) (=)
— (X T Y (o) S
IN: M?2+k2
J — _ ) 5
k=0 k=—M;+1
Mi1—1
itt aM2 ik(s—r)m
+ Y (1\/127]3«2_1) e
2
k=—M; 1141 ’
1 M;—-1 , ,
M:—-k (N;+k)(s—r)m
= 0,4+ — E L cos 2
ST2N; ;;—M+1Mf+k2 N
=—M;
Mjy1-1 [ ()
J41T k(s—r)m
+ E 2, R cos =
k:—Mj+1-|—1

Finally, we need the entries of H; = Fj E; F;, which are

2N;—1
1 J zk(s]\f—r)fr
Wir ¥is) = 53 > cjre
J k=0
2N;—1 M;y1—1
1 J ik(s—r)m itt 52— M2 ik(s—r)m
_ Z e M 4 Z 4L TN
- 2
2N; Mg
J k=0 k=—M; 1141
M;—1 52— A2 i(Njk)(s—r)m
+ §: a7 © "
h=—M;+1 !
Mjy1-1
2 2
= 50+ L E F oMt g kleonim
— s, ) ]
2N; Mg Ni
J k=—M;11+1
M;—-1

k27 (Nj+k)(s—r)m
7 J
+ E T cos N . i
k‘:—Mj-I—l
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A. A, Privalov computed the entries of H; as follows.

Proposition 3. (see [18]) If M; 41 = 2M; ;i.e. j > A, and if 3M; < N; , then

M; 1
. N
(i ir) N; + 8N; M;
and, forr # s,
1
1/)',7‘ a’l/)',s —
Wir Y] 32N, M sin® L)

_ IM (1 — M (r —
x | 4M; sin (r—s)m cos i(r —s)m +2(-1)""° COSM
IN; N; N;

—cos TN (sm QMSVJ +A(=1)" sin W)) .

For completeness, we deduce the representation of the dual translates in
terms of the frequencies.

Theorem 18. We can transform

1 -1 .7
ﬂj:OjEj o; and g, = E; O P

sy o

with O , Oj_1 from Theorem 16 and E; , Ej_1 as given in Theorem 17.

Proof: First, we compute the dual wavelets from (3.3.3),
bj.r ()

M;—1 2N, -1
1 - ZMJ2 ! N;+k)(s—r)m
ot (Y (1) 3 e g

k=—M;+1 s=0

M;p1—-1 , 2N; -1
2M7 k(s—r)m
+ZWwWZw%WQ

k=—M; 1141 s=0
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M;-1
1 I , .

Njp1=Mjpa
+ 2 Z cos £ (x — %)
I{=N;+M
M+1 1
D )
k=—M '+1-|—1

1 2M? M+k 2r+1)7
(R ——
—M,+1

Nean
—I—J\gjw_f cos(N; — k) (l‘ - W))

7

Mjy1-1
ZM] i M;i1—k 2r4+1)m
+ >0 (ot 1) (S ool + ) (o - O52)
k=—M;11+1
42 AR o +1+/€ COS(N]'.H _ k’) (l‘— ﬁzg_‘;%ﬁ))) ,
and therefore
1 M;—1
7 M;+k 2r4+1)7
ie(x) = VeI (QMJ > AR cos(Nj + k) ( B %)
J k=—M;+1
Njp1=Mjpa
+ 2 Z cos { (x ng—j;%ﬁ)
Z:Nj-I—Mj
Mjy1-1
+2Mip Y ML@;@ cos(Njt1 + k) (l‘ - %) ) :
k=—M;11+1

Therefrom the transformation matrices follow easily. H

Note that 1/:]'77«( ) = 1/)] olr — 55), for r = 0,...,2N; — 1, are translates of
J
one function, again. Moreover, since V; L W, , we have

<§gj,ra1/)j,5> = <1/:j,ra¢j,5> =0,

forall r,s=0,...,2N; —1 and j € Ng.



38 J. Prestin & K. Selig

3.4 Orthonormal translates

In order to determine wavelets with orthonormal translates, we proceed in the

same way as for the scaling functions; z.e. via the Gram matrix. We need

orthonormal translates Oy; ,(z) = O; (x — JTV—”) of a function Oy; € Wj; i.e.
7

coefficients v; , , , such that

2N; -1
O () = Y Virs bjsl@)
5s=0
and
(Ojr, Objk) = br, (3.4.1)
forall v,k =0,...,2N; — 1. As in Section 2.2, we use the matrix notation and
introduce the coefficient matrix V; = (1/]’77«75)3]:;51 and the function vector

Oy, = (0v,) 07

Theorem 19. There exists an orthonormal wavelet basis of W; with the rela-

tions

O, =V, b, =V O, (3.4.2)
%j = vj_l ﬂj and ﬂj =V %j’ (3.4.3)
where
V;, = Fj Aj Fj
1 Mjy1-1
= ot S (2M7+_1) cos He=rin
2Nj k=—M;11+1 v ZMj+1+2k !
) M—1 2N; -1
2M; (N;+E)(s—r)7
toe Y <7 - 1) cos Wath)lszrin (3.4.4)
2Nj [y A /2Mj +2k i L
vi' = F; A F;
Mjy1-1
1 21‘4J2+1‘|'2k2 k(s—r)m
= (67‘,5 + IN. M ;11 - 1) cos N;
J k=—M;11+1

_|_

ey M1 —— 2N; -1
i Z <7\/2Mj+2k — 1) cos k(s—r)ﬂ) (3.4.5)

2N; 2M;
k=—M;+1
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with
2N;-1

A; = diag (1/\/6j,6)jjzvé_1 and Aj_l = diag (Vej0) =y

the entries of which are given in Lemma 6.

Proof: Here we follow the same line as in the proof of Theorem 5. At first, we

show (3.4.4) and (3.4.5). With V; = Fj A F; = (ijrys)ZNi_l we compute

r,s=0
2N;—1
1 J 1 zk(s]\f—vr)fr
Virs = IN Z — € !
J k=0 e]’k:
2N; -1 M;p1—-1
tk(s—r)m 2 tk(s—r)m
_ 1 Z eJWL—i— Z ML 1 e%
2 j — _ : /M7 k2
k=0 E=—M; 141
M;-1 2M]2 . z(Nj+l;\7)(s—r)7'r
+ 0> ——L—1]e i
/M2+k2
k‘:—Mj-I—l 7
1 Mjy1-1
2M k(s—
= b, +— E ——— 1) cos (SN?«)W
’ 2N; M2, +2k> i

2M; _ (N;+k)(s—r)m
RN <\/2M?+2k2 1) cos
Then, for the entries of
— - — w 2N; -1
Vil = F;A'F; = (Zj,sr)svlo s

J J
we have
2N;—1
. 1 J zkgs]\f—vr)fr
Visor = Z €jk € ’
2N, v
k=0
1 2Ni—1 zkgs—rpr Mt = ik(s—r)m
— Z e N J+1 _1le &
2Nj 2M2+1
k=0 —Mjpi+1 7
M;-1 \/JW2—+/€2 ,(N +k)(s rym
+ > L
2M?
=—M;+1 ’
MJ+1 1 2 B)
- 54 S (MLt ) oy ko
S, 2N] 2M ;41 N;
k=—M;11+1
M;—-1
(SR MR \/2M 42k B(s=r)m
+7 Z 7]—1 COS .
2N] 2M; N;
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So, V; and Vj_l are symmetric. Hence, t he orthonormality of the translates
O » , required in (3.4.1), follows easily from

V,H; V] = FjA;jE;AF; = I;.

This, together with (3.4.2) and Theorem 17, proves (3.4.3), too. B

Last but not least, we give the representation of the orthonormal translates
in the basis of frequencies.
Theorem 20. We have
-1 -1
%j = OjAja; and g; = A" 07 Op (3.4.6)

with O; ,Oj_1 from Theorem 16 and A; , Aj_1 as given in Theorem 19.

Proof: First, we need an explicit formula for

2N; -1

D vios ()
s=0

1 Mii,—1 IN;—1
_ . 2M ;4 _ ksm .
R e D o O 1) S cos % 00

=—Mj41+1 it1 s=0

M;—-1 2N; -1
2M; i )sm
+ o ij:j+1 ( /2M 2423 1) SZ:% cos Watk)sm Vs (@ )) .

Therefore we consider, for —M; 1 <k < M;4; and N; — M; <k < N; + M;,
the sum

2N;—1 2N;—1

Z cos Bz 1/{75 = V9 Z cos KT N, Di+12s (l‘— zjﬂvj)

s=0
IN; -
s
E , s (x_zNj) :

2|”
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By means of (2.1.5) and (2.1.6), we calculate the first part,

2N; -1

\/5 Z COS@\S}—: ¢j+1,2s(l‘)

V2 2N; - . Njp1=Mjpa ,
= \/m Z_: oS N— +2 Z cos { (x — ﬁ)

=1
Mjy1-1
M;g1-4 . 25w
+2 E Ry cos(Nj41 +4) (x - Nj+1)
l=—M;11+1

Njp1—Mjq 2N;—1

= \/Wéko—i—\/;T Z Z (cos(ﬁx—i—ﬁum)

s=0
Mip1—-1
(k + E)Sﬂ- M-t
+ cos (Ex — T + Z 2JvJ1rj+1
l=—M;11+1
2N; -1
X Z (cos (( i1+ O+ (= Z)W) + cos ((Nj+1 + Oz — %))
s=0
Njp1=M;jqq
= 2N; | dko+ Z (80,(k—)moazn; + 0o, (k+e)modan, ) cos lx
£=1
Mip1—-1
+ Z J\;[j\}—;;f (80,(k—)mod2n,; + 0, (k+t)ymod2n, ) cO8(2N; + O)x
l=—M;11+1

V/2N; (cos kx + 25\}1 i cos(2N; + k)x ) , it k| < Mg,
v/2N; (cos kx + cos(2N; — k)x) | it |k—N;| < M.

The second part is known from Lemma 1. Hence,

1 2N; -1 ]{7
COS ——— s
V2N; ; ;e
J‘gﬂl kCOS(?N _|_k,)( ﬁ)-} 2H1+k COS(?N —k’)( N;T_H)a
if - M < k< M,

%Nj_k)cosk(x— ﬁ) + %MCOS(QNj — k)(x— 2&),

if Nj—Mj<k’<Nj—|—Mj.
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42
Consequently,
1 A T
Or(2) = ( z oy + ) (2~ )
/2N; iy i
NJ+1 MJ+1
+ 2 cos{ ( )
‘= N +M;
Mjy1-1
k=—M;11+1
Mjy1-1
2M 41 M4k . _ T
+k ; +1 <\/ 2M]2+1+2k2 B 1) ( 2M 41 COS(N‘7+1 + k) ($ 2Nj)
=—Mjn

+ 2J+71+cos(]\7j+1 — k) (x - ﬁ))
M;-1
by () (M (- )
_ 1 2M 742k it i

+ %J\Tj_k)cos(?]\fj —k) (x— ;TJ))) ’

and finally,
1 : 20,42k
o = (3 o i (o )
2Nj i 2M 242k j
Njp1=Mjpa
+ 2 Z cosﬁ(x—zg,v)
1=N;+M;
J+1_1
_2Mjqa -2k ' x
S e (oo o) )
k=-— J+1‘|'1 I

From this, the matrices in (3.4.6) can be easily derived. B

3.5 Localization and projection estimates

We present results for the wavelet spaces, which are analogous to the ones of
Section 2.4. Here, we can be brief because most of the proofs of that section

can be adapted easily.
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L? -Norms and stability

As in (2.4.6) in Section 2.4, we assume N;/M; to be bounded from above by a
constant. Then the LY -stability of the wavelets ¢; € W;, for 1 < p < oo, is
given by

2N; -1

Yooantik| o~ @N)TF [Hawle -

k=0
4

This can be proved by applying (3.2.6) and (2.4.4).
For the special case ay = 0y 0, we obtain immediately the same asymptotics as
we have in (2.4.4), namely:

|5 0llp ~ (2Nj)%_%, forany 1<p<oco.

In order to determine the asymptotics of the dual and orthonormal wavelets,
we follow the same line as in Section 2.4. Thus, we have to estimate the coeffi-
cients 3; s and v; ., .

Lemma 7. For the entries of the circulant matrices Hj_1 and V; , the inequa-
lities

Bl gl < Cmax{(lr—s|+1)7, (2N; —[r—s)7?}
hold, for r,s =0,... ,2N; — 1.

Proof: Again, we have to estimate discrete Fourier coefficients. But this time,
with respect to (3.3.4) and (3.4.4), we consider the 2m-periodic functions

M, n°—Niz® M?2?7? —N3g?
MmN + (- T e for )
i+t i i i
U M?  m?-NZ2z? M M
fﬁ(x) = m, for ] < Jz| < ]+1 ,
M
0, for T4+ e <|J:|<7T
and
M, 2(=1)°"""rM; _
;/_772 J+12 - -1 \/_(2 )2 772 ; _ (_1)5 7" for ’
/M 4N /M 4N
— M M
folz) == %—1, for7T J<|ar:|<7T J+1,
MJ+1+ij
M
0, for ToGHL < |zl <,

which have a plecewise continuous first derivative. ll

The application of Lemma 7 gives the time-localization result for the dual
and orthonormal wavelets.
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Theorem 21. For 1 <p < o0,

i rlly ~ NOGllp ~ (2N;)37%.

The pointwise estimates, which correspond to (2.4.9) and (2.4.11), can be de-
duced using (3.2.6).

Theorem 22. For simplicity, we restrict ourselves to 0 < k < N; . Then

~ C+/N;
xg}gfk{le,o(x)l, 1O65.0(@)], [B50(e)l} < sz_f

s

Error estimates

In Section 2.4 we investigated the approximation of continuous functions by
elements from the sample space V; . Now we consider the corresponding results
for approximation processes in W; . Of particular interest are the interpolation
operator R; defined in (3.2.9) and the orthogonal projection ; that can be
easily handled by

. pMin M;
Qi = Pn =By

Here, we only assume (3.1.1) for N; and M; , with arbitrary A € IN.

Theorem 23. For the interpolatory and orthogonal projections, we have

N; N
R; < Clog—L d ; < C log” —L.
[ J||(32,,_>(32,r > og M; an HQ]HCQ,,_N}Q,r > og M;
Note that this Theorem is a key to find polynomial bases of Cy;. We discuss
this in the paper [17].

§4 Decomposition and reconstruction

The wavelet analysis of functions is based on the transformations between a
sufficiently large level sample space and the wavelet spaces of lower levels; i.e.
the iterative decomposition of V;4; into the orthogonal sum V; & W; . Starting
from an approximation of a given function in an specific sample space, either by
interpolation or by orthogonal projection, we only have to know the correspon-
ding basis transformations to calculate the wavelet coefficients of the function.
Conversely, we can reconstruct the projection of the function from the wavelet
coefficients.

4.1 Interpolating bases

For the interpolatory scaling and wavelet functions, we have already determined
the refinement relations in the Theorems 13 and 15. Now we present the reverse
basis transformation.
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Theorem 24. The decomposition formulas, for £ =0, ... ,2N; — 1, are

1 2N; -1 ~ )
$j+1,2(x) = W( > ¢j,s(%)¢ms(l‘)

s=0

2N, - (4.1.1)
- X (e St >)

and

B 1 ZNj—l ~ (2£+ 1)
Gjt1,2041(2) = o > ‘/’j,s(i)f/{ys( )
J s=0

IN; -1 (4.1.2)
+ Y i (%) bjs (l‘))

s=0

Proof: We only have to calculate the coefficients a; ¢, and b; ., , such that

2N;—1 2N;—1
Gjt1e(z) = Z aje,s Pjs Z bje,s ¥j,s(
5s=0

for £ =0,...,4N; — 1. These coefficients are the inner products

ajes = <¢>j+1,z : </>j,s>

1 < {r -
= YN DNj 1= Mg <°_ ) a¢',s>
2Nj-|—1 + + Nj-l—l J

1 ~ 0
= vy O\
2N j
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and

bj,ﬁ,s = <¢j+1,z,1/~)j,s>

— ! D in
- \/§Nj+1 < Njp1—Mjq1 (0 - Nj+1)

Mjy1-1
Miti—k ) i
+ Z Mt cos(Nj+1 + k) (o - NJ+1) ’
k=—M; 1141

-
M;+k 2s+1)7w
2M; Z M2+k2 cos(Nj + k) (0 ~ TN, )
k=—M;+1
Njt1-M;p

+ 2 Z cosk(o—%)

k=N;+M;

MJ+1 1
Mj—k 2s+1
+ 2Mj4q Z m cos(Nj1 + k) (o - %)>
k=—Mjp41

M;-1

_ 1 Mtk (Nj+k)(t—1-2s)7
= 2M; E M2 cos 2L
. +k2 2N;
V2 Njt1 k=31

2N =M

k(L=1-28)m
+2 ), cosHSEEE
k=N;+M;

Mjy1-1

(Mj+1—/€)2 (2N;+k)(L—1-2s)7
+ Z M3z, +k? cos 2N

k=—M;11+1

-1 -1 M1
\(/51)\] 1+22COS Z1257T+2 Z cos 2125)71'
Jj+1

= k=M;i1

. M-k (N;j+k)({—1-2s5)1
+ 2M; Z e cos N

k=—M;+1

= D g () = G g (Be)

1 f/;jyl—_l (%) ; for odd ¢,

—F X
2N+t - flzjé ((ZSH) ) , forevent¢. M
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Motivated by the different structures for translates ¢;41 ¢ with even and odd
index £, respectively, we introduce a permutation matrix

1000 0000
0010 0000
0000 1000
0000 0010 2N 411
P = 0100 0000 = (52r,s +52r,2Nj+1+s—1)rys:JB ;
0001 0000
0000 0100
0000 0001
that yields
Piv1 ¢, (4.1.3)
T
= (0j41,0,Dj41,2, -+ Pib1,aN =2, Bj 41,1, Bjb1,35 - - - Bj41,aN;=1) -

In order to write the basis transformations in matrix-vector-notations, analogous
to Sections 2 and 3, we have to investigate the following matrix of function
values.

Lemma 8. The singular matrix

1 (2 1) 2N; -1

s+ 1)m _
K; = - = F;Q,; F;,
0= (e (B)) |, =mes
with the diagonal matrix Q; := diag (qjyr)zfé_l, has the eigenvalues

1, if OSTSN]'—M]',
Gir = € M x Nt Nj = My << Nj+ M,
-1, if Ny +M; <r<2N; -1,
and the transpose K]T = Fj aj F;.
2N; -1
Proof: From K; = (\/;T ®;,0 ((2(851717)]*1”) , we conclude that the
7 r,s=0

)

matrix is circulant and can be written as K; = F;Q; F;, where Q; is a
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diagonal matrix. The entries of @; follow from

1 2N;—1

2s+1 =
Q5r = ¢] 0 ( ) €7
v 2

2N;—1 2N;—1
1 7 7
= Z cos 13- QSJS(—ZJQ)%-Z' Z sin 37 ¢js(__,)
V QNJ s=0 ! s=0 j

= Ljcos(ro) (—ﬁ) + i L;sin(ro) (—ﬁ) .
and the application of Lemma 1. Since K; is real-valued,
T T _ .
K;, =K; =F;Q,F;. |

Now we can formulate the decomposition and reconstruction in matrix no-
tation to be used in numerical algorithms.

Theorem 25. Let A;y, and Bjy, be the transformation matrices in the de-
composition and the reconstruction equations such that

&, &,
£j+1 P]+1 Bji. ( EJ' ) and ( EJ' ) = APy Qj_l_l

—J —J

Then Ajy1 and Bj 4, have circulant blocks, namely:
1 I; ‘ F;Q; F;
Ajn = 7 —
JQ | I ’
LF;

Bj = —=

with Q; known from Lemma8 and D; = D%j as given in Lemma 2.

Proof: From the relations (3.1.3) and (3.2.7), together with (4.1.3), we derive
the matrix

Aj
2N; -1

(o) (o)

NG 2N -1
Ve Bis ( 27‘+1 ))

v (
r,s=0
NG T
V2\ — kT | 1; )

2N; -1

r,s=0

2N; -1
1 ¢ ( ST )
v Ng -
( 2N ! 2N r,s=0

)




Trigonometric Wavelets 49

where K; is the matrix described in Lemma 8. Analogously, we deduce from

(4.1.1) and (4.1.2) that

Bji
2N; -1 2N; -1
(—1 Bir (ﬂ)) - ( L_ 6, ((25“)”))
1 \/ﬁ 7 N r,s=0 2N 7 2N r,s=0
=5 2N; -1 2N; -1
V2 ( L_ g ((2T+1)W)) ( L_ g (ﬂ))
/ AR VL) N, T N;
2Ni E r,s=0 2Ni 2N r,s=0
—1 —1
1 G; ‘ - G;'K;

NG _ T _
V2 (Glej)‘ G;' ’

using (2.2.6) and Theorem 3. W

4.2 Orthonormal bases

For orthonormal bases, the transformation matrices are unitary. The decompo-
sition and reconstruction relations for the orthonormal translates are given, for

€=0,... 4N; — 1, by

2N; -1 2N; -1
Objy1,0 = Z (Obj41,0,00; ) O + Z (Objy1,0, Ojr) Oy (4.2.1)
r=0 r=0

from which we deduce the transformation matrices.

Theorem 26. For the matrices QA; 1 and OB, in the relations

Op.
@jﬂ - PJT+1 B (a/,‘? ) (4.2.2)

—
and
Op .
( @j = Ay Py %j+1’ (4.2.3)

we have

o B’ 1 Fj A; F; ‘Fj A;Q; Fj
j+1 = i+1 — = — —
’ V2\ -F;A;Q,F;| ;A F, ’

with A; = A%j as given in Theorem 5 and Q; from Lemma 8.
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Proof: Analogous to the proof of Theorem 25, we distinguish between the
translates Og; 41 ¢ with even and odd index ¢. Then formula (4.2.2) is relation
(4.2.1) in matrix notation, with

2N; -1 2N; -1
((@541,20. 00 ) ‘ (G120, 003, )
B. . s,r=0 s,r=0
AR 2N, —1 2N, -1

(<0¢>j+1,2s+1 ,0¢j,r>) (<0¢>j+1,2s+1 ’01/{7',0)

s,r=0 s,r=0

)

Similarly, we obtain (4.2.3) with Q4;1; = (’B]T_H.
We compute, for £=0,... ,4N; —land r=0,... ,2N; — 1,

(Ob41,0,08; )

1 D ( ir )
. —_ . o —
24/ NjNjt1 < Nir=Mjts NJ+1 ’

r

DNj_Mj(O_N_Z)—i_ Z 1/2M2+2k2COSN'+k)(°_;«V_:)>

M;—1
_ 1 D v(gz 27«)77)_1_2 Z Mi—h  og Nath)(e=2r)m
24/ N;N; N;—M; v \/ZMJZ-|—21<:2 2N;
==—M;

and

— 1 4
(Obj4r,0, Ojr) = 3/ N, Nitt <DNj+1—Mj+1 (° - N;_TH)
J+1 1

2 : 2M ;41— 2k ‘T

+ #COS N; +k (0 )

k=—M;41+1 2MJ2+1+2k2 ( AR ) NJ+1 ’
= 7

Z _2M+2k cos(N; —|—l<:)( _ (2;-}-&)77)

\ /2M2+2k2
—M;+1

NJ+1 MJ+1
+ 2 Z cos k (o — ng—j;%ﬁ)

k‘:Nj-I—Mj

M +1 1
2Mj41—-2k ) (2r+1)7m
+ 2 VOIS +2k? cos(Nj1+k) (° B T) >

k=—M; 1141 I+t
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24/N;iNjt1 \/2M3+2k? 2N;

Njp1 =My

+ 9 Z cos k({—2r—1)m

2N;

M;—-1
— 1 ( Z 2M 42k cos (Nj-l—k:)(Z—ZT—l)?T
k=—M;+1

k‘:Nj-I—Mj

Mjy1-1 ,
(Mp1=k)?  (Njpy +h)(E=2r— 1)
+ § : M7, +k? cos N

7
k=—M; 1141

. O;r (;Tﬂj) ; for odd £,
= =X
B —Op; ¢ (M) , for even (.

2N;

Hence, from Theorem 5 and Theorem 25 we conclude that

o ) T T K;
1=
V2~ K)” ‘ L ’

which finally proves the desired form of the transformation matrices. H

§5 Conclusion

J

In this paper we have studied nested subspaces V; = va‘f of trigonometric poly-

nomials constructed from translates of de la Vallée Poussin kernels gp%j based
on averaging over 2M; Dirichlet kernels. Moreover, we considered orthogonal
polynomial wavelet spaces W; = V;11©V; and their biorthogonal wavelet bases.
The greater the number M; for fixed N;, the better time-localized those basis
functions behave, as it was investigated in Sections 2.4 and 3.5. On the other
hand, the best frequency-localized translates as well as the best frequency split-
tings between the wavelet spaces W; are obtained for M; = 1; 7.e. A = oo, which
is the original Fourier case at an even number of nodes.

Our considerations have been focused not only on the interpolatory bases
and their dual bases, but also on two orthogonal bases in each space. Among
all orthogonal bases functions in V; and W, respectively, Op; . and (i); ; are
the most time-localized (and translation invariant) bases functions, and p; , and
o are the most frequency-localized ones. The main part of the paper has been
concerned with the algorithms for the basis transformations being described by
their transformation matrices with respect to fast numerical implementations.
For the circulant matrices in i) and ii) below, the knowledge of the eigenvalues
reduces the computations to the application of the FFT. In ii), we also need to
permute the vector entries.
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Let us summarize the relationship between the bases by the relevant matri-
ces in the following schemes
i) for the sample spaces V¥ or V; and the wavelet spaces W; on one level:

G—l

G

Aj

Pj+1£7'+1

Bji

Error estimates for the initial approximation of a given function by the inter-
polatory or the orthogonal projection onto a sample space of a sufficiently large
level are included in Section 2.4.

Let us end with the remark that ¢; ,(t) + ¢; —»(t) and ¥; - (t) + ¥;, _r_1(?)
are even functions. Therefore, this approach can be transformed by x = cost,
for t € [0, 7], to the algebraic case which yields polynomial wavelet spaces on
[—1, 1] orthogonal with respect to the Chebyshev weight (1 —2%)=/2. For this
see [5], [11] and [21].

References

[1] Chui, C. K., An introduction to wavelets, Academic Press, New York, 1992.

[2] Chui, C. K. and H. N. Mhaskar, On trigonometric wavelets, Constr. Ap-
prox. 9 (1993), 167-190.

[3] Daubechies, 1., Ten lectures on wavelets, CBMS-NSF Series in Appl. Math.,
SIAM publications, Philadelphia, 1992.

[4] Davis, P. J., Circulant matrices, Wiley Interscience, New York, 1979.



Trigonometric Wavelets 53

[11]

[12]

[13]

[17]

[18]

Kilgore, T. and J. Prestin, Polynomial wavelets on the interval, Constr.
Approx., 1995 to appear.

Lemarié P. G. and Y. Meyer, Ondelettes et bases hilbertiennes, Rev. Mat.
Iberoamericana 2 (1986), 1-18.

Lorentz, R. A. and A. A. Sahakian, Orthogonal trigonometric Schauder
bases of optimal degree for C(0,2r), The Journal of Fourier Analysis and
Applications 1 (1994) no. 1, 103-112.

Meyer, Y., Ondelettes, Herman, Paris, 1990.

Offin, D. and K. Oskolkov, A note on orthonormal polynomial bases and
wavelets, Constr. Approx. 9 (1993), 319-325.

Perrier; V. and C. Basdevant, Periodic wavelet analysis, a tool for inho-
mogeneous field investigation, theory and algorithms, Rech. Aérospat. 3

(1989), 53-67.

Plonka, G., K. Selig and M. Tasche, On the construction of wavelets on the
interval, Adv. Comp. Math., 1995 to appear.

Plonka, G. and M. Tasche, A unified approach to periodic wavelets, in
Wavelets: Theory, Algorithms, and Applications, C. K. Chui, L. Monte-
fusco, and L. Puccio (eds.), Academic Press, San Diego, 1994, 137-151.

Prestin, J., On the approximation by de la Vallée Poussin sums and inter-
polatory polynomials in Lipschitz norms, Analysis Mathematica 13 (1987),
251-259.

Prestin, J. and E. Quak, Trigonometric interpolation and wavelet decom-
position, Numer. Algorithms 9 (1995), 293-317.

Prestin, J. and E. Quak, A duality principle for trigonometric wavelets, in
Wavelets, Images, and Surface Fitting, P. J. Laurent, A. Le Méhauté and
L. L. Schumaker (eds.), A K Peters, Wellesley, 1994, 407-418.

Prestin, J. and E. Quak, Decay Properties of trigonometric Wavelets, in
Proceedings of the Cornelius Lanczos International Centenary Conference,
J. D. Brown, M. T. Chu, D. C. Ellison and R. J. Plemmons (eds.), STAM,
1994, 413-415.

Prestin, J. and K. Selig, On a constructive representation of an orthogonal
trigonometric Schauder basis for C's, , in preparation.

Privalov, A. A., On an orthogonal trigonometric basis, Math. USSR
Sbhornik 72 no. 2 (1992), 363-372.



54 J. Prestin & K. Selig

[19] Selig, K., Trigonometric wavelets for time—frequency—analysis, in Approxi-
mation Theory, Wavelets and Applications, S. P. Singh (ed.), Kluwer Aca-
demic Publ., Dordrecht, 1995, 453-464.

[20] Steckin, S. B., On de la Vallée Poussin sums, Doklady Akad. Nauk SSSR
80 no. 4 (1951), 545-548 (russ.).

[21] Tasche, M., Polynomial wavelets on [—1,1], in Approximation Theory,
Wavelets and Applications, S. P. Singh (ed.), Kluwer Academic Publ., Dor-
drecht, 1995, 497-512.

[22] Timan, A. F., Theory of approximation of functions of a real variable,
English translation Pergamon Press, 1963.

[23] Wojtaszczyk, P. and K. Wozniakowski, Orthonormal polynomial bases in
function spaces, Isr. J. Math. 75 no. 2/3 (1991), 167-191.

[24] Woiniakowski, K., Orthonormal polynomial basis in C'(IT) with optimal
growth of degrees, preprint.

[25] Zygmund, A., Trigonometric Series, Cambridge University Press, Second
Edition, 1959.

Jurgen Prestin

FB Mathematik

Universitat Rostock

D-18051 Rostock

Germany
prestin@mathematik.uni-rostock.d400.de

Kathi Selig

FB Mathematik

Universitat Rostock

D-18051 Rostock

Germany
selig@mathematik.uni-rostock.d400.de



