
Interpolatory And Orthonormal TrigonometricWaveletsJ�urgen Prestinand Kathi SeligAbstract. The aim of this paper is the detailed investigation of trigono-metric polynomial spaces as a tool for approximation and signal analysis.Sample spaces are generated by equidistant translates of certain de laVall�ee Poussin means. The di�erent de la Vall�ee Poussin means enable usto choose between better time- or frequency-localization. For nested sam-ple spaces and corresponding wavelet spaces, we discuss di�erent basesand their transformations.x1 IntroductionTrigonometric polynomials and the approximation of periodic functions by poly-nomials play an important role in harmonic analysis. Here we are interested inconstructing time-localized bases for certain spaces of trigonometric polynomi-als. We use de la Vall�ee Poussin means of the usual Dirichlet kernel, whichallow the investigation of simple projections onto these spaces. Interpolationand orthogonal projection are discussed. With the di�erent de la Vall�ee Poussinmeans, the operator norms of these projections as well as the time-frequencylocalization of the basis functions can be controlled. In order to improve thetime-localization, the side oscillations are reduced by including more frequenciesand averaging the highest ones. Adapting basic ideas of wavelet theory, inter-polatory and orthonormal bases are employed, both of which are constructedfrom equidistant shifts of a single polynomial. One of our main goals is theinvestigation of basis transformations in a form that facilitates fast algorithms.We observe that the corresponding transformation matrices have a circulantstructure and can be diagonalized by Fourier matrices. The resulting diago-nal matrices contain the eigenvalues, which are computed explicitly. So, thealgorithms can be easily realized using the Fast Fourier Transform (FFT).Further, we consider the nesting of the sample spaces to obtain multiresolu-tion analyses (MRA's). For the resulting orthogonal wavelet spaces, we proceedas above and �nd wavelet bases consisting of translates of a single polynomial.Again, interpolatory and orthonormal bases are constructed, which show thesame time-frequency behaviour as the sample bases do. The basis transforma-tions can be described analogously by circulant matrices.Most important for practical reasons are the decomposition of signals in fre-quency bands, which correspond to the wavelet spaces, and their reconstruction.Signal and Image Representation in Combined SpacesJosh Zeevi and Ronald Coifman (Eds.), pp. 1{54.Copyright c
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2 J. Prestin & K. SeligFocusing on basis transformations, the two-scale relations and decompositionformulas are also given in matrix notation suitable for the use of FFT methods.Then the transformations for signal data follow easily (see [19]).This direct approach to trigonometric wavelets is an alternative to the con-struction of periodic wavelets by periodization of cardinal wavelets (see [1], [3],[6], [8], [10]). In particular, the de la Vall�ee Poussin means can be obtainedby periodization of cardinal functions which are products of sinus cardinalisfunctions.A �rst constructive approach to trigonometric wavelets was introduced byC. K. Chui and H. N. Mhaskar in [2] taking very simple nested multiresolutionspaces and corresponding wavelet spaces. They constructed the scaling func-tions by means of the partial Fourier sum operator applied to a Haar functionwith small support in order to get time-localized basis functions. The two dis-advantages of this procedure are, �rst, that the resulting approximation in thesample space is only a quasi-interpolation and, second, that the basis functionsare just as localized as the simplest de la Vall�ee Poussin mean, the modi�edDirichlet kernel.The idea that we followed was initiated by the paper [18] of A. A. Pri-valov, where he considered the de la Vall�ee Poussin means in a di�erent content.Namely, he was interested in an orthonormal polynomial Schauder basis for C2�of optimal degree. This problem has also been considered by P. Wojtaszczykand K. Wo�zniakowski in [23], by D. O�n and K. Oskolkov in [9], and was �nallysolved by R. Lorentz and A. A. Sahakian in [7] (see also K. Wo�zniakowski [24]).Privalov's approach was also the starting point for E. Quak and the �rstnamed author to investigate in [14], [15] and [16] particular cases of trigono-metric wavelet spaces. A more general concept of periodic wavelets was givenby G. Plonka and M. Tasche in [12], where both constructive and periodizedversions are included.The present paper is organized as follows. In Section 2 we introduce samplespaces and discuss di�erent bases and their transformations. Beside the inter-polatory basis, its dual basis and the orthonormalized basis, which all consistof translates of a single function, we also consider a frequency basis. We con-clude this section by general Lp2�-stability arguments and asymptotic estimatesfor the basis functions, which are connected to approximation estimates for thecorresponding projections.In Section 3 we restrict ourselves to certain parameters which allow nestedsample spaces and the construction of wavelet spaces. Then the ideas of Section2 concerning scaling function bases are adapted to the corresponding waveletbases, their transformations and asymptotics.Finally, the reconstruction and decomposition formulas are developed inSection 4 for the interpolatory and orthonormal bases, respectively, in order toprovide the relevant algorithms for signal analysis.



Trigonometric Wavelets 3x2 Sample spacesWe denote by C2� the space of all continuous 2�-periodic functions with themaximum norm, by L22� the space of square-integrable 2�-periodic functionsand by Tn the set of all trigonometric polynomials of degree at most n . Theinner product in L22� is given byhf ; gi := 12� 2�Z0 f(x) g(x) dx ; for all f; g 2 L22� :At �rst we consider interpolation at equidistant nodal points in the interval[0; 2�) in its simplest form. This can be achieved by a discretization of theFourier sum operator Sn with kernel Dn , n 2 N,Snf(x) := a02 + nXk=1(ak cos kx+ bk sin kx) = hf ;Dn( �� x)i ; (2.1)with the coe�cientsa0 := 1� 2�Z0 f(t) dt ; ak := 1� 2�Z0 f(t) cos kt dt ; bk := 1� 2�Z0 f(t) sin kt dt :The Dirichlet kernelDn(x) := 1 + 2 nXs=1 cos sx = 8>><>>: sin(2n+ 1)x2sin x2 ; for x =2 2�Z;2n+ 1 ; for x 2 2�Zis vanishing at all nodal points 2k�2n+1 , for k = 1; : : : ; 2n . Taking correspond-ing translates of Dn as fundamental polynomials, we can de�ne the Lagrangeinterpolation operator, for any f 2 C2� , at 2n+ 1 equidistant points.The disadvantages of this approach are, �rstly, that periodic multiresolutionneeds an even (dyadic) number of nodal points, and secondly, that the kernelhas no bounded L12�-norm, for n ! 1 , or, in other words, is not su�cientlylocal. Both of these problems can be resolved by using certain de la Vall�eePoussin means of Dn instead of the Dirichlet kernel itself.



4 J. Prestin & K. Selig2.1 Trigonometric interpolationWe de�ne the de la Vall�ee Poussin means 'MN , for N;M 2 N and N � M , by'MN (x) := 12Mp2N N+M�1Xm=N�M Dm(x)= 1p2N  1 + 2N�MX̀=1 cos `x+ 2 N+M�1X`=N�M+1 N +M � `2M cos `x! (2.1.1)= 1p2N  DN�M (x) + M�1Xk=�M+1M � kM cos(N + k)x! : (2.1.2)By induction, one easily proves that they can be rewritten in the form'MN (x) = 8>><>>: sinNx sinMx2Mp2N sin2 x2 ; for x =2 2�Z;p2N ; for x 2 2�Z; (2.1.3)which guarantees zero values at the nodes k�N ; k = 1; : : : ; 2N � 1.-10123456�� ��2 0 �2 �'824 -10123456�� ��2 0 �2 �'424
-10123456�� ��2 0 �2 �'224 -10123456�� ��2 0 �2 �'124Figure 1. Interpolating sampling functionsThe corresponding trigonometric interpolation operator LMN : C2� ! C2� isde�ned by LMN f(x) := 1p2N 2N�1Xs=0 f� s�N � 'MN �x� s�N � (2.1.4)



Trigonometric Wavelets 5satisfying, for all k 2Z, LMN f�k�N � = f�k�N � :For s = 0; : : : ; 2N � 1, the translates'MN;s(x) := 'MN �x� s�N �of the de la Vall�ee Poussin means are linearly independent since 'MN;s �k�N � =p2N �k;s , for k; s = 0; : : : ; 2N�1, but they are not orthogonal (see Proposition1). Let V MN := span �'MN;s : s = 0; : : : ; 2N � 1	 :Then the dimension of V MN is 2N independently of M . Being an interpolationoperator, LMN : C2� ! VMN is the identity on V MN .It is instructive to know how single frequencies are mapped by LMN .Lemma 1. For all k 2 N0 , let k � ` mod 2N , with 0 � ` � 2N � 1. Then,LMN cos(k �)(x)= 8><>: cos `x ; if 0 � ` � N�M;M+(N�`)2M cos `x+ M�(N�`)2M cos(2N � `)x ; if N�M < ` < N+M;cos(2N � `)x ; if N+M � ` � 2N�1;LMN sin(k �)(x)= 8><>: sin `x ; if 0 < ` � N�M;M+(N�`)2M sin `x� M�(N�`)2M sin(2N � `)x ; if N�M < ` < N+M;� sin(2N � `)x ; if N+M � ` � 2N�1:Proof: We use the well-known fact that, for all N 2 N; k 2Z,2N�1Xs=0 cos �x+ ks�N � = ( 2N cos x ; if k � 0 mod 2N;0 ; if k 6� 0 mod 2N; (2.1.5)2N�1Xs=0 sin �x+ ks�N � = ( 2N sinx ; if k � 0 mod 2N;0 ; if k 6� 0 mod 2N: (2.1.6)



6 J. Prestin & K. SeligBy de�nition of LMN , we have, for any k 2 N0 ,LMN cos(k �)(x) = 1p2N 2N�1Xs=0 cos k( s�N ) 'MN (x� s�N )= 14NM 2N�1Xs=0 cos ks�N N+M�1Xm=N�M  1 + 2 mXr=1 cos r(x� s�N )!= �0;kmod2N+ 14NM N+M�1Xm=N�M mXr=1 2N�1Xs=0 �cos(rx+ (k�r)s�N ) + cos(rx� (k+r)s�N )�= �0;kmod2N + 12M N+M�1Xm=N�M mXr=1(�0;(k�r)mod2N + �0;(k+r)mod2N ) cos rx:Now we have to consider three di�erent cases for ` , with k � ` mod 2N .If 0 � ` � N �M , thenLMN cos(k �)(x) = �0;` + 12M N+M�1Xm=N�M mXr=1 �r;` cos rx = cos `x :If N �M < ` < N +M , thenLMN cos(k �)(x) = 12M N+M�1Xm=N�M mXr=1(�r;` + �r;2N�`) cos rx= (N+M)�`2M cos `x+ N+M�(2N�`)2M cos(2N � `)x= �12 + N�`2M � cos `x+ �12 � N�`2M � cos(2N � `)x :If N +M � ` � 2N � 1 , thenLMN cos(k �)(x) = 12M N+M�1Xm=N�M mXr=1 �r;2N�` cos rx = cos(2N � `)x :The formula for the sine frequencies is proved analogously.FromLemma1, it follows immediately that LMN is also the identity on TN�M ,and TN�M � VMN � TN+M�1; (2.1.7)which is basic for nesting subspaces to form a trigonometric multiresolutionanalysis.A more detailed description of V MN in terms of frequencies is given by thefollowing result.



Trigonometric Wavelets 7Theorem 1. For M < N , the set�%MN;k : k = 0; : : : ; 2N � 1	 ;with%MN;0(x) := p2=2 ; %MN;k(x) := p2 cos kx ; %MN;2N�k(x) := p2 sin kx ; (2.1.8)where k = 1; : : : ; N �M , and%MN;N (x) := p22 cosNx ;%MN;N�k(x) := p2�M + k2M cos(N � k)x+ M � k2M cos(N + k)x� ; (2.1.9)%MN;N+k(x) := p2�M + k2M sin(N � k)x� M � k2M sin(N + k)x� ;where k = 1; : : : ;M � 1, constitutes an orthogonal basis of V MN .Proof: By (2.1.7), the orthogonal basis (2.1.8) of TN�M is a basis of VMN \TN�M . In order to �nd the remaining orthogonal basis of V MN 	 TN�M , where	 denotes the orthogonal di�erence, we rewrite the high-frequency part of (2.1.2)for the translates 'MN;` as followsM�1Xk=�M+1 M�kM cos(N + k) �x� `�N �= cos N`�N cosNx+M�1Xk=1 M�kM �cos (N+k)`�N cos(N + k)x+ sin (N+k)`�N sin(N + k)x�+M�1Xk=1 M+kM �cos (N�k)`�N cos(N � k)x� sin (N�k)`�N sin(N � k)x�= cos N`�N cosNx+M�1Xk=1 cos (N�k)`�N �M+kM cos(N � k)x+ M�kM cos(N + k)x�+M�1Xk=1 sin (N�k)`�N �M+kM sin(N � k)x� M�kM sin(N + k)x� :Thus, we see that the functions in (2.1.9) are elements of VMN and clearly or-thogonal to all functions of TN�M . The mutual orthogonality of these functionsis obvious, and their number is 2M � 1 = dimV MN � dimTN�M .



8 J. Prestin & K. SeligLet us introduce vector notations for the sequence of basis functions,'MN := �'MN;`�2N�1`=0 and %MN := �%MN;k�2N�1k=0 :Then the corresponding basis transformations can be described by their trans-formation matrices.Theorem 2. The translates of the de la Vall�ee Poussin means satisfy the rela-tions 'MN = UN %MN and %MN = U�1N 'MN ;where the matrices UN = �uǸ;k�2N�1`;k=0 and U�1N = ��uNk;`�2N�1k;`=0 have the entries,for all ` = 0; : : : ; 2N � 1,uǸ;0 = 1pN ; �uN0;` = 12pN ;uǸ;N = (�1)`pN ; �uNN;` = (�1)`2pN ;uǸ;k = �uNk;` = 8>><>>: 1pN cos `k�N ; if 0 < k < N ;�1pN sin `k�N ; if N < k < 2N :Proof: From (2.1.2) and the de�nition of the basis elements %MN;k , it followsimmediately that'MN;`(x) = p2p2N � NXk=0 cos `k�N %MN;k(x) + N�1Xk=1 sin `k�N %MN;2N�k(x)� ;which con�rms the entries of UN . The second relation is determined by theinverse transformation. From the interpolation%MN;k(x) = LMN %MN;k(x)= 1p2N 2N�1X̀=0 %MN;k�`�N � 'MN;`(x)and from Lemma 1, we obtain the entries of U�1N .



Trigonometric Wavelets 92.2 Gram matrix and dual basisFor a more detailed investigation of the sample spaces, we introduce the Grammatrix GMN := �
'MN;r ; 'MN;s��2N�1r;s=0 :To simplify the further computations, we will employ the particular structureof this Gram matrix. It is easily seen that GMN is symmetric and circulant. Thelatter fact allows us, according to [4], Chap. 3, to diagonalize GMN by means ofthe 2N -th Fourier matrix; i.e.GMN = F 2N DMN F 2N ;where F 2N := 1p2N �e� 2�irs2N �2N�1r;s=0 ; F 2N = (F 2N )�1 : (2.2.1)Clearly, the diagonal matrixDMN = diag �dMN;r�2N�1r=0 contains the eigenvalues ofGMN .Lemma 2. The eigenvalues of the Gram matrix GMN aredMN;r = 8<: M2 + (N � r)22M2 ; if N�M < r < N+M ;1 ; otherwise.Proof: We compute the elements of the diagonal matrixDMN = F 2N GMN F 2Nin the form dMN;r = 2N�1Xk=0 h'MN;0 ; 'MN;ki e ikr�N :Since GMN is symmetric, the eigenvalues are real-valued, and we obtain by theinterpolation formula (2.1.4)dMN;r = 2N�1Xk=0 h'MN;0 ; 'MN;ki cos kr�N= h'MN;0 ; 2N�1Xk=0 cos kr�N 'MN;ki= p2N h'MN;0 ; LMN cos(r �)i :



10 J. Prestin & K. SeligUsing Lemma 1 and the representation (2.1.2) of 'MN , we consider again threecases. If 0 � r � N �M , thendMN;r = hDN�M ; cos(r �)i = 1 ;if N +M � r � 2N � 1 , thendMN;r = hDN�M ; cos((2N � r) �)i = 1 ;and if N �M < r < N +M , thendMN;r = 2 * N+M�1X`=N�M+1 M+N�`2M cos(` �) ;M+(N�r)2M cos(r �) + M�(N�r)2M cos((2N � r) �)+= (M+N�r)24M2 + (M�(N�r))24M2 = M2+(N�r)22M2 :The functions 'MN;k being non-orthogonal, we are now interested in the dualfunctions. They are needed in order to �nd the orthogonal projection of afunction f 2 L22� with respect to the interpolating basis. The dual functions~'MN;r 2 V MN of the basis functions 'MN;` (r; ` = 0; : : : ; 2N � 1) are uniquelydetermined by the orthonormality conditions
~'MN;r ; 'MN;`� = �r;` :As the duals are also in V MN , they possess an expansion in VMN . Hence, let~'MN;r(x) = 2N�1Xs=0 �MN;r;s 'MN;s(x) : (2.2.2)To simplify the main result on the dual functions, we denote~'MN := � ~'MN;r�2N�1r=0 :Theorem 3. The dual functions satisfy the transformation equations~'MN = �GMN ��1 'MN and 'MN = GMN ~'MN ; (2.2.3)



Trigonometric Wavelets 11where�GMN ��1 = F 2N �DMN ��1 F 2N=  �r;s + (�1)s�r2N M�1Xk=�M+1� 2M2M2+k2 � 1� cos k(s�r)�N !2N�1r;s=0(2.2.4)GMN = F 2N DMN F 2N=  �r;s + (�1)s�r2N M�1Xk=�M+1�M2+k22M2 � 1� cos k(s�r)�N !2N�1r;s=0 ;with DMN = diag �dMN;r�2N�1r=0 ; �DMN ��1 = diag �1=dMN;r�2N�1r=0 ;the entries of which are known from Lemma 2.Proof: From the de�nition in (2.2.2), it follows that
~'MN;r ; 'MN;`� = 2N�1Xs=0 �MN;r;s 
'MN;s ; 'MN;`� = �r;` ;which establishes the coe�cient matrix ��MN;r;s�2N�1r;s=0 = �GMN ��1. Furthermore,the inverse of a circulant is again a circulant, and hence,�GMN ��1 = F 2N �DMN ��1 F 2N ;with �DMN ��1 = diag �1=dMN;r�2N�1r=0 . Therefrom we calculate�MN;r;s = 12N 2N�1X̀=0 1dMN;` e i`(s�r)�N= 12N  2N�1X̀=0 e i`(s�r)�N + N+M�1X`=N�M+1� 2M2M2+(N�`)2 � 1� e i`(s�r)�N != 12N  2N �s;r + M�1Xk=�M+1� 2M2M2+k2 � 1� e i(N+k)(s�r)�N != �s;r + (�1)s�r2N M�1Xk=�M+1� 2M2M2+k2 � 1� cos k(s�r)�N :



12 J. Prestin & K. SeligInverting this relation yields the second formula, and we can computeh'MN;r ; 'MN;si = 12N 2N�1X̀=0 dMN;` e i`(s�r)�N= 12N  2N�1X̀=0 e i`(s�r)�N + N+M�1X`=N�M+1 �M2+(N�`)22M2 � 1� e i`(s�r)�N != 12N  2N �s;r + M�1Xk=�M+1�M2+k22M2 � 1� e i(N+k)(s�r)�N != �s;r + (�1)s�r2N M�1Xk=�M+1�M2+k22M2 � 1� cos k(s�r)�N :For the entries of GMN , we also know another form from the paper [18] ofA. A. Privalov.Proposition 1. ([18]) Suppose M < N 2 N . Then
'MN;r ; 'MN;r� = 1� M3N + 112NMand, for r 6= s ,
'MN;r ; 'MN;s� = (�1)r�s 2M cos M(r�s)�N sin (r�s)�2N � sin M(r�s)�N cos (r�s)�2N8NM2 sin3 (r�s)�2N :In Section 2.4 we will use the fact that GMN is positive de�nite. In particular,we proved the following inequality.Proposition 2. ([17]) For N;M 2 N , with M jN , and for r = 0; : : : ; 2N � 1,
'MN;r ; 'MN;r�� 2N�1Xs=0s6=r ��
'MN;s ; 'MN;r��� > 14 :Let us end with the representation of the dual functions in the orthogonalbasis of frequencies.Theorem 4. For the dual functions, we have~'MN = UN �DMN ��1 %MN and %MN = DMN U�1N ~'MN ;with UN ; U�1N from Theorem 2 and DMN ; �DMN ��1 as given in Theorem 3.



Trigonometric Wavelets 13Proof: We insert the coe�cients of (2.2.4) in (2.2.2) and obtain~'MN;r(x) = 'MN;r(x) + 12N M�1Xk=�M+1� 2M2M2+k2 � 1� 2N�1Xs=0 cos (N+k)(s�r)�N 'MN;s(x)= 1p2N �DN�M �x� r�N �+ M�1Xk=�M+1 M�kM cos(N + k) �x� r�N �+ M�1Xk=�M+1� 2M2M2+k2 � 1�� �M�k2M cos(N + k) �x� r�N �+ M+k2M cos(N � k) �x� r�N �� � :Thus, the dual functions are~'MN;r(x) = 1p2N �DN�M �x� r�N �+ 2M M�1Xk=�M+1 M�kM2+k2 cos(N + k) �x� r�N � � : (2.2.5)By the de�nition of %MN;k , we can conclude that~'MN;r = p2p2N � NXk=0 1dMN;k cos rk�N %MN;k + N�1Xk=1 1dMN;2N�k sin rk�N %MN;2N�k� :Writing this in matrix notation yields the �rst equation. Then the inversetransformation works by means of the identity (UN (DMN )�1)�1 = DMN U�1N :From (2.2.5), it follows that the dual functions are shifts of ~'MN;0 again, whichis an even function like 'MN;0 . Note also that the coe�cients �MN;r;s are equal tothe function values �MN;r;s = (2N )�1=2 ~'MN;0 � (s�r)�N � ; (2.2.6)which follows from the interpolation property of the basis in the expansion(2.2.2).2.3 Orthonormal basis of translatesWe also seek a basis of V MN consisting of orthonormal translates O'MN;r(x) :=O'MN �x� r�N � of a function O'MN 2 V MN . WritingO'MN;r (x) = 2N�1Xs=0 
MN;r;s 'MN;s(x) ; (2.3.1)



14 J. Prestin & K. Seligfor all r = 0; : : : ; 2N � 1, we have to determine the coe�cients 
MN;r;s . Thecoe�cient matrix�MN := �
MN;r;s�2N�1r;s=0 = (2N )�1=2�O'MN �(s � r)�N ��2N�1r;s=0is obviously circulant. Hence, we can write �MN = F 2N �MN F 2N , with adiagonal matrix�MN . If we require the orthonormality
O'MN;k ;O'MN;r� = 2N�1X̀=0 2N�1Xs=0 
MN;k;`
MN;r;s 
'MN;` ; 'MN;s� = �k;r ; (2.3.2)and denote O'MN := �O'MN;r�2N�1r=0 ;then we can summarize the representation as follows.Theorem 5. In VMN , there exists a basis of orthonormal translates of an evenfunction O'MN satisfying the relationsO'MN = �MN 'MN ; 'MN = ��MN ��1O'MN ; (2.3.3)O'MN = ��MN ��1 ~'MN and ~'MN = �MN O'MN ; (2.3.4)where�MN = F 2N �MN F 2N=  �r;s + (�1)s�r2N M�1Xk=�M+1� 2Mp2M2+2k2 � 1� cos k(s�r)�N !2N�1r;s=0 (2.3.5)and ��MN ��1 = F 2N ��MN ��1 F 2N=  �r;s + (�1)s�r2N M�1Xk=�M+1�p2M2+2k22M � 1� cos k(s�r)�N !2N�1r;s=0 ;with�MN = diag�1=qdMN;`�2N�1`=0 ; ��MN ��1 = diag�qdMN;`�2N�1`=0and dMN;` from Lemma 2.



Trigonometric Wavelets 15Proof: With �MN = diag�1=qdMN;`�2N�1`=0 , we are able to compute the coe�-cients 
MN;r;s , for r; s = 0; : : : ; 2N�1, from the equation �MN = F 2N �MN F 2Nand obtain
MN;r;s = 12N 2N�1X̀=0 1qdMN;` e i`(s�r)�N= 12N  2N�1X̀=0 e i`(s�r)�N + N+M�1X`=N�M+1� 1pdMN;` � 1� e i`(s�r)�N != 12N  2N �s;r + M�1Xk=�M+1� p2M2pM2+k2 � 1� e i(N+k)(s�r)�N != �s;r + (�1)s�r2N M�1Xk=�M+1� 2Mp2M2+2k2 � 1� cos k(s�r)�N :The entries of ��MN ��1 = ��
MN;s;r�2N�1s;r=0 = F 2N ��MN ��1 F 2N follow from�
MN;s;r = 12N 2N�1X̀=0 qdMN;` e i`(s�r)�N= 12N  2N�1X̀=0 e i`(s�r)�N + M�1Xk=�M+1�pM2+k2p2M2 � 1� e i(N+k)(s�r)�N != �s;r + (�1)s�r2N M�1Xk=�M+1�p2M2+2k22M � 1� cos k(s�r)�N :Now we prove the orthonormality of the translates for the representations in(2.3.3). From (2.3.5), we derive that 
MN;r;s = 
MN;s;r . Hence, O'MN is even, andwe have�MN GMN ��MN �T = �MN GMN �MN = F 2N �MN DMN �MN F 2N = I2Nbeing the 2N -th identity matrix, which proves (2.3.2). The relations in (2.3.4)are easy to derive from (2.3.3) and (2.2.3).Finally, we want to represent the orthonormal translates in the basis offrequencies.Theorem 6. For the orthonormal translates, we have the relationsO'MN = UN �MN %MN and %MN = ��MN ��1 U�1N O'MN ; (2.3.6)



16 J. Prestin & K. Seligwith UN ;U�1N from Theorem 2 and �MN ; ��MN ��1 as given in Theorem 5.Proof: We obtain an explicit form for the orthogonal translates of O'MN byevaluatingO'MN;r (x) = 2N�1Xs=0 
MN;r;s'MN;s(x)= 'MN;r + 2N�1Xs=0 12N M�1Xk=�M+1� 2Mp2M2+2k2 � 1� cos (N+k)(s�r)�N 'MN;s(x)= 'MN;r + 12N M�1Xk=�M+1� 2Mp2M2+2k2 � 1� 2N�1Xs=0 cos (N+k)(s�r)�N 'MN;s(x)with 2N�1Xs=0 cos (N+k)(s�r)�N 'MN;s(x) = LMN cos((N + k) �) �x� r�N �= M�k2M cos(N + k) �x� r�N �+ M+k2M cos(N � k) �x� r�N � :Thus,O'MN;r(x) = 1p2N �DN�M (x� r�N ) + 2 M�1Xk=�M+1 M�kp2M2+2k2 cos(N + k)(x� r�N )� :This can be rewritten:O'MN;r = 1p2N � NXk=0 1qdMN;k cos kr�N %MN;k + N�1Xk=1 1qdMN;2N�k sin kr�N %MN;2N�k� ;which yields the matrices in (2.3.6).2.4 Time-frequency-localization and projection estimatesLp2�-Norms and stabilityOur �rst aim is to describe the time-localization in terms of the Lp2�-norms ofthe scaling functions. Therefore let us de�ne, for 1 � p <1 ,kfkp := � 12� Z 2�0 jf(x)jpdx� 1p and kfk1 := ess supx2[0;2�] jf(x)j ;



Trigonometric Wavelets 17and analogously for vectors f�kg 2 C 2Nkf�kgk`p :=  2N�1Xk=0 j�kjp! 1p and kf�kgk`1 := maxk j�kj :From the well-known inequalities of H�older and Nikolskii (see e.g. A.F. Timan[22], Chap. 4.9), one knows that1 � ktnkqktnkp � C n 1p� 1q ;for all polynomials tn 2 Tn and 1 � p � q � 1 . We want to have basisfunctions with the order n 1p� 1q on the right-hand side, which ensures the bestpossible time-localization with respect to a polynomial MRA. In particular, weare looking for polynomials satisfyingktnk1 � n 1p ktnkp � nktnk1 :The notation An � Bn means jA�1n Bnj � C and jAnB�1n j � C . Here and in thefollowing, C denotes positive constants depending on �xed parameters involved,but their values may be di�erent at each occurrence.Let us recall the basic result of an L12�-estimate for the interpolating func-tions established by S.B. Ste�ckin [20]k'MN;0k1 = 2�2p2N log N+M2M + C +O � MN+M � :In order to obtain explicit constants, we proceed with the following simplederivation. For 2M � N ,k'MN;0k1 = 2� 2Mp2N Z �20 ����sin(2Mt) sin(2Nt)sin2 t ���� dt< 2�p2N  2N�2N + Z �4M�2N ����sin(2Nt)sin t ���� dt+ 12M Z �2�4M 1sin2 tdt!< 1�p2N �2� + � ln N2M + �� = 1p2N �3 + ln N2M � : (2.4.1)This computation contains some information about the time-localization of 'MN;0in the three di�erent intervals of integration. Moreover, we know the maximumvalue of 'MN;0 , and thus k'MN;0k1 = p2N : (2.4.2)In Section 3.1 we will de�ne Nj and Mj in such a way that 3Mj � Nj and thatNj=Mj is bounded from above by a constant. Assuming N=2M to be constant,



18 J. Prestin & K. Seligwe conclude from (2.4.1) and (2.4.2) by means of Nikolskii's inequality, forarbitrary 1 � p � 1 , that k'MN;0kp � N 12� 1p : (2.4.3)As a further step, we formulate the Riesz stability in the more general Lp2�-setting.Theorem 7. For arbitrary sequences f�kg 2 C 2N and 1 � p � 1 , the inequa-lities 34� + 3 kf�kgk`p � (2N ) 1p� 12 




2N�1Xk=0 �k 'MN;k




p � A kf�kgk`p (2.4.4)are satis�ed, with A = 4� + 33 p2N k'MN;0k1 ;independent of p , or A = 8<: Cp� 1 ; if 1 < p < 2 ;C p ; if 2 � p <1 : (2.4.5)As noted above, for simplicity, we assume3 � NM � K ; (2.4.6)where K is a constant independent of N . This implies the uniform boundednessof A in (2.4.4), for 1 � p � 1 , because ofA � 4� + 33 (3 + ln N2M ) < 12 + 5:2 lnK :Proof: a) We start with the inequality on the left-hand side, which can beproved by using a well-known inequality for trigonometric polynomials tn 2 Tn(see e.g. [22], Chap. 4.9), namely:supx  12N 2N�1X̀=0 ����tn�x� `�N �����p! 1p � �1 + n�N � ktnkp ; (2.4.7)



Trigonometric Wavelets 19for 1 � p � 1 and N 2 N . Then, by applying the interpolatory properties of'MN;k , we conclude that 12N 2N�1X̀=0 j�`jp! 1p =  12N 2N�1X̀=0 ����� 1p2N 2N�1Xk=0 �k 'MN;k � `�N ������p! 1p� �1 + (N+M�1)�N �




 1p2N 2N�1Xk=0 �k 'MN;k




p� �1 + 4�3 � 




 1p2N 2N�1Xk=0 �k 'MN;k




p :b) In order to prove the inequality on the right-hand side, we use, for 1 � p <1 ,the function g from the space Lq2� , where 1=p+ 1=q = 1 , with kgkq = 1 suchthat 




2N�1Xk=0 �k'MN;k




p = 12� 2�Z0 g(x) 2N�1Xk=0 �k 'MN;k(x) dx :Then H�older's inequality gives2N�1Xk=0 �k 12� 2�Z0 g(x)'MN;k(x) dx� 2N  12N 2N�1Xk=0 j�kjp! 1p  12N 2N�1Xk=0 ��(g � 'MN;0) �k�N ���q! 1q ;where � denotes the usual 2�-periodic convolution,�g � 'MN;0� (t) := 12� 2�Z0 g(x)'MN;0(t � x) dx :Now we apply (2.4.7) and obtain two di�erent estimates, 12N 2N�1Xk=0 ��(g � 'MN;0) �k�N ���q! 1q � �1 + 4�3 � kg � 'MN;0kq� �1 + 4�3 ��8>><>>: kgkq k'MN;0k1 ; if 1 � q <1 ;12Mp2N N+M�1Xm=N�M kSmgkq ; if 1 < q <1 :



20 J. Prestin & K. SeligThe second estimate in (2.4.5) follows from the boundedness of the Fourier sumoperator Sm in Lq2� , for 1 < q <1 (see e.g. [25]). The proof is completed by asimilar derivation for p =1 . Applying (2.4.7) again, we �nd that




 1p2N 2N�1Xk=0 �k 'MN;k




1 � p2N maxk j�kj supx  12N 2N�1Xk=0 ��'MN;0 �x� k�N ���!� kf�kgk`1 4�+33 p2N k'MN;0k1 :Asymptotics for the dual and orthogonal functionsOur next goal is to achieve the same time localization results for the dual func-tions ~'MN and for the orthogonal functions O'MN as we have in (2.4.3) for theinterpolatory functions. At �rst we determine estimates for the coe�cients�MN;r;s and 
MN;r;s .Lemma 3. The coe�cients in the basis representations (2.2.2) and (2.3.1) sa-tisfy the decay conditions, for r; s = 0; : : : ; 2N � 1,j�MN;r;sj ; j
MN;r;sj � C max�(jr � sj+ 1)�2 ; (2N � jr + sj)�2	 : (2.4.8)Proof: For r = s , both of the coe�cients given in (2.2.4) and (2.3.5) are lessthan 2 , since M < N . For r 6= s , let us focus onj
MN;r;sj = ����� 12N M�1Xk=�M+1� 2Mp2M2+2k2 � 1� cos k(r�s)�N ����� :We de�ne the 2�-periodic even function f
 byf
(x) := 8<: M�p2p(�M)2+N2x2 � 1 ; for jxj � �MN ;0 ; for �MN < jxj � � ;The derivative of f
 is of bounded variation and possesses two jumps in [��; �] .Hence, for the Fourier coe�cients ar�s , with r � s , we have (see [25], Chap.10) ��ajr�sj�� = ���� 1� Z ��� f
 (x) cos(r � s)x dx���� � C(jr � sj + 1)�2 ;and by the aliasing formula for discrete Fourier coe�cients,j
MN;r;sj = ��� 12N N�1Xk=�N f
(k�N ) cos(r � s)k�N ���= 14 ��� 1X`=�1 aj2N`+r�sj + aj2N`�r+sj���� Cmax�(jr � sj)�2 ; j2N � r + sj�2	 :



Trigonometric Wavelets 21Thus, (2.4.8) is proved for 
MN;r;s . The same idea works for �MN;r;s (see Theorem3), if one replaces f
 byf�(x) := 8<: 2M2�2M2�2+N2x2 � 1 ; for jxj � �MN ;0 ; for �MN < jxj � �:Now it is easy to obtain the same time-localization result for the dual andorthonormal functions as we have in (2.4.3) for 'MN .Theorem 8. For 1 � p �1 , we have the asymptotic behaviourk ~'MN;0kp � kO'MN;0kp � N 12� 1p :Proof: The proof simply consists of the application of Lemma 3 to (2.4.4). E.g.,we obtainkO'MN;0kp = 




2N�1Xk=0 
MN;0;k'MN;k




p � pN  12N 2N�1Xk=0 ���
MN;0;k���p! 1p � N 12� 1p :Let us end this subsection with a quite di�erent description of time localiza-tion (see also [16]). In [0; 2�] , we de�ne, for k = 1; : : : ; 2N , the intervalsIN;k := � (k � 1)�N ; k�N �and describe the decay in terms of the distance from the peak. Again, we startwith the interpolating function 'MN;0(x) . From (2.1.3), one obtains by standardestimates and (2.4.6) thatmaxx2IN;k j'MN;0(x)j � 8>>><>>>: pNk2 ; if 0 < k � N ;pN(2N � k)2 ; if N < k < 2N : (2.4.9)Now, for simplicity, we restrict ourselves to 0 < k � N . The same time loca-lization results can be shown for the dual and orthonormal functions.Theorem 9. Let 0 < k � N . Thenk ~'MN;0k1 � kO'MN k1 � pN (2.4.10)and maxx2IN;k �j ~'MN;0(x)j; jO'MN;0(x)j	 � C pNk2 : (2.4.11)



22 J. Prestin & K. SeligProof: Formula (2.4.10) is already included in Theorem 8. Here we only showthe estimate in (2.4.11) for O'MN . With Lemma 3, (2.3.1) and (2.4.9), we obtainmaxx2IN;k jO'MN;0(x)j� C maxx2IN;k � NXr=0 1(r + 1)2 j'MN;r(x)j+ 2N�1Xr=N+1 1(2N � r)2 j'MN;r(x)j�� CpN� NXr=0 1((r + 1)(jr � kj+ 1))2+ 2N�1Xr=N+1 1(2N � r)2(minf(r � k); (2N � r + k)g)2� :Then (2.4.11) follows directly by splitting the sums on the right-hand side into2N�1Xr=0 = k=2Xr=0+ 3k=2Xr=1+k=2+ 2N�1Xr=1+3k=2 :Error estimatesHere we want to summarize approximation properties of the interpolatory andorthogonal projections onto the spaces V MN . For simplicity, we only deal withthe most interesting case of continuous functions and estimates in the sup-norm. Roughly speaking, the same results are available for L12� and especiallyfor Lp2� ; 1 < p <1 , avoiding the logarithmic term in the estimates.In particular, we want to compare the approximation order with the best approx-imation by trigonometric polynomials of corresponding degree, as A. A. Privalovmentioned in [18]. Further results connecting the convergence order of a givenfunction f with smoothness conditions on f can be easily deduced. Denote, forf 2 C2� , En(f) := inf fkf � tnk1 : tn 2 Tng :In this subsection we do not necessarily assume the uniform boundedness ofN=M as done in (2.4.6). But, for further use, we restrict ourselves to N=M =3; 4; 5; : : : . However, in the case of (2.4.6), we obtain error estimates in the orderof the best approximation.Theorem 10. Let f 2 C2� . For the interpolatory projection LMN onto V MN , wehave the estimatesEN+M�1(f) � kf � LMN fk1 � (A + 1) EN�M (f) ; (2.4.12)with A as de�ned in (2.4.5).



Trigonometric Wavelets 23Proof: The inequality on the left-hand side follows immediately from LMN f 2TN+M�1: For the inequality on the right-hand side of (2.4.12), we writeEN�M(f) = kf � tN�Mk1to conclude with the help of (2.4.4) thatkf � LMN fk1 � EN�M (f) + ktN�M � LMN fk1� EN�M (f) +A ktN�M � fk1 :Now we are looking for error estimates for the orthogonal projection. Theproof of Theorem 10 shows that we only have to deal with the operator normof the orthogonal projection operator PMN : L22� ! V MN ,PMN f := 2N�1Xk=0 hf ; ~'MN;ki 'MN;k = 2N�1Xk=0 hf ;O'MN;ki O'MN;k :Lemma 4. The orthogonal projection PMN onto V MN satis�eskPMN kC2�!C2� � C log2 NM :Proof: Writing PMN f = 2N�1Xk=0 �k 'MN;k ; (2.4.13)we obtain by (2.4.4)kPMN fk1 � C N k'MN;0k1 max0�k<2N j�kj =: CN k'MN;0k1 j�`j :Taking the inner product with 'MN;` in (2.4.13), we estimatejhPMN f ; 'MN;`ij = �����2N�1Xk=0 �kh'MN;k ; 'MN;`i������ j�`j�h'MN;` ; 'MN;`i � 2N�1Xk=0k 6=` jh'MN;k ; 'MN;`ij� :Applying Proposition 2 yieldsj�`j � 4 jhPMN f ; 'MN;`ij = 4 jhf ; 'MN;`ij � 4 kfk1 k'MN;`k1 :Hence, kPMN fk1 � CN k'MN;0k21 kfk1 ;which, together with (2.4.1), proves the lemma.Using Lemma 4 and standard projection estimates, we arrive at the following�nal result.



24 J. Prestin & K. SeligTheorem 11. Let f 2 L22� . For the orthogonal projection PMN onto VMN , wehave the estimatesEN+M�1(f) � kf � PMN fk1 � C log2 NM EN�M (f) : (2.4.14)It remains an open question whether one can replace the factor log2 NM in (2.4.14)by log NM , the best possible constant in (2.4.12).x3 Wavelet spaces3.1 Trigonometric MRAFor periodic polynomial multiresolution analyses, it is natural to consider adyadic number of nodal points (see [10]). To allow more generality for practicalapplications, we additionally allow any (odd) factor c 2 N and de�neNj := c 2j; Mj := ( 2j�� ; if j � � ;1 ; if j < � ; (3.1.1)for all j 2 N0 and any constant � 2 N0 . For �xed c and � , we de�ne atrigonometric MRA fVjg1j=0 of L22� byVj := V MjNj :Theorem 12. If c 2� � 3 , then all properties of a periodic MRA are satis�ed,namely:(i) Vj � Vj+1 ; for all j 2 N0 ; dimVj = 2Nj ;(ii) closL22� 1[j=0Vj! = L22� ;(iii) f 2 Vj ) f� � �k�Nj � 2 Vj ; for all k 2Z; j 2 N0 ;(iv) 9�j 2 Vj : Vj = spanf�j;k := �j� � � k�Nj � : k = 0; : : : ; 2Nj � 1g :Taking �j := 'MjNj as the generating function, for any j 2 N0 and f�kg 2 C 2Nj ,we have the stability conditionA kf�kgk`2 � 




 2Nj�1Xk=0 �k �j;k




2 � B kf�kgk`2 ; (3.1.2)with best possible constants A = 1=p2 and B = 1 .



Trigonometric Wavelets 25Note that, if we replace �j;k by the orthonormal translates O�j;k := O'MjNj ;k ,then we obtain best stability; i.e. A = B = 1 .Proof: The inclusion relation Vj � Vj+1 , for all j 2 N0 , follows from (2.1.7), ifNj +Mj � 1 � Nj+1 �Mj+1 :For j < � , this is obviously true, and for j � � , it means thatMj +Mj+1 � 3 � 2j�� � c 2j + 1 :This yields the condition3 � c 2� ; i.e. Nj � 3Mj ; for all j � � :Then we have Nj �Mj � 2j+1�� , which, by (2.1.7), implies property (ii). Thethird and fourth properties follow directly from the construction in Section 2.1.It remains to establish the stability constants in (3.1.2).Let us denote by vj;r , for r = 0; : : : ; 2Nj � 1, the eigenvectors of the Grammatrix Gj = (h�j;k ; �j;`i)2Nj�1k;`=0 such that Gj vj;r = dj;r vj;r , where dj;r =dMjNj;r are the eigenvalues known from Lemma 2. The eigenvectors form anorthogonal basis of C 2Nj . Therefore we can write any 2Nj-dimensional vector �as a linear combination � =P2Nj�1r=0 ar vj;r , with complex coe�cients ar . Leth� ;�iE = P2Nj�1k=0 �k�k denote the Euclidian inner product of � ;� 2 C 2Nj .Then we have





2Nj�1Xk=0 �k �j;k





22 = *2Nj�1Xk=0 �k �j;k ; 2Nj�1Xl=0 �l �j;l+= hGj � ;�iE = 2Nj�1Xr=0 dj;r jarj2 hvj;r ;vj;riE ;and since 2Nj�1Xk=0 j�kj2 = h� ;�iE = 2Nj�1Xr=0 jarj2 hvj;r ;vj;riE ;the quotient 


P2Nj�1k=0 �k �j;k


22.�P2Nj�1k=0 j�kj2� is bounded by the minimaland maximal eigenvalue of Gj , respectively.Let Lj := LMjNj denote the interpolation operator mapping C2� onto Vj . Wecan prove the following two-scale relations for the shifted scaling functions.



26 J. Prestin & K. SeligTheorem 13. For r = 0; : : : ; 2Nj � 1, we have the re�nement equations�j;r(x) = 1p2�j+1;2r(x) + 12pNj 2Nj�1Xs=0 �j;r� (2s+ 1)�2Nj � �j+1;2s+1(x) (3.1.3)and, for j � � , the dilation relation�j+1(x) = p2 �j(2x) 1 + cosx2 : (3.1.4)Note that in (3.1.4) the function (1 + cosx)=2 maintains the values of �j(2 �)around 2k� and suppresses the interposed oscillation of �j(2 �) around (2k+1)� ,where k 2Z.Proof: By the interpolation property of �j;r , we have�j;r(x) = Lj+1 �j;r(x)= 1p2Nj+1 0@4Nj�1Xk=0 �j;r � k�2Nj � �j+1;k(x)1A= 1p2 0@�j+1;2r(x) + 1p2Nj 2Nj�1Xs=0 �j;r � (2s+1)�2Nj � �j+1;2s+1(x)1A :For all levels j � � , we have Nj+1 = 2Nj and Mj+1 = 2Mj , which yields�j+1(x) = sinNj(2x) sinMj(2x)Mjp4Nj sin2 x cos2 x2= p2�j(2x) 1 + cosx2 :Furthermore, we need the following two-scale inner product.Lemma 5. For ` = 0; : : : ; 2Nj � 1, and m = 0; : : : ; 2Nj+1 � 1, we haveh�j;` ; �j+1;mi = 1p2Nj+1 �j;`�m�2Nj� : (3.1.5)Proof: By (2.1), (2.1.2) and hcos(m �) ; cos(n �)i = 12 �m;n , we can writeh�j;` ; �j+1;mi = 1p2Nj+1 D�j;` ; DNj+Mj�1 � �� m�Nj+1 �E= 1p2Nj+1 �j;`�m�2Nj� :



Trigonometric Wavelets 273.2 Interpolating waveletsThe wavelet spaces are de�ned as the relevant orthogonal complements of Vj inVj+1; i.e. Vj+1 = Vj �Wj , for all j 2 N0 , where � denotes the orthogonal sum.From Theorem 1, we derive a simple orthogonal basis of the wavelet spaces.Theorem 14. An orthogonal basis of Wj is given by the setf�j;` : ` = 0; : : : ; 2Nj � 1g ;with the functions�j;0(x) := p22 cos 2Njx ; �j;Nj (x) := p22 sinNjx ;�j;2Nj�k(x) := p2 cos kx ; �j;k(x) := p2 sin kx ; (3.2.1)where k = Nj +Mj; : : : ; Nj+1 �Mj+1;�j;k(x) := p2�Mj+1+k2Mj+1 cos(2Nj � k)x+ Mj+1�k2Mj+1 cos(2Nj + k)x�;�j;2Nj�k(x) := p2�Mj+1+k2Mj+1 sin(2Nj � k)x� Mj+1�k2Mj+1 sin(2Nj + k)x�;(3.2.2)where k = 1; : : : ;Mj+1 � 1; and�j;Nj�k(x) := p2�Mj+k2Mj cos(Nj + k)x� Mj�k2Mj cos(Nj � k)x�;�j;Nj+k(x) := p2�Mj+k2Mj sin(Nj + k)x+ Mj�k2Mj sin(Nj � k)x�; (3.2.3)where k = 1; : : : ;Mj � 1.Proof: First, we check that all functions �j;` , for ` = 0; : : : ; 2Nj � 1, belong toVj+1 . By Theorem 1, this is obvious for the polynomials in (3.2.1) and (3.2.3).Let �j;` := %MjNj ;` . In (3.2.2), we have, for k = 1; : : : ;Mj+1 � 1 ,�j;k = �j+1;2Nj�k ; �j;2Nj�k = �j+1;2Nj+k :Second, we verify that h�j;` ; �j;ki = 0 , for all k; ` = 0; : : : ; 2Nj � 1. Thisis evident for all �j;` in (3.2.1) and (3.2.2). For (3.2.3), it follows by simplecalculations.Regarding shift-invariant spaces, we are now looking for a localized waveletfunction  j 2 Vj+1 that generates the wavelet space Wj ; i.e.Wj = span� j� �� n�Nj � : n = 0; : : : ; 2Nj � 1� :



28 J. Prestin & K. SeligTo determine the wavelet  j uniquely, we may additionally require interpolationproperties for the translates  j;n , in this case at the 2Nj interpolation nodesof Vj+1 which are not interpolation nodes of the translates of �j . Hence, wedemand that  j 2 Vj+1 ,h�j;k ;  ji = 0 ; for all k = 0; : : : ; 2Nj�1 ; (3.2.4)and, in analogy to the scaling function, that j�(2m + 1)�2Nj � = p2Nj �m;0 ; for all m = 0; : : : ; 2Nj�1 : (3.2.5)Theorem 15. There exists a uniquely determined function  j 2 Vj+1 satisfying(3.2.4) and (3.2.5), namely: j(x) := p2�j+1�x� �2Nj �� �j�x� �2Nj � : (3.2.6)For its translates  j;n(x) :=  j(x � n�Nj ) , n = 0; : : : ; 2Nj � 1, the re�nementequations are given by j;n(x) = 1p2�j+1;2n+1(x) � 12pNj 2Nj�1Xs=0 �j;s� (2n+ 1)�2Nj � �j+1;2s(x): (3.2.7)For j � � , we have the special dilation equation j+1(x) = p2 j(2x) 1 + cos(x� �2Nj+1 )2 : (3.2.8)Proof: For an arbitrary f 2 Vj+1 , there is an expansionf = Lj+1 f = 1p2Nj+1 4Nj�1Xs=0 �s �j+1;s ;with 4Nj coe�cients �s = f( s�Nj+1 ) . By means of (3.1.5), the orthogonalitycondition in (3.2.4) is equivalent to0 = h�j;k ; fi= 1p2Nj+1 4Nj�1Xs=0 �s h�j;k ; �j+1;si= 12Nj+1 4Nj�1Xs=0 �s �j;k� s�2Nj � ;



Trigonometric Wavelets 29for all k = 0; : : : ; 2Nj�1. The interpolation property in (3.2.5) holds if and onlyif f� (2m+ 1)�2Nj � = �2m+1 = p2Nj �m;0 ;for all m = 0; : : : ; 2Nj�1. Hence,f = 1p2 �j+1;1 � 1p2Nj 2Nj�1Xk=0 �j;k� �2Nj � �j+1;2k!is the only function in Vj+1 satisfying (3.2.4) and (3.2.5). By (3.1.3), it followsf =  j , where  j is de�ned in (3.2.6). For its translates, (3.2.7) is obtained,using that �j is an even function. Finally, by means of (3.1.4), we can write,for j � � , j+1(x) = p2�j+2�x� �2Nj+1�� �j+1�x� �2Nj+1�= �2�j+1�2x� �2Nj ��p2�j�2x� �2Nj �� 1 + cos(x� �2Nj+1 )2 ;which proves (3.2.8).-3-2-101234�� ��2 0 �2 �Nj = 12; Mj+1 = 8; Mj = 4 j -3-2-101234�� ��2 0 �2 �Nj = 12; Mj+1 = 4; Mj = 2 j
-3-2-101234�� ��2 0 �2 �Nj = 12; Mj+1 = 2; Mj = 1 j -3-2-101234�� ��2 0 �2 �Nj = 12; Mj+1 = Mj = 1 jFigure 2. Interpolating wavelet functions



30 J. Prestin & K. SeligNow we can de�ne the interpolation operator Rj : C2� !Wj ,Rjf := 1p2Nj 2Nj�1Xk=0 f� (2k + 1)�2Nj �  j;k ; (3.2.9)which is the identity in Wj and ful�ls, for k 2Z,Rjf � (2k+1)�2Nj � = f � (2k+1)�2Nj � :Further, we are interested in the expansion of the localized basis in the ortho-gonal basis from Theorem 14. Let us introduce the notations for the vectors ofthe functions  j := ( j;r)2Nj�1r=0 and �j := (�j;k)2Nj�1k=0 :Theorem 16. The translates of the wavelet  j de�ned in (3.2.6) satisfy therelations  j = Oj �j and �j = O�1j  j ;where the matrices Oj = (oj;r;s)2Nj�1r;s=0 and O�1j = (�oj;s;r)2Nj�1s;r=0 have, for r =0; : : : ; 2Nj � 1, the entriesoj;r;0 = �1pNj ; �oj;0;r = �12pNj ;oj;r;Nj = (�1)rpNj ; �oj;Nj;r = (�1)r2pNj ;oj;r;s = �oj;s;r = 8>><>>: �1pNj cos (2r + 1)s�2Nj ; if 0 < s < Nj ;1pNj sin (2r + 1)s�2Nj ; if Nj < s < 2Nj :



Trigonometric Wavelets 31Proof: Similar to (2.1.1), we can write j;r(x) = 1p2Nj DNj+1�Mj+1 �x� (2r+1)�2Nj ��DNj�Mj �x� (2r+1)�2Nj �+ Mj+1�1Xk=�Mj+1+1 Mj+1�kMj+1 cos(Nj+1 + k)�x� (2r+1)�2Nj �� Mj�1Xk=�Mj+1 Mj�kMj cos(Nj + k)�x� (2r+1)�2Nj �!= 1p2Nj Mj�1Xk=�Mj+1 Mj+kMj cos(Nj + k)�x� (2r+1)�2Nj �+ 2Nj+1�Mj+1X`=Nj+Mj cos `�x� (2r+1)�2Nj �+ Mj+1�1Xk=�Mj+1+1 Mj+1�kMj+1 cos(Nj+1 + k)�x� (2r+1)�2Nj �!:Rewriting this in the basis de�ned in Theorem 14 gives j;r(x) = p2p2Nj �Nj�1Xk=0 cos (2Nj � k)(2r + 1)�2Nj �j;k(x)+ NjXk=1 sin (2Nj � k)(2r + 1)�2Nj �j;2Nj�k(x)� ;which yields the entries of Oj . The inverse transformation matrixO�1j is easilyobtained by the interpolation�j;s(x) = Rj �j;s(x)= 1p2Nj 2Nj�1Xr=0 �j;s� (2r + 1)�2Nj �  j;r(x) :



32 J. Prestin & K. SeligNj0 Nj+1 Nj+3Nj+2Nj=Mj = 3�j 2 j+2(�+ �8Nj )Nj0 Nj+1 Nj+3Nj+2Nj=Mj = 10�j 2 j+2(�+ �8Nj )Figure 3. Frequency spectrum of �j and 2(k�j)=2  k( �+ �2Nk ); k = 0; 1; 2; : : :3.3 Gram matrix and dual waveletsIn the sequel, the index j of a matrix indicates that its dimension is 2Nj �2Nj .In particular, let Ij be the 2Nj-th identity matrix and F j be the 2Nj-th Fouriermatrix de�ned in (2.2.1). We denote the Gram matrix of the translates of thewavelet function  j 2Wj byHj := (h j;r ;  j;si)2Nj�1r;s=0 :The Gram matrix is symmetric and circulant, and so we can diagonalize it aswell by means of the 2Nj-th Fourier matrix F j such thatHj =: F j Ej F j ; (3.3.1)with a diagonal matrix Ej =: diag (ej;k)2Nj�1k=0 .Lemma 6. The eigenvalues of the Gram matrixHj areej;k = 8>>>>>>>>>>><>>>>>>>>>>>: 12 + k22M2j+1 ; if 0 � k < Mj+1 ;1 ; if Mj+1 � k � Nj �Mj+1 ;12 + (Nj�k)22M2j ; if Nj �Mj < k < Nj +Mj ;1 ; if Nj +Mj � k � 2Nj �Mj+1 ;12 + (2Nj�k)22M2j+1 ; if 2Nj �Mj+1 < k � 2Nj � 1 :



Trigonometric Wavelets 33Proof: By means of (3.2.6) and (3.3.1), it is possible to compute the eigenvaluesas elements of the diagonal matrix Ej = F jHj F j , using thath j;r ;  j;si= Dp2�j+1;2r � �j;r ;p2�j+1;2s � �j;sE= 2 h�j+1;2r ; �j+1;2si+ h�j;r ; �j;si � 2p2D�j+1 ; �j � � � (s�r)�Nj �E= 2 h�j+1;2r ; �j+1;2si+ h�j;r ; �j;si � 2 �r;s:Hence, Hj = 2 �Gj +Gj � 2 Ij ;where Gj = (h�j;r ; �j;si)2Nj�1r;s=0 = GMjNj and �Gj := (h�j+1;2r ; �j+1;2si)2Nj�1r;s=0are known to be circulant. By the distributive law for matrices, we haveHj = F j Ej F j = F j �2 �Dj +Dj � 2 Ij� F j ;with Dj = diag�dMjNj;r�2Nj�1r=0 and �Dj := diag (�j;`)2Nj�1`=0 . To compute theelements of �Dj , we rewrite the elements of the circulant �Gj ,12Nj 2Nj�1X̀=0 �j;` e i`(s�r)�Nj = h�j+1;2r ; �j+1;2si= 12Nj+1 2Nj+1�1X̀=0 dj+1;` e i`(2s�2r)�Nj+1= 14Nj 2Nj+1�1X̀=0 dj+1;` e i`(s�r)�Nj= 12Nj 2Nj�1X̀=0 dj+1;` + dj+1;2Nj+`2 e i`(s�r)�Nj :Then, by Lemma 2, we obtain�j;` = dj+1;` + dj+1;2Nj+`2= 8>>>><>>>>: 3M2j+1+`24M2j+1 ; if 0 � ` < Mj+1 ;1 ; if Mj+1 � ` � 2Nj �Mj+1 ;3M2j+1+(2Nj�`)24M2j+1 ; if 2Nj �Mj+1 < ` � 2Nj � 1 :



34 J. Prestin & K. SeligThe eigenvalues of Hj follow immediately, for k = 0; : : : ; 2Nj � 1, fromej;k = 2�j;k + dj;k � 2 :Now, we de�ne the dual functions ~ j;r 2 Wj of the interpolating translates j;` , for r; ` = 0; : : : ; 2Nj � 1, by the orthogonality conditionsD ~ j;r ;  j;`E = �r;` : (3.3.2)As elements of Wj , they have a representation~ j;r(x) = 2Nj�1Xs=0 �j;r;s  j;s(x) : (3.3.3)We denote the function vector~ j := � ~ j;r�2Nj�1r=0 :Theorem 17. For the dual functions, we have the relations~ j = H�1j  j and  j = Hj ~ j ;with Hj = F j Ej F j= 0@�r;s � 12Nj � Mj�1Xk=�Mj+1 M2j�k22M2j cos (Nj+k)(s�r)�Nj+ Mj+1�1Xk=�Mj+1+1 M2j+1�k22M2j+1 cos k(s�r)�Nj �1A2Nj�1r;s=0andH�1j = F j E�1j F j= 0@�r;s + 12Nj � Mj�1Xk=�Mj+1 M2j�k2M2j+k2 cos (Nj+k)(s�r)�Nj+ Mj+1�1Xk=�Mj+1+1 M2j+1�k2M2j+1+k2 cos k(s�r)�Nj �1A2Nj�1r;s=0 (3.3.4)where Ej = diag (ej;r)2Nj�1r=0 ; E�1j = diag (1=ej;r)2Nj�1r=0 ;the entries of which are known from Lemma 6.



Trigonometric Wavelets 35Proof: By (3.3.2) and (3.3.3), we haveD ~ j;r ;  j;`E = 2Nj�1Xs=0 �j;r;s h j;s ;  j;`i = �r;` ;which yields (�j;r;s)2Nj�1r;s=0 = H�1j = F jE�1j F j :Due to the circulant structure of the inverse H�1j = F jE�1j F j , we can com-pute its elements as�j;r;s = 12Nj 2Nj�1Xk=0 1ej;k e ik(s�r)�Nj= 12Nj 0@2Nj�1Xk=0 e ik(s�r)�Nj + Mj�1Xk=�Mj+1� 2M2jM2j+k2 � 1� e i(Nj+k)(s�r)�Nj+ Mj+1�1Xk=�Mj+1+1� 2M2j+1M2j+1+k2 � 1� e ik(s�r)�Nj 1A= �s;r + 12Nj 0@ Mj�1Xk=�Mj+1 M2j�k2M2j+k2 cos (Nj+k)(s�r)�Nj+ Mj+1�1Xk=�Mj+1+1 M2j+1�k2M2j+1+k2 cos k(s�r)�Nj 1A :Finally, we need the entries of Hj = F jEj F j , which areh j;r ;  j;si = 12Nj 2Nj�1Xk=0 ej;k e ik(s�r)�Nj= 12Nj 0@2Nj�1Xk=0 e ik(s�r)�Nj + Mj+1�1Xk=�Mj+1+1 k2�M2j+12M2j+1 e ik(s�r)�Nj+ Mj�1Xk=�Mj+1 k2�M2j2M2j e i(Nj+k)(s�r)�Nj 1A= �s;r + 12Nj 0@ Mj+1�1Xk=�Mj+1+1 k2�M2j+12M2j+1 cos k(s�r)�Nj+ Mj�1Xk=�Mj+1 k2�M2j2M2j cos (Nj+k)(s�r)�Nj 1A :



36 J. Prestin & K. SeligA. A. Privalov computed the entries of Hj as follows.Proposition 3. (see [18]) If Mj+1 = 2Mj ; i.e. j � � , and if 3Mj � Nj , thenh j;r ;  j;ri = 1� MjNj + 18NjMjand, for r 6= s ,h j;r ;  j;si = 132NjM2j sin3 (r�s)�2Nj��4Mj sin (r � s)�2Nj �cos 2Mj(r � s)�Nj + 2(�1)r�s cos Mj(r � s)�Nj �� cos (r � s)�2Nj �sin 2Mj(r � s)�Nj + 4(�1)r�s sinMj(r � s)�Nj �� :For completeness, we deduce the representation of the dual translates interms of the frequencies.Theorem 18. We can transform~ j = Oj E�1j �j and �j = Ej O�1j ~ j ;with Oj ; O�1j from Theorem 16 and Ej ; E�1j as given in Theorem 17.Proof: First, we compute the dual wavelets from (3.3.3),~ j;r(x)=  j;r(x) + 12Nj Mj�1Xk=�Mj+1� 2M2jM2j+k2 � 1� 2Nj�1Xs=0 cos (Nj+k)(s�r)�Nj  j;s(x)+ Mj+1�1Xk=�Mj+1+1� 2M2j+1M2j+1+k2 � 1� 2Nj�1Xs=0 cos k(s�r)�Nj  j;s(x)!



Trigonometric Wavelets 37= 1p2Nj Mj�1Xk=�Mj+1 Mj+kMj cos(Nj + k)�x� (2r+1)�2Nj �+ 2Nj+1�Mj+1X`=Nj+Mj cos `�x� (2r+1)�2Nj �+ Mj+1�1Xk=�Mj+1+1 Mj+1�kMj+1 cos(Nj+1 + k)�x� (2r+1)�2Nj �!+ 1p2Nj Mj�1Xk=�Mj+1� 2M2jM2j+k2 � 1��Mj+k2Mj cos(Nj + k)�x� (2r+1)�2Nj �+Mj�k2Mj cos(Nj � k)�x� (2r+1)�2Nj ��+ Mj+1�1Xk=�Mj+1+1� 2M2j+1M2j+1+k2 � 1��Mj+1�k2Mj+1 cos(Nj+1 + k)�x� (2r+1)�2Nj �+Mj+1+k2Mj+1 cos(Nj+1 � k)�x� (2r+1)�2Nj ��! ;and therefore~ j;r(x) = 1p2Nj 2Mj Mj�1Xk=�Mj+1 Mj+kM2j+k2 cos(Nj + k)�x� (2r+1)�2Nj �+ 2Nj+1�Mj+1X`=Nj+Mj cos `�x� (2r+1)�2Nj �+ 2Mj+1 Mj+1�1Xk=�Mj+1+1 Mj+1�kM2j+1+k2 cos(Nj+1 + k)�x� (2r+1)�2Nj �! :Therefrom the transformation matrices follow easily.Note that ~ j;r(x) = ~ j;0(x � r�Nj ), for r = 0; : : : ; 2Nj � 1, are translates ofone function, again. Moreover, since Vj ?Wj , we haveD~�j;r ;  j;sE = D ~ j;r ; �j;sE = 0 ;for all r; s = 0; : : : ; 2Nj � 1 and j 2 N0 .



38 J. Prestin & K. Selig3.4 Orthonormal translatesIn order to determine wavelets with orthonormal translates, we proceed in thesame way as for the scaling functions; i.e. via the Gram matrix. We needorthonormal translates O j;r(x) := O j �x� r�Nj � of a function O j 2Wj; i.e.coe�cients �j;r;s , such thatO j;r(x) = 2Nj�1Xs=0 �j;r;s  j;s(x)and hO j;r ;O j;ki = �r;k ; (3.4.1)for all r; k = 0; : : : ; 2Nj � 1. As in Section 2.2, we use the matrix notation andintroduce the coe�cient matrix Vj := (�j;r;s)2Nj�1r;s=0 and the function vectorO j := (O j;r)2Nj�1r=0 :Theorem 19. There exists an orthonormal wavelet basis of Wj with the rela-tions O j = Vj  j ;  j = V�1j O j ; (3.4.2)O j = V�1j ~ j and ~ j = Vj O j ; (3.4.3)whereVj = F j �j F j= 0@�r;s + 12Nj Mj+1�1Xk=�Mj+1+1� 2Mj+1p2M2j+1+2k2 � 1� cos k(s�r)�Nj+ 12Nj Mj�1Xk=�Mj+1� 2Mjp2M2j+2k2 � 1� cos (Nj+k)(s�r)�Nj 1A2Nj�1r;s=0 (3.4.4)V�1j = F j ��1j F j=  �r;s + 12Nj Mj+1�1Xk=�Mj+1+1�p2M2j+1+2k22Mj+1 � 1� cos k(s�r)�Nj+ (�1)s�r2Nj Mj�1Xk=�Mj+1�p2M2j+2k22Mj � 1� cos k(s�r)�Nj !2Nj�1r;s=0 (3.4.5)



Trigonometric Wavelets 39with �j := diag �1=pej;`�2Nj�1`=0 and ��1j = diag �pej;`�2Nj�1`=0 ;the entries of which are given in Lemma 6.Proof: Here we follow the same line as in the proof of Theorem 5. At �rst, weshow (3.4.4) and (3.4.5). With Vj = F j �j F j = (�j;r;s)2Nj�1r;s=0 , we compute�j;r;s = 12Nj 2Nj�1Xk=0 1pej;k e ik(s�r)�Nj= 12Nj 0@2Nj�1Xk=0 e ik(s�r)�Nj + Mj+1�1Xk=�Mj+1+1� p2M2j+1pM2j+1+k2 � 1� e ik(s�r)�Nj+ Mj�1Xk=�Mj+1� p2M2jpM2j+k2 � 1� e i(Nj+k)(s�r)�Nj 1A= �s;r + 12Nj 0@ Mj+1�1Xk=�Mj+1+1� 2Mj+1p2M2j+1+2k2 � 1� cos k(s�r)�Nj+ Mj�1Xk=�Mj+1� 2Mjp2M2j+2k2 � 1� cos (Nj+k)(s�r)�Nj 1A :Then, for the entries ofV�1j = F j ��1j F j =: (��j;s;r)2Nj�1s;r=0 ;we have��j;s;r = 12Nj 2Nj�1Xk=0 pej;k e ik(s�r)�Nj= 12Nj 0@2Nj�1Xk=0 e ik(s�r)�Nj + Mj+1�1Xk=�Mj+1+1�pM2j+1+k2p2M2j+1 � 1� e ik(s�r)�Nj+ Mj�1Xk=�Mj+1�pM2j+k2p2M2j � 1� e i(Nj+k)(s�r)�Nj 1A= �s;r + 12Nj Mj+1�1Xk=�Mj+1+1�p2M2j+1+2k22Mj+1 � 1� cos k(s�r)�Nj+(�1)s�r2Nj Mj�1Xk=�Mj+1�p2M2j+2k22Mj � 1� cos k(s�r)�Nj :



40 J. Prestin & K. SeligSo, Vj and V�1j are symmetric. Hence, t he orthonormality of the translatesO j;r , required in (3.4.1), follows easily fromVjHj VTj = F j �jEj �j F j = Ij :This, together with (3.4.2) and Theorem 17, proves (3.4.3), too.Last but not least, we give the representation of the orthonormal translatesin the basis of frequencies.Theorem 20. We haveO j = Oj �j �j and �j = ��1j O�1j O j ; (3.4.6)with Oj ;O�1j from Theorem 16 and �j ; ��1j as given in Theorem 19.Proof: First, we need an explicit formula forO j(x) = 2Nj�1Xs=0 �j;0;s  j;s(x)=  j;0(x) + 12Nj Mj+1�1Xk=�Mj+1+1� 2Mj+1p2M2j+1+2k2 � 1� 2Nj�1Xs=0 cos ks�Nj  j;s(x)+ Mj�1Xk=�Mj+1� 2Mjp2M2j+2k2 � 1� 2Nj�1Xs=0 cos (Nj+k)s�Nj  j;s(x)!:Therefore we consider, for �Mj+1 < k < Mj+1 and Nj �Mj < k < Nj +Mj ,the sum2Nj�1Xs=0 cos ks�Nj  j;s(x) = p2 2Nj�1Xs=0 cos ks�Nj �j+1;2s�x� �2Nj �� 2Nj�1Xs=0 cos ks�Nj �j;s �x� �2Nj � :



Trigonometric Wavelets 41By means of (2.1.5) and (2.1.6), we calculate the �rst part,p2 2Nj�1Xs=0 cos ks�Nj �j+1;2s(x)= p2p2Nj+1 2Nj�1Xs=0 cos ks�Nj 0@1 + 2Nj+1�Mj+1X̀=1 cos `�x� 2s�Nj+1 �+ 2 Mj+1�1X`=�Mj+1+1 Mj+1�`2Mj+1 cos(Nj+1 + `)�x� 2s�Nj+1 �1A= p2Nj �k;0 + 1p2Nj 0@Nj+1�Mj+1X̀=1 2Nj�1Xs=0 �cos�`x+ (k�`)s�Nj �+ cos�`x� (k + `)s�Nj ��+ Mj+1�1X`=�Mj+1+1 Mj+1�`2Mj+1� 2Nj�1Xs=0 �cos�(Nj+1 + `)x+ (k�`)s�Nj �+ cos �(Nj+1 + `)x � (k+`)s�Nj ��1A= p2Nj 0@�k;0 + Nj+1�Mj+1X̀=1 ��0;(k�`)mod2Nj + �0;(k+`)mod2Nj � cos `x+ Mj+1�1X`=�Mj+1+1 Mj+1�`2Mj+1 ��0;(k�`)mod2Nj + �0;(k+`)mod2Nj� cos(2Nj + `)x1A= 8<: p2Nj �cos kx+ Mj+1�k2Mj+1 cos(2Nj + k)x� ; if jkj < Mj+1 ;p2Nj (cos kx+ cos(2Nj � k)x) ; if jk �Nj j < Mj :The second part is known from Lemma 1. Hence,1p2Nj 2Nj�1Xs=0 cos ks�Nj  j;s(x)= 8>>>>>>><>>>>>>>: Mj+1�k2Mj+1 cos(2Nj + k)�x� �Nj+1 �+ Mj+1+k2Mj+1 cos(2Nj � k)�x� �Nj+1 �;if �Mj+1 < k < Mj+1 ;Mj�(Nj�k)2Mj cos k�x� �2Nj �+ Mj+(Nj�k)2Mj cos(2Nj � k)�x� �2Nj �;if Nj �Mj < k < Nj +Mj :



42 J. Prestin & K. SeligConsequently,O j(x) = 1p2Nj Mj�1Xk=�Mj+1 Mj+kMj cos(Nj + k)�x� �2Nj �+ 2Nj+1�Mj+1X`=Nj+Mj cos `�x� �2Nj �+ Mj+1�1Xk=�Mj+1+1 Mj+1�kMj+1 cos(Nj+1 + k)�x� �2Nj �+ Mj+1�1Xk=�Mj+1+1� 2Mj+1p2M2j+1+2k2 � 1��Mj+1�k2Mj+1 cos(Nj+1 + k)�x� �2Nj �+ Mj+1+k2Mj+1 cos(Nj+1 � k)�x� �2Nj ��+ Mj�1Xk=�Mj+1� 2Mj+1p2M2j+2k2 � 1��Mj+1�(Nj�k)2Mj+1 cos k �x� �2Nj �+ Mj+(Nj�k)2Mj cos(2Nj � k)�x� �2Nj ��! ;and �nally,O j(x) = 1p2Nj Mj�1Xk=�Mj+1 2Mj+2kp2M2j+2k2 cos(Nj + k)�x� �2Nj �+ 2Nj+1�Mj+1X`=Nj+Mj cos `�x� �2Nj �+ Mj+1�1Xk=�Mj+1+1 2Mj+1�2kp2M2j+1+2k2 cos(Nj+1 + k)�x� �2Nj �! :From this, the matrices in (3.4.6) can be easily derived.3.5 Localization and projection estimatesWe present results for the wavelet spaces, which are analogous to the ones ofSection 2.4. Here, we can be brief because most of the proofs of that sectioncan be adapted easily.



Trigonometric Wavelets 43Lp2�-Norms and stabilityAs in (2.4.6) in Section 2.4, we assume Nj=Mj to be bounded from above by aconstant. Then the Lp2�-stability of the wavelets  j 2 Wj , for 1 � p � 1 , isgiven by 





2Nj�1Xk=0 �k  j;k





p � (2Nj) 12� 1p kf�kgk`p :This can be proved by applying (3.2.6) and (2.4.4).For the special case �k = �k;0 , we obtain immediately the same asymptotics aswe have in (2.4.4), namely:k j;0kp � (2Nj) 12� 1p ; for any 1 � p � 1 :In order to determine the asymptotics of the dual and orthonormal wavelets,we follow the same line as in Section 2.4. Thus, we have to estimate the coe�-cients �j;r;s and �j;r;s .Lemma 7. For the entries of the circulant matrices H�1j and Vj , the inequa-lities j�j;r;sj ; j�j;r;sj � Cmax�(jr � sj + 1)�2 ; (2Nj � jr� sj)�2	hold, for r; s = 0; : : : ; 2Nj � 1.Proof: Again, we have to estimate discrete Fourier coe�cients. But this time,with respect to (3.3.4) and (3.4.4), we consider the 2�-periodic functionsf�(x) :=8>>>><>>>>: M2j+1�2�N2j x2M2j+1�2+N2j x2 + (�1)s�r M2j �2�N2j x2M2j �2+N2j x2 ; for jxj � �MjNj ;M2j+1�2�N2j x2M2j+1�2+N2j x2 ; for �MjNj < jxj � �Mj+1Nj ;0 ; for �Mj+1Nj < jxj � � ;andf�(x) :=8>>>><>>>>: p2�Mj+1p�2M2j+1+N2j x2 � 1 + p2(�1)s�r�Mjp�2M2j+N2j x2 � (�1)s�r; for jxj � �MjNj ;p2�Mj+1p�2M2j+1+N2j x2 � 1 ; for �MjNj < jxj � �Mj+1Nj ;0 ; for �Mj+1Nj < jxj � � ;which have a piecewise continuous �rst derivative.The application of Lemma 7 gives the time-localization result for the dualand orthonormal wavelets.



44 J. Prestin & K. SeligTheorem 21. For 1 � p � 1 ,k ~ j;rkp � kO j;rkp � (2Nj) 12� 1p :The pointwise estimates, which correspond to (2.4.9) and (2.4.11), can be de-duced using (3.2.6).Theorem 22. For simplicity, we restrict ourselves to 0 < k � Nj . Thenmaxx2INj;knj j;0(x)j ; jO j;0(x)j ; j ~ j;0(x)jo � CpNjk2 :Error estimatesIn Section 2.4 we investigated the approximation of continuous functions byelements from the sample space Vj . Now we consider the corresponding resultsfor approximation processes in Wj . Of particular interest are the interpolationoperator Rj de�ned in (3.2.9) and the orthogonal projection Qj that can beeasily handled by Qj = PMj+1Nj+1 � PMjNj :Here, we only assume (3.1.1) for Nj and Mj , with arbitrary � 2 N .Theorem 23. For the interpolatory and orthogonal projections, we havekRjkC2�!C2� � C log NjMj and kQjkC2�!C2� � C log2 NjMj :Note that this Theorem is a key to �nd polynomial bases of C2� . We discussthis in the paper [17].x4 Decomposition and reconstructionThe wavelet analysis of functions is based on the transformations between asu�ciently large level sample space and the wavelet spaces of lower levels; i.e.the iterative decomposition of Vj+1 into the orthogonal sum Vj �Wj . Startingfrom an approximation of a given function in an speci�c sample space, either byinterpolation or by orthogonal projection, we only have to know the correspon-ding basis transformations to calculate the wavelet coe�cients of the function.Conversely, we can reconstruct the projection of the function from the waveletcoe�cients.4.1 Interpolating basesFor the interpolatory scaling and wavelet functions, we have already determinedthe re�nement relations in the Theorems 13 and 15. Now we present the reversebasis transformation.



Trigonometric Wavelets 45Theorem 24. The decomposition formulas, for ` = 0; : : : ; 2Nj � 1, are�j+1;2`(x) = 1p2Nj+1 2Nj�1Xs=0 ~�j;s� `�Nj ��j;s(x)� 2Nj�1Xs=0 ~�j;`� (2s + 1)�2Nj � j;s(x)! (4.1.1)and �j+1;2`+1(x) = 1p2Nj+1 2Nj�1Xs=0 ~�j;s� (2`+ 1)�2Nj ��j;s(x)+ 2Nj�1Xs=0 ~�j;`� s�Nj � j;s(x)!: (4.1.2)Proof: We only have to calculate the coe�cients aj;`;s and bj;`;s , such that�j+1;`(x) = 2Nj�1Xs=0 aj;`;s �j;s(x) + 2Nj�1Xs=0 bj;`;s  j;s(x)for ` = 0; : : : ; 4Nj � 1. These coe�cients are the inner productsaj;`;s = D�j+1;` ; ~�j;sE= 1p2Nj+1 �DNj+1�Mj+1 � �� `�Nj+1� ; ~�j;s�= 1p2Nj+1 ~�j;s� `�2Nj�



46 J. Prestin & K. Seligandbj;`;s = D�j+1;` ; ~ j;sE= 1p2 Nj+1 DDNj+1�Mj+1 � � � `�Nj+1 �+ Mj+1�1Xk=�Mj+1+1 Mj+1�kMj+1 cos(Nj+1 + k)� �� `�Nj+1 � ;2Mj Mj�1Xk=�Mj+1 Mj+kM2j+k2 cos(Nj + k)� �� (2s+1)�2Nj �+ 2Nj+1�Mj+1Xk=Nj+Mj cos k � �� (2s+1)�2Nj �+ 2Mj+1 Mj+1�1Xk=�Mj+1+1 Mj+1�kM2j+1+k2 cos(Nj+1 + k)� �� (2s+1)�2Nj �+= 1p2 Nj+1 0@2Mj Mj�1Xk=�Mj+1 Mj+kM2j+k2 cos (Nj+k)(`�1�2s)�2Nj+ 2 2Nj�Mj+1Xk=Nj+Mj cos k(`�1�2s)�2Nj+ Mj+1�1Xk=�Mj+1+1 (Mj+1�k)2M2j+1+k2 cos (2Nj+k)(`�1�2s)�2Nj 1A= (�1)`�1p2 Nj+1 0@1 + 2Mj+1Xk=1 cos k(`�1�2s)�2Nj + 2 Nj�MjXk=Mj+1 cos k(`�1�2s)�2Nj+ 2Mj Mj�1Xk=�Mj+1 Mj�kM2j+k2 cos (Nj+k)(`�1�2s)�2Nj 1A= (�1)`�1p2Nj+1 ~�j;s� (`�1)�2Nj � = (�1)`�1p2Nj+1 ~�j;0 � (2s�`�1)�2Nj �= 1p2Nj+1 �8><>: ~�j; `�12 � s�Nj � ; for odd ` ;� ~�j; 2̀ � (2s+1)�2Nj � ; for even ` :



Trigonometric Wavelets 47Motivated by the di�erent structures for translates �j+1;` with even and oddindex ` , respectively, we introduce a permutation matrixP j+1 := 0BBBBBBBBBBBBB@ 1 0 0 0 � � � 0 0 0 00 0 1 0 � � � 0 0 0 0... ... ... ... . . . ... ... ... ...0 0 0 0 � � � 1 0 0 00 0 0 0 � � � 0 0 1 00 1 0 0 � � � 0 0 0 00 0 0 1 � � � 0 0 0 0... ... ... ... . . . ... ... ... ...0 0 0 0 � � � 0 1 0 00 0 0 0 � � � 0 0 0 1 1CCCCCCCCCCCCCA = ��2r;s + �2r;2Nj+1+s�1�2Nj+1�1r;s=0 ;that yieldsP j+1 �j+1 (4.1.3)= ��j+1;0; �j+1;2; : : : ; �j+1;4Nj�2; �j+1;1; �j+1;3; : : : ; �j+1;4Nj�1�T :In order to write the basis transformations in matrix-vector-notations, analogousto Sections 2 and 3, we have to investigate the following matrix of functionvalues.Lemma 8. The singular matrixKj :=  1p2Nj �j;r� (2s+ 1)�2Nj �!2Nj�1r;s=0 = F j Qj F j ;with the diagonal matrix Qj := diag (qj;r)2Nj�1r=0 , has the eigenvaluesqj;r = e� ir�2Nj �8>>><>>>: 1 ; if 0 � r � Nj �Mj ;Nj�rMj ; if Nj �Mj < r < Nj +Mj ;�1 ; if Nj +Mj � r � 2Nj � 1 ;and the transpose KTj = F jQj F j .Proof: From Kj = � 1p2Nj �j;0� (2(s�r)+1)�2Nj ��2Nj�1r;s=0 , we conclude that thematrix is circulant and can be written as Kj = F jQj F j , where Qj is a



48 J. Prestin & K. Seligdiagonal matrix. The entries of Qj follow fromqj;r = 1p2Nj 2Nj�1Xs=0 �j;0 � (2s+1)�2Nj � e irs�Nj= 1p2Nj 2Nj�1Xs=0 cos r s�Nj �j;s �� �2Nj �+ i 2Nj�1Xs=0 sin r s�Nj �j;s�� �2Nj �= Lj cos(r �)�� �2Nj �+ i Lj sin(r �)�� �2Nj � :and the application of Lemma 1. Since Kj is real-valued,KTj = KTj = F jQj F j :Now we can formulate the decomposition and reconstruction in matrix no-tation to be used in numerical algorithms.Theorem 25. Let Aj+1 and Bj+1 be the transformation matrices in the de-composition and the reconstruction equations such that�j+1 = P Tj+1Bj+1 �j j ! and  �j j ! = Aj+1P j+1 �j+1 :Then Aj+1 and Bj+1 have circulant blocks, namely:Aj+1 = 1p2  Ij F j Qj F j� F j Qj F j Ij ! ;Bj+1 = 1p2 0@ F j D�1j F j � F j D�1j Qj F jF j D�1j Qj F j F j D�1j F j 1A ;with Qj known from Lemma 8 and Dj = DMjNj as given in Lemma 2.Proof: From the relations (3.1.3) and (3.2.7), together with (4.1.3), we derivethe matrixAj+1= 1p2 0BBBB@ � 1p2Nj �j;r � s�Nj ��2Nj�1r;s=0 � 1p2Nj �j;r � (2s+1)�2Nj ��2Nj�1r;s=0�� 1p2Nj �j;s � (2r+1)�2Nj ��2Nj�1r;s=0 � 1p2Nj �j;r � s�2Nj ��2Nj�1r;s=0 1CCCCA= 1p2  Ij Kj� KTj Ij ! ;



Trigonometric Wavelets 49where Kj is the matrix described in Lemma 8. Analogously, we deduce from(4.1.1) and (4.1.2) thatBj+1= 1p2 0BBBB@ � 1p2Nj ~�j;r � s�Nj ��2Nj�1r;s=0 �� 1p2Nj ~�j;r � (2s+1)�2Nj ��2Nj�1r;s=0� 1p2Nj ~�j;s � (2r+1)�2Nj ��2Nj�1r;s=0 � 1p2Nj ~�j;r � s�2Nj ��2Nj�1r;s=0 1CCCCA= 1p2 0@ G�1j � G�1j Kj�G�1j Kj�T G�1j 1A ;using (2.2.6) and Theorem 3.4.2 Orthonormal basesFor orthonormal bases, the transformation matrices are unitary. The decompo-sition and reconstruction relations for the orthonormal translates are given, for` = 0; : : : ; 4Nj � 1, byO�j+1;` =2Nj�1Xr=0 hO�j+1;` ;O�j;riO�j;r +2Nj�1Xr=0 hO�j+1;` ;O j;riO j;r ; (4.2.1)from which we deduce the transformation matrices.Theorem 26. For the matrices OAj+1 and OBj+1 in the relationsO�j+1 = P Tj+1 OBj+1  O�jO j ! (4.2.2)and  O�jO j ! = OAj+1 P j+1 O�j+1 ; (4.2.3)we haveOAj+1 = OBTj+1 = 1p2  F j �j F j F j �j Qj F j�F j �j Qj F j F j �j F j ! ;with �j = �MjNj as given in Theorem 5 and Qj from Lemma 8.



50 J. Prestin & K. SeligProof: Analogous to the proof of Theorem 25, we distinguish between thetranslates O�j+1;` with even and odd index ` . Then formula (4.2.2) is relation(4.2.1) in matrix notation, withOBj+1 = 0BB@ � hO�j+1;2s ;O�j;ri�2Nj�1s;r=0 �� hO�j+1;2s ;O j;ri�2Nj�1s;r=0� hO�j+1;2s+1 ;O�j;ri�2Nj�1s;r=0 � hO�j+1;2s+1 ;O j;ri�2Nj�1s;r=0 1CCA :Similarly, we obtain (4.2.3) with OAj+1 =OBTj+1.We compute, for ` = 0; : : : ; 4Nj � 1 and r = 0; : : : ; 2Nj � 1,hO�j+1;` ;O�j;ri= 12pNjNj+1 DDNj+1�Mj+1 � �� `�Nj+1 � ;DNj�Mj � � � r�Nj �+ Mj�1Xk=�Mj+1 2Mj�2kp2M2j+2k2 cos(Nj + k)� �� r�Nj �E= 12pNjNj+1 DNj�Mj � (`�2r)�2Nj �+ 2 Mj�1Xk=�Mj+1 Mj�kp2M2j+2k2 cos (Nj+k)(`�2r)�2Nj= 1p2Nj+1 O�j;r � `�2Nj �andhO�j+1;` ;O j;ri = 12pNjNj+1 *DNj+1�Mj+1 � �� `�Nj+1 �+ Mj+1�1Xk=�Mj+1+1 2Mj+1�2kp2M2j+1+2k2 cos(Nj+1+k)� � � `�Nj+1 � ;Mj�1Xk=�Mj+1 2Mj+2kp2M2j+2k2 cos(Nj+k)� �� (2r+1)�2Nj �+ 2Nj+1�Mj+1Xk=Nj+Mj cos k� �� (2r+1)�2Nj �+ Mj+1�1Xk=�Mj+1+1 2Mj+1�2kp2M2j+1+2k2 cos(Nj+1+k)� � � (2r+1)�2Nj �+



Trigonometric Wavelets 51= 12pNjNj+1 Mj�1Xk=�Mj+1 2Mj+2kp2M2j+2k2 cos (Nj+k)(`�2r�1)�2Nj+ 2Nj+1�Mj+1Xk=Nj+Mj cos k(`�2r�1)�2Nj+ Mj+1�1Xk=�Mj+1+1 (Mj+1�k)2M2j+1+k2 cos (Nj+1+k)(`�2r�1)�2Nj != 1p2Nj+1 �8><>: O�j;r � `�2Nj � ; for odd ` ,� O�j; 2̀ � (2r+1)�2Nj � ; for even ` .Hence, from Theorem 5 and Theorem 25 we conclude thatOAj+1 = 1p2 0@ �j �j Kj� (�j Kj)T �j 1A ;which �nally proves the desired form of the transformation matrices.x5 ConclusionIn this paper we have studied nested subspaces Vj = VMjNj of trigonometric poly-nomials constructed from translates of de la Vall�ee Poussin kernels 'MjNj basedon averaging over 2Mj Dirichlet kernels. Moreover, we considered orthogonalpolynomial wavelet spaces Wj = Vj+1	Vj and their biorthogonal wavelet bases.The greater the number Mj for �xed Nj , the better time-localized those basisfunctions behave, as it was investigated in Sections 2.4 and 3.5. On the otherhand, the best frequency-localized translates as well as the best frequency split-tings between the wavelet spaces Wj are obtained forMj = 1; i.e. � =1, whichis the original Fourier case at an even number of nodes.Our considerations have been focused not only on the interpolatory basesand their dual bases, but also on two orthogonal bases in each space. Amongall orthogonal bases functions in Vj and Wj , respectively, O�j;r and O j;s arethe most time-localized (and translation invariant) bases functions, and �j;k and�j;` are the most frequency-localized ones. The main part of the paper has beenconcerned with the algorithms for the basis transformations being described bytheir transformation matrices with respect to fast numerical implementations.For the circulant matrices in i) and ii) below, the knowledge of the eigenvaluesreduces the computations to the application of the FFT. In ii), we also need topermute the vector entries.



52 J. Prestin & K. SeligLet us summarize the relationship between the bases by the relevant matri-ces in the following schemesi) for the sample spaces V MN or Vj and the wavelet spaces Wj on one level:�
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���?6-�?6 -�@@@@@@@@R@@@@@@@@I�����������������	 H�1HV�1 V OE�1 EO�1(O�)�1O�O�1OV V�1ii) for the decomposition and reconstruction Vj+1 = Vj �Wj :�� �� ����P j+1�j+1 �j j-�Bj+1Aj+1 �� �� ����P j+1O�j+1 O�jO j-�OAj+1OBj+1Error estimates for the initial approximation of a given function by the inter-polatory or the orthogonal projection onto a sample space of a su�ciently largelevel are included in Section 2.4.Let us end with the remark that �j;r(t) + �j;�r(t) and  j;r(t) +  j;�r�1(t)are even functions. Therefore, this approach can be transformed by x = cos t ,for t 2 [0; �] , to the algebraic case which yields polynomial wavelet spaces on[�1; 1] orthogonal with respect to the Chebyshev weight (1� x2)�1=2 . For thissee [5], [11] and [21]. References[1] Chui, C. K., An introduction to wavelets, Academic Press, New York, 1992.[2] Chui, C. K. and H. N. Mhaskar, On trigonometric wavelets, Constr. Ap-prox. 9 (1993), 167{190.[3] Daubechies, I., Ten lectures on wavelets, CBMS-NSF Series in Appl. Math.,SIAM publications, Philadelphia, 1992.[4] Davis, P. J., Circulant matrices, Wiley Interscience, New York, 1979.
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