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AbstractWe discuss the problem of detecting the location of discontinuities of derivativesof a periodic function, given either �nitely many Fourier coe�cients of the function,or the samples of the function at uniform or scattered data points. Using thegeneral theory, we develop a class of trigonometric polynomial frames suitable forthis purpose. Our methods also help us to analyze the capabilities of periodic splinewavelets, trigonometric polynomial wavelets, and some of the classical summabilitymethods in the theory of Fourier series.

1 IntroductionLet f : IR �! C be a 2�-periodic function, r � 0 be an integer, and x0 2 [��; �]. Wesay that x0 is a singularity of order r of f if f is r times continuously di�erentiable ina deleted neighborhood of x0, but the derivative f (r) has a jump discontinuity at x0. Inmany such applications as signal processing and numerical analysis, one needs to discoverthe location of singularities of f of di�erent orders (cf. [12]). In recent years, waveletanalysis has provided many popular and powerful tools for this purpose (see [14], [15]).�This research was supported, in part, by the Alexander von Humboldt Foundation and grant no.F-49620-97-1-0211 from the U. S. Air Force O�ce of Scienti�c Research.1



In order to apply these techniques, one needs to know the wavelet coe�cients of f . Inpractical applications, one starts with a large number of samples of f and computes thesecoe�cients using numerical integration and the re�nement equations for the wavelets ([2]).If the information available about the function consists of its trigonometric Fouriercoe�cients, then it is natural to explore trigonometric operators similar to the classsicalsummability methods. A very general class of wavelets based on this idea has been devel-oped and studied in [3], [11], [20] and [19]. In [18], we have constructed \fast decreasing"trigonometric polynomial operators to detect singularities. An interesting aspect of theseinvestigations is that the Fourier coe�cients of f represent global information about f .The ability of the various operators to detect singularities of f thus describes the localiza-tion properties of these operators. Some other ideas towards the solution of this problem,as well as references to further applications of this research can be found, for example, inthe recent papers of Eckho� [6], [7], Gelb and Tadmor [8], [9].One objective of this paper is to study in general the abilities of di�erent operatorsto detect singularities of di�erent orders. Typically, we expect the \large" values of theseoperators at certain points to indicate the presence of a singularity \near" these points.We seek to provide a precise quantitative description of this property.In some applications, we may not start with the Fourier coe�cients of the function,but may sample the function at several points. It is customary in wavelet analysis to startwith a large number of such samples, and then \compress" this data into a small numberof large wavelet coe�cients. The second objective of this paper is to explore a paradigmin the opposite direction. We start with a \small" number of samples to construct atrigonometric operator. We will modify these operators step-by-step by taking more andmore samples as needed until the singularities are detected with a desired accuracy.In Section 2, we discuss \spectral methods", i.e., operators based on the Fourier coef-�cients of the function. In Section 3, we discuss the \build-up methods", i.e., operatorsbased on samples of the functions. In Section 4, we apply the general theory to analyzespeci�c examples. In Section 5, we present a few simple numerical examples to illustratethe theorems in Section 4.2 Spectral MethodsIn this section, we are interested in detecting the singularities of a function, given itstrigonometric Fourier coe�cients. If f : IR �! C is 2�-periodic and Lebesgue integrableon [��; �], its Fourier coe�cients are de�ned byf̂(k) := 12� Z ��� f(t)e�ikt dt; k 2 ZZ;and for integer m � 1, the partial sum of its Fourier series is given bysm(f; x) := Xjkj<m f̂(k)eikx:2



For the \saw-tooth" function de�ned on (��; �] by�0(x) := 8><>: �� � x; if � � < x < 0;0; if x = 0;� � x; if 0 < x � �;and extended to IR as a 2�-periodic function, one has�0(x) = X0k2ZZ eikxik := Xk2ZZnf0g eikxik := limm!1 sm(�0; x); x 2 [��; �]:We observe that �0 is continuous on [��; �] n f0g, and �0(0+) � �0(0�) = 2�. Conse-quently, for integer r � 0, the periodic integral�r(x) = X0k2ZZ eikx(ik)r+1 ; x 2 IR;is a 2�-periodic function with r continuous derivatives at each point on [��; �] n f0g, anda singularity of order r at 0.We say that a 2�-periodic function f : IR ! C is piecewise R-smooth, if there existpoints �� = y0 < y1 < � � � < ym = �such that the restriction of f to (yi; yi+1), 0 � i � m � 1, is R times continuouslydi�erentiable, and f (r)(yi+) and f (r)(yi+1�) exist as �nite numbers for 0 � r � R. (Here,ym and y0 are identi�ed as usual.) Many applications of analysis involve piecewise R-smooth functions; for example, a periodic spline is a piecewise R-smooth function for asuitable integer R. The function �R is not just a typical example of a piecewise R-smoothfunction, but any such function can be expressed in a cannonical form (2.1) as follows:f(x) = RXr=0 mXj=1!j;r�r(x� yj) + F (x); x 2 IR; (2.1)where !j;r 2 C, and F is an R times continuously di�erentiable 2�-periodic function onIR. In the recent papers of Eckho� [6], [7], Gelb and Tadmor [8], [9], the authors havedescribed some applications to the theory of shock detection which require the detectionof the location of the points yj in the above representation.Our research is motivated by the problem of detecting hidden periodicities [12], whicharises in certain meteorological and astronomical problems and in analysis of tides. Math-ematically, the problem is as follows. We are given readings of the form�k = mX̀=1!` exp(�iky`);for k = 0;�1; � � � ;�N for some large integer N , and are interested in �nding the numberm and the points y`. In [12], the method given to solve this problem is essentially toconsider the peaks of jPjkj�N gk�k exp(ikx)j. We observe thatX0k2ZZ �keikx(ik)R+1 = mX̀=1!`�R(x� y`)3



is a piecewise R-smooth function with singularities exactly at y`.In [5], Z. Divis has studied the asymptotic behavior of fsm(�R; �)g as m ! 1. Itfollows from her work that if f is of the formf(x) = kRXj=1!j;R�R(x� xj;R) + F (x);where F (R) is a continuous function having bounded variation on [��; �], then for oddinteger R (and as n!1),js2n(f; x)� sn(f; x)j = 8><>: !j;RcRnR (1 + o(1)); if x = xj;R; j = 1; : : : ; kR;ox � 1nR� ; otherwise: (2.2)One may think of (2.2) as a method to detect the R-th order singularities of f . Theleft hand side can be computed using only the coe�cients ff̂(k)g2n�1k=n . It is large at thesingularities, and small away from them. We observe thats2n(f; x)� sn(f; x) = 12� Z ��� f(t)(D2n �Dn)(x� t) dt;where Dn is the Dirichlet kernel Pjkj<n eikx. All of the wavelet transforms in [11], [20]and [19], as well as the construction given in [12] for the detection of hidden periodicitycan also be expressed as a convolution of f with some function dependent upon a scaleparameter n. Therefore, in this section, we are interested in studying the convolutions(f �  n)(x) := 12� Z ��� f(t) n(x� t)dt = Xj2ZZ f̂(j) ̂n(j)eijx;where the series will converge under suitable conditions on  n.For functions f of the form (2.1), we need to show that F � n is uniformly small, andstudy the asymptotic behavior of (�r �  n)(x) for all x (in contrast to (2.2)) as n!1.Let 1 � p � 1, and A � IR be a Lebesgue measurable set with positive measure. Iff : A �! C is Lebesgue measurable, we writekfkp;A := 8>><>>: �ZA jf(x)jpdx�1=p ; if 1 � p <1;ess supx2A jf(x)j; if p =1:The class Lp(A) consists of all functions f for which kfkp;A < 1, with two functionsconsidered equal if they are equal almost everywhere. The symbol Xp(A) will denote theclass Lp(A) if 1 � p < 1, and the class of all continuous functions on A (vanishing atin�nity if A is unbounded) if p =1. If A = [��; �], we will omit the mention of A fromthe notations, and assume that the functions involved are 2�-periodic. In this case, wewill also write kfkp := (2�)�1=pkfkp;[��;�]; 1 � p <1:4



From the point of view of the detection of singularities, perhaps X1 is the onlyinteresting class. However, in light of the connections with wavelet theory, we will obtainestimates also on kf �  nkp for all p; 1 � p � 1. These estimates will be in termsof the degree of approximation to f by trigonometric polynomials, as well as certaintrigonometric polynomials associated with  n.For x � 0, we denote the class of all trigonometric polynomials of order at most x byIHx. If f 2 Lp, we write Ex;p(f) := infT2IHx kf � Tkp:Let 0 < � < � and ��;� be an in�nitely many times di�erentiable function on IR suchthat ��;�(y) := ( 1; if jyj � �;0; if jyj � �:We write �n;�;�(y) := ��;�(yn); y 2 IR; n > 0;and ��n;�;�(x) := Xj2ZZ �n;�;�(j)eijx: (2.3)The �rst basic result of this section is the following.Theorem 2.1 Let n;N � 1 be integers,  n 2 L1, 1 � p � 1; 0 < � < � and f 2 Lp.Then kf �  nkp � k nk1E�N;p(f) + 2k��N;�;� �  nk1kfkp: (2.4)Remark. In applications, it is desirable to choose  n and adjust the parameter N sothat k��N;�;� �  nk1=k nk1 ! 0 as n ! 1 and E�N;p(F ) has a desired decay for smoothfunctions F . With this choice, and the cannonical representation (2.1), Theorem 2.1shows that F � n is uniformly small. In the statement of the above theorem and in mostof our discussions in this and the next section, the parameter n is really super
uous. Weretain it partly to make the connection between the theory and applications in Section 4more transparent, and partly to underline the fact that the various constants to appearare independent of n and  n.Proof of Theorem 2.1. Let T 2 IH�N be a polynomial of best approximation to f ;i.e., kf � Tkp = E�N;p(f):Using the well known fact thatkF �Gkp � kFkpkGk1; F 2 Lp; G 2 L1;we obtain kf �  nkp � k(f � T ) �  nkp + k n � Tkp� k nk1E�N;p(f) + k n � Tkp: (2.5)5



Since T 2 IH�N , we have T = ��N;�;� � T , and hence,k n � Tkp = k n � ��N;�;� � Tkp� k n � ��N;�;�k1kTkp� k n � ��N;�;�k1 (kf � Tkp + kfkp)� 2k n � ��N;�;�k1kfkp: (2.6)The estimates (2.5) and (2.6) lead to (2.4). 2In many examples (cf. [1, 12]), we are interested in the case when ̂n(j) = gn� jn� (2.7)for some function gn on IR. In this case, we will say that  n is generated by gn. Of course,any  n 2 L1 is always generated bygn(t) := 12� Z ���  n(x)e�inxtdx;or by a variety of interpolation schemes such as cardinal spline interpolants of suitableorders. Nevertheless, in many examples, it is more natural to take a function gn as astarting point to construct  n via (2.7). Under suitable assumptions on gn, we wish toobtain an analogue of (2.4) and an asymptotic expression for �r �  n in terms of theFourier transform of gn. First, we review some basic facts which will be needed in thestatement and proof of our result.If A is an open subset of IR, the class BV (A) consists of functions having a boundedvariation on A and vanishing at in�nity if A is unbounded. If g 2 BV (A), V (g; A) denotesthe total variation of g on A. If q � 0 is an integer, g is a q-times iterated integral of afunction g(q) 2 BV (A), and g (and hence, g(`), 0 � ` � q) vanishes at in�nity, then wesay that g 2 BV q(A).If g 2 L1(IR), its Fourier transform is de�ned byFg(t) = 1Z�1 g(x)e�ixtdx; t 2 IR;and the inverse Fourier transform of g is de�ned byF�1g(t) = 12� 1Z�1 g(x)eixtdx; t 2 IR:If both g and Fg are in L1(IR), theng = F�1Fg = FF�1g:An integrable function g : IR ! C will be called weakly admissible if the followingPoisson summation formula is valid for almost all x 2 [��; �] and for all � > 0:Xj2ZZ g� j��eijx = 2��Xk2ZZF�1g��(x + 2k�)�: (2.8)6



If (2.8) holds for all x 2 [��; �], then the function g will be called admissible. Variousconditions under which the function g is weakly admissible, resp. admissible, are de-scribed, for example, in [1], x5.1.5. In particular, if g is integrable on IR, and F�1g 2L1(IR) \ BV (IR), then g is admissible. If g is weakly admissible, then we have for every� > 0, 





Xj2ZZ g� j��eij�





1 = � 2�Z0 ������Xk2ZZF�1g(�(x+ 2k�))������ dx� � 1Z�1 jF�1g(�x)jdx= kF�1gk1;IR: (2.9)In the sequel, the symbols c; c1; � � � will denote positive constants depending only on the�xed parameters in question, and other explicitly indicated parameters, but independentof n and  n.Theorem 2.2 Let r � 0, n; q � 1 be integers, and  n 2 L1 be generated by a weaklyadmissible function gn : IR �! C. Thenkf �  nkp � kF�1gnk1;IRE�N;p(f) + 2kF�1(��;�( nN �)gn)k1;IRkfkp: (2.10)If the function hn := hn;r, de�ned byhn(t) := � gn(t)(it)�r�1; if t 6= 0,0; if t = 0,is admissible, and is in BV q(IR), then����nr( n � �r)(x)� 2�F�1hn(nx)���� � �2V (hn(q); IR)4(�n)q+1 : (2.11)In particular, for x 6= 0, x 2 [��; �],nrj( n � �r)(x)j � cV (hn(q); IR)(njxj)q+1 : (2.12)If gn =: g is independent of n, then there exists an interval J := J(r; g) such thatnrj( n � �r)(x)j � c(g); nx 2 J: (2.13)If g(t) = 0 for almost all t 62 [��; � ] for some � > 0, and � > 0, we may choose theinterval J with jJ j � 2(1� �)=� , and obtainnrj( n � �r)(x)j � c(g)�; nx 2 J; (2.14)where c is independent of �. 7



Remark. In the case of the cannonical representation (2.1), Theorem 2.2 can be in-terpreted as follows. The estimates (2.13), (2.14) make precise the sense that f �  n is\large" near the singularities of f . In view of (2.12), the contribution to f � n from thesesingularities decays as rapidly as the parameter q in this estimate indicates. The estimate(2.10) implies that the contribution F � n is uniformly small. Thus, with a proper choiceof g, one expects that the singularities will show up one-by-one as the peaks of jf �  nj.Proof of Theorem 2.2. The estimate (2.10) follows from (2.4) and (2.9).The Poisson summation formula (2.8) implies thatnr+1( n � �r)(x) = Xj2ZZ hn� jn�eijx= 2�nF�1hn(nx) + 2�nX0k2ZZF�1hn(n(x+ 2k�)):Hence, nr( n � �r)(x) = Z 1�1 hn(t)einxtdt+ 2�X0k2ZZF�1hn(n(x + 2k�)): (2.15)Since hn 2 BV q(IR), we may use integration by parts to obtain for x 2 [��; �], k 6= 0,����F�1hn(n(x + 2k�))���� = ���� 12� Z 1�1 hn(t)ein(x+2�k)tdt����� V (hn(q); IR)2�(njx+ 2k�j)q+1� V (hn(q); IR)2�(n�(2jkj � 1))q+1 :Therefore, for x 2 [��; �],����2�X0k2ZZF�1hn(n(x + 2k�))���� � 2V (hn(q); IR)(�n)q+1 1Xk=1 1(2k � 1)q+1 :Along with (2.15) and 1Xk=1 1(2k � 1)q+1 � 1Xk=1 1(2k � 1)2 = �28 ;this leads to (2.11). Since����Z 1�1 h(t) exp(inxt)dt���� � V (hn(q); IR)(njxj)q+1 ; x 6= 0;the estimate (2.12) follows from (2.11).Next, let gn = g be independent of n, and h := hn. The functionG(z) := Z 1�1 h(t) exp(izt)dt; z 2 C;8



is an entire function. Hence, there exists an interval J that is free of zeros of this function.This proves (2.13). If h(t) = 0 for almost all t 62 [��; � ] for some � > 0, then G is an entirefunction of �nite exponential type at most � . Further, since h 2 L1, G 2 X1(IR). LetkGk1;IR = jG(a)j. Then the Bernstein inequality for entire functions of �nite exponentialtype ([24], x4.8.2) implies thatjG(x)�G(a)j � jx� aj� jG(a)j; x 2 IR:Hence, for x 2 [a� (1� �)=�; a+ (1� �)=� ], we havejG(x)�G(a)j � (1� �)jG(a)j;i.e., jG(x)j � �jG(a)j. 2Finally, we wish to examine the behavior of  n � �r directly in terms of the Fouriercoe�cients of  n, without refering to a generating function. If fajgj2ZZ is a bi-in�nitesequence, its forward di�erences are de�ned recursively by�0aj := aj; �1aj := �aj := aj+1 � aj;�q+1aj := �(�qaj); q = 1; 2; � � � :We say that a 2�-periodic, integrable function  has a linear phase if for some a; b 2[��; �],  ̂(j) = j ̂(j)je�i(aj+b); for all j 2 ZZ:In this case, the number a will be called the linear phase of  . The following theoremdescribes the behavior of  n ��r near and away from 0. In the case of the cannonical form(2.1), the estimates (2.16), (2.17) in the following theorem make precise the largeness off �  n near the singularity, while the part (c) (along with Theorem 2.1) describes thedecay of f �  n away from the singularities. An interesting feature of the parts (a) and(b) is that in the case of an even value of the order r of the singularity, jf �  nj has two\high peaks" straddling the singularity (cf. Figure 1(b), Figure 4, Figure 5(a)), whilethere is only one \high peak" near the singularity when r is odd (cf. Figure 2, Figure 3,Figure 5(b)).Theorem 2.3 Let n;N � 1, r � �1 be integers, and  n 2 L1 have a linear phase an. Ifr = 0 or r = �1, we assume further that  n 2 X1.(a) If r is odd, then for jx� anj � �=(4N),j n � �r(x)j � j n � �r(an)j cos(2N(x� an))� 8EN;1( n � �r); (2.16)where  n � ��1 :=  n.(b)Let r be an even integer, and  n be an even function. Then for jx� anj � �=(4N),j n � �r(x)j � j n � �r�1(an)j j sin(2N(x� an))j2N � 2�EN;1( n � �r�1)N : (2.17)9



(c) Let q � 0 be an integer, andbj;n;r := 8><>: j ̂n(j)j(ij)r+1 ; if j 2 ZZ n f0g,0; if j = 0.If Xj2ZZ jbj;n;rj <1, then for x 6= an,j n � �r(x)j � cjx� anjq+1 Xj2ZZ j�q+1bj;n;rj:In order to prove this theorem, we �rst review some facts from the theory of Fourierseries.Proposition 2.1 (a) Let 1 � p � 1, f 2 Lp, N � 1 be an integer, and the de la Vall�eePoussin mean of f be de�ned byvN (f; x) := 1N 2NXm=N+1 sm(f; x) = Xjjj�N f̂(j)eijx + XN<jjj<2N(2� jjjN )f̂(j)eijx:Then kf � vN(f)kp � 4EN;p(f):(b) Let fbjgj2ZZ be a sequence that satis�esXj2ZZ jjj2�1=pj�2bjj <1:Then Pj2ZZ bjeijx converges in the Lp norm, and we havekXj2ZZ bjeij�kp � cXj2ZZ jjj2�1=pj�2bjj:Proof. Part (a) is well known, for example, see [13], x7.1. Part (b) follows by a sum-mation by parts argument, and the bounds on the norms of the F�ejer kernel (cf. [17]).2 We were unable to �nd a reference for the following proposition.Proposition 2.2 Let q � 0 be an integer, fbjg be a bi-in�nite, absolutely summablesequence. Then for x 2 [��; �] n f0g,���� Xj2ZZ bjeijx���� � cjxjq+1 Xj2ZZ j�q+1bjj:
10



We will prove this proposition using the method of the proof of Theorem 2.2. Thus, wewill construct a function g such that bj = g(j), j 2 ZZ and V (g(q); IR) � cPj2ZZ j�q+1bjj.The most convenient way to do this is to construct a cardinal spline interpolant to thedata fbjg. The following discussion about the cardinal splines is based on [2].Let m � 2 be an integer. The cardinal B-spline of order m is de�ned via its Fouriertransform as follows:FNm(u) := exp(�imu=2)�sin(u=2)u=2 �m; u 2 IR: (2.18)It is known that Nm(x) = 0 if x 62 [0; m], Nm(x) > 0 if x 2 (0; m), and for all x 2 IR,Pk2ZZ Nm(x+k) = 1 and Nm(x+m=2) = Nm(m=2�x). The derivative of Nm is computedeasily for m � 3: N 0m(x) = Nm�1(x)�Nm�1(x� 1): (2.19)The Euler-Frobenius function associated with the B-spline is de�ned by�m(z) := Xk2ZZNm(m2 + k)zk; z 2 C: (2.20)Obviously, �m(z) = �m(z�1). It is also known that �m(eit) is bounded above and belowby positive constants depending only on m. Hence, the function 1=�m is analytic on thecomplex unit circle, and has a Laurent expansion1�m(z) = X̀2ZZ c`;mz`; (2.21)valid in a neighborhood of the unit circle. Clearly, the coe�cients c`;m converge exponen-tially fast to 0 as j`j ! 1. From (2.20) and (2.21), we conclude thatLm(x) := X̀2ZZ c`;mNm(m2 + x� `)is well de�ned for all x 2 IR, andLm(j) = � 1; if j = 0,0; otherwise.Consequently, if fbjg is an absolutely summable sequence, thenJm(x) := X̀2ZZ�Xk2ZZ b`�kck;m�Nm(m2 + x� `) (2.22)is well de�ned for all x 2 IR, and satis�es Jm(j) = bj, j 2 ZZ. If m � 2 then Jm is anadmissible function.Proof of Proposition 2.2. Without loss of generality, we may assume that q � 1.We consider the function Jq+3 as de�ned in (2.22). Repeatedly using (2.19) in the formula(2.22), we getJq+3(q+1)(x) = X̀2ZZ�Xk2ZZ�q+1b`�q�1�kck;q+3�N2(q + 32 + x� `);11



and hence, thatV (Jq+3(q); IR) = kJq+3(q+1)k1;IR � X̀2ZZ Xk2ZZ j�q+1b`�q�1�kjjck;q+3j � c X̀2ZZ j�q+1b`j:Now, the Poisson summation formula implies thatXj2ZZ bjeijx = 2�Xj2ZZF�1Jq+3(x + 2j�); x 2 [��; �]:Since Jq+3 2 BV q(IR), we deduce using integration by parts as in the proof of Theorem 2.2that for x 2 [��; �],������Xj2ZZ bjeijx������ � c�Xj2ZZ jx+ 2j�j�q�1�V (Jq+3(q); IR)� cV (Jq+3(q); IR)jxjq+1 � cjxjq+1 X̀2ZZ j�q+1b`j: 2Finally, we prove a lemma concerning the behavior of a trigonometric polynomial nearits absolute maximum on [��; �]. Although the result is well known, we were unable to�nd a reference.Lemma 2.1 Let m � 0 be an integer, T 2 IHm, and kTk1 = jT (x0)j for some x0 2[��; �]. Then jT (x)j � jT (x0)j cos(m(x� x0)); jx� x0j � �2m: (2.23)Proof. Without loss of generality, we may assume that x0 = 0 and kTk1 = T (0).Suppose T (t0) < T (0) cos(mt0) (2.24)for some t0 2 [0; �=m). It is easy to verify that the polynomialR(t) := T (t)�T (0) cos(mt)has at least one zero in each of the intervals [k�=m; (k + 1)�=m], k = 1; � � � ; 2m� 2, anda double zero at 0. If R(�=m) = 0, then also R0(�=m) = 0. Otherwise, R(�=m) > 0, and(2.24) implies the existence of some t1 2 (t0; �=m) with R(t1) = 0. In either case, R 2 IHmhas 2m + 1 zeros on [0; 2�). Therefore, R is identically equal to zero, a contradiction to(2.24). Along with a similar argument for [��=m; 0], we have proved thatT (x) � T (0) � cos(mx); jxj � �m:Since cos(mx) � 0 for jxj � �=(2m), this leads to (2.23). 2We are now in a position to prove Theorem 2.3.Proof of Theorem 2.3. Without loss of generality, we may assume that an = 0, andthat  ̂n(j) � 0 for all j 2 ZZ. First, let r be an odd integer. By our assumption, the12



Fourier coe�cients of vN( n � �r) are either all non-negative, or all non-positive. Hence,kvN( n � �r)k1 = jvN( n � �r; 0)j. Lemma 2.1 implies thatjvN( n � �r; x)j � jvN( n � �r; 0)j cos(2Nx); jxj � �4N : (2.25)Hence, using Proposition 2.1 (a) (with p =1), we obtainj n � �r(x)j � jvN( n � �r; x)j � k n � �r � vN( n � �r)k1� jvN( n � �r; 0)j cos(2Nx)� 4EN;1( n � �r)� j n � �r(0)j cos(2Nx)� 8EN;1( n � �r):This proves (2.16).To prove part (b), we observe that since  n is an even function, ̂n(j) =  ̂n(�j); j 2 ZZ:Since r is an even integer, this implies that vm( n � �r; 0) = 0 for all integer m � 1,and hence, that  n � �r(0) = 0. We use (2.25) with r � 1 in place of r, observe thatvN( n � �r�1) does not change sign on [��=(4N); �=(4N)], and integrate to obtain���� Z x0 vN( n � �r�1; t)dt���� � jvN( n � �r�1; 0)j j sin(2Nx)j2N ; jxj � �4N :Proposition 2.1 (a) now leads to (2.17).The part (c) is only a restatement of Proposition 2.2. 2
3 Build-up methodsIn this section, we study the analogues of the results in Section 2 in the case when theinformation available about the target function consists of the values of the function at�nitely many points. The number of points will increase with the scale parameter n, butthe points may be \scattered" in general.If Y � [��; �] is a �nite set, we de�ne the mesh norm of Y bymesh(Y ) := supx2[��;�]miny2Y jx� yj:Thus, for every x 2 [��; �], there is some point in Y within a distance mesh(Y ). Thefollowing proposition [16, Corollary 4.1] states an important fact which forms the basis ofthis section.Proposition 3.1 Let K � 1 be an integer.�� =: y0 < y1 < � � � < yK := �13



be points on [��; �], Y := fyjgKj=0, and N � f4mesh(Y )g�1 be an integer. Then thereexist real numbers w0; � � � ; wK�1 such thatjwjj � 2(yj+1 � yj); j = 0; � � � ; K � 1; (3.1)and for every T 2 IHN , 12� Z ��� T (t)dt = K�1Xj=0 wjT (yj): (3.2)If yj = 2j�=K � �, j = 0; � � � ; K, we may choose N = K � 1, and wj = 1=K, j =0; � � � ; K � 1.Let Y , N , fwjg, and K be as in Proposition 3.1. Analogous to the continuous convo-lution f � g, we de�ne the Y -convolution of f : Y ! C and g : IR! C byf �Y g(x) := K�1Xj=0 wjf(yj)g(x� yj): (3.3)In this section, we are interested in the e�ect of approximating f �  n by the discretesum f �Y  n that depends only on the samples ff(yj)g. In the applications of classicalwavelet theory, one uses such approximation to compute the projection of f in a \highlevel" scaling space. The decomposition algorithm then helps one to compute the waveletcoe�cients. In contrast, the results of this section will show that f �Y  n itself will havethe properties similar to the wavelet transform required for the detection of singularities.In applications, N and K will grow proportional to n. Thus, we may start with a smallnumber of samples to compute f �Y  1, and take more and more samples as needed tocalculate the higher transforms f�Y  n (cf. Theorem 4.3 (b)). In particular, this eliminatesthe need to start with a large number of samples, or to investigate separately the error inevaluating a wavelet transform by numerical integration. (This error bound is \included"in the statements of the theorems in this section!) Strictly speaking, the parameter n isagain super
uous for the discussion in this section, but we retain it for the same reasonsas in Section 2.We de�ne the discrete Lp norm of f : Y ! C bykfkp;Y := 8>>><>>>:�K�1Xj=0 jwjjjf(yj)jp�1=p; if 1 � p <1,max0�j<K jf(yj)j; if p =1,and for x � 0, write Ex;p;Y (f) := minT2IHx kf � Tkp;Y :We note that Y being a �nite set, there is no con
ict of notation with the notation k �kp;Afor Lebesgue measurable sets A having a positive measure. If g : IR! C is a 2�-periodic,absolutely continuous function, we de�nejjjgjjjp;N := jjgjj1=p1 �4�jjgjj1 + 2�kg0k1N �1�1=p:14



We note that if g 2 IH�N for some � > 0, then the Bernstein inequality for trigonometricpolynomials implies that(4�)1�1=pkgk1 � jjjgjjjp;N � (4� + 2��)1�1=pkgk1: (3.4)The analogue of Theorem 2.1 is the following.Theorem 3.1 Let Y , N , fwjg, and K be as in Proposition 3.1, n � 1 be an integer,  nbe an absolutely continuous, 2�-periodic function, 1 � p � 1, f : Y ! C, 0 < �1 < �1 ��2 < �2, �1 + �2 � 1. Thenkf �Y  nkp � E�1N;p;Y (f)jjj njjjp;N+2�jjj��N;�1;�1 �  njjjp;N + jjj n � ��N;�2;�2 �  njjjp;N�kfkp;Y : (3.5)Remark. The utility of this theorem is most apparent in the case when  n 2 IH�2N . Inthis case,  n = ��N;�2;�2 �  n, and (3.4) yieldskf �Y  nkp � c�E�1N;p;Y (f)k nk1 + k��N;�1;�1 �  nk1kfkp;Y�;which has the same form as (2.4), except for the discrete norms and a constant factor.In order to prove Theorem 3.1, we �rst prove two lemmas. In the following lemma,we give an error bound for an approximation of Z ��� F (t)dt by 2�PK�1j=0 wjF (yj) for anyabsolutely continuous function F on [��; �].Lemma 3.1 Let F be a 2�-periodic, absolutely continuous function, Y , N , K, and fwjgbe as in Proposition 3.1. ThenK�1Xj=0 jwjF (yj)j � 2K�1Xj=0 (yj+1 � yj)jF (yj)j � 4��jjF jj1 + kF 0k12N � = jjjF jjj1;N: (3.6)Further, ������ 12� Z ��� F (t)dt� K�1Xj=0 wjF (yj)������ � cEN;1(F 0)N : (3.7)Proof. The �rst inequality in (3.6) follows from (3.1). It is easy to verify that12 max0�j<K jyj+1 � yjj = max0�j<K maxx2[yj ;yj+1]min(jx� yjj; jx� yj+1j) � mesh(Y ) � 14N :Let 0 � j � K � 1 be an integer. Then�����Z yj+1yj jF (t)jdt� (yj+1 � yj)jF (yj)j����� � Z yj+1yj jF (t)� F (yj)jdt� Z yj+1yj Z yj+1yj jF 0(u)jdudt� 12N Z yj+1yj jF 0(u)jdu:15



Hence,������Z ��� jF (t)jdt� K�1Xj=0 (yj+1 � yj)jF (yj)j������ � K�1Xj=0 �����Z yj+1yj jF (t)jdt� (yj+1 � yj)jF (yj)j������ 12N K�1Xj=0 Z yj+1yj jF 0(u)jdu = 2�2N kF 0k1:This leads to the second inequality in (3.6).In view of (3.6) and (3.2), we obtain for any T 2 IHN ,������ 12� Z ��� F (t)dt� K�1Xj=0 wjF (yj)������ = ������ 12� Z ���(F (t)� T (t))dt� K�1Xj=0 wj(F (yj)� T (yj))������� c�kF � Tk1 + kF 0 � T 0k1N �: (3.8)If we choose T to be the polynomial of best L1-approximation to F from IHN , then byFavard's theorem, kF � Tk1 � cEN;1(F 0)N : (3.9)Also, a result of Czipszer and Freud [4] implies that for this T ,kF 0 � T 0k1 � cEN;1(F 0):Thus, (3.8) leads to (3.7). 2In the following proposition, we summarize some of the important properties of theY -convolution, which we will use often in the sequel.Proposition 3.2 Let Y , N , fwjg, and K be as in Proposition 3.1.(a) If �; � > 0, �+ � � 1, T1 2 IH�N , T2 2 IH�N , thenT1 �Y T2 = T1 � T2:(b) Let f : Y ! C, g : IR! C be 2�-periodic and absolutely continuous, and 1 � p � 1.Then kf �Y gkp � kfkp;Y jjjgjjjp;N: (3.10)Proof. Part (a) is clear from (3.2). From the de�nition (3.3), it follows thatkf �Y gk1 � kfk1;Y kgk1:From (3.6), we obtain kf �Y gk1 � kfk1;Y�4�jjgjj1 + 2�kg0k1N �:The estimates (3.10) follow by applying the Riesz-Thorin interpolation theorem with theoperator f ! f �Y g. 216



We can now give a proof of Theorem 3.1.Proof of Theorem 3.1. Let Q 2 IH�1N be a polynomial of best approximationsatisfying kf �Qkp;Y = E�1N;p;Y (f):Then by (3.10),k(f �Q) �Y  nkp � kf �Qkp;Y jjj njjjp;N = E�1N;p;Y (f)jjj njjjp;N : (3.11)In contrast to the proof of Theorem 2.1, Q�Y  n may not be equal to Q�Y (��N;�1;�1 � n).Nevertheless, since �1 + �2 � 1, Proposition 3.2 (a) shows thatQ �Y (��N;�2;�2 �  n) = Q � (��N;�2;�2 �  n) = Q � (��N;�1;�1 �  n) = Q �Y (��N;�1;�1 �  n):Hence, using (3.10) again, we conclude thatkQ �Y  nkp � kQ �Y (��N;�2;�2 �  n)kp + kQ �Y ( n � ��N;�2;�2 �  n)kp= kQ �Y (��N;�1;�1 �  n)kp + kQ �Y ( n � ��N;�2;�2 �  n)kp� kQkp;Y �jjj��N;�1;�1 �  njjjp;N + jjj n � ��N;�2;�2 �  njjjp;N�� 2kfkp;Y�jjj��N;�1;�1 �  njjjp;N + jjj n � ��N;�2;�2 �  njjjp;N�:Along with (3.11), this completes the proof. 2The analogue of Theorem 2.3 is the following.Theorem 3.2 Let Y , N , fwjg, and K be as in Proposition 3.1. Further, let n � 1 bean integer,  n be an absolutely continuous, 2�-periodic function having a linear phase an,and y 2 [��; �].(a) If r � 1 is an odd integer, then for jx� y � anj � �=(4N),j�r(� � y) �Y  n(x)j � j n � �r(an)j cos(2N(x� y � an))� c� jjj njjj1;NN r + EN=4;1( 0n)N �:(b) Let r � 0 be an even integer. We assume that  n is an even function. Then forjx� y � anj � �=(4N),j�r(��y)�Y  n(x)j � j n ��r�1(an)j����sin(2N(x� y � an))2N ����� c� jjj njjj1;NN r + EN=4;1( 0n)N �:(c) Let q � 0, r � 1 be integers, and Xj2ZZ j ̂n(j)j <1. Then for x� y 6= an,j�r(� � y) �Y  n(x)j � cjx� y � anjq+1�Xj2ZZ j�q+1bj;n;rj+ jjj njjj1;NN q+r+1+ 1N r+1 Xj2ZZ ����q+1 ̂n(j)����+ cEN=4;1( 0n)N ; (3.12)where bj;n;r are as in Theorem 2.3 (c). 17



In order to prove Theorem 3.2, we �rst prove a lemma.Lemma 3.2 Let 1 � p � 1, f 2 Lp, m � 1 be an integer, 0 < � < �, and ��m;�;� be asin (2.3). Then kf � ��m;�;� � fkp � cE�m;p(f): (3.13)If ` � 1 is an integer, and f is an `-times iterated integral of a function f (`) 2 Lp, thenkf (`) � (��m;�;� � f)(`)kp � cE�m;p(f (`)): (3.14)In particular, if f is absolutely continuous, thenjjjf � ��m;�;� � f jjjp;N � cE�m;1(f 0)m : (3.15)Further, if q � 0 is an integer, and ff̂(j)g is absolutely summable, then for x 6= 0,x 2 [��; �], we havejf(x)� ��m;�;� � f(x)j � c(mjxj)q+1 q+1X̀=0m` Xjjj�c1m j�`f̂(j)j: (3.16)Proof. It is easy to verify that for any integer m � 1=�, the sequence of the Fouriercoe�cients of ��m;�;� satis�es the conditions of Proposition 2.1(b) with p = 1. Hence,k��m;�;�k1 � c:Since T � ��m;�;� = T for any T 2 IH�m, this leads to (3.13) in a standard way. Theestimate (3.14) follows from (3.13) and the fact that (��m;�;� � f)(`) = ��m;�;� �f (`). In viewof (3.9), E�m;1(f) � cE�m;1(f 0)m :Consequently, (3.14) implies (3.15).In this proof only, let bj := f̂(j), and gj := 1� �m;�;�(j). Since fbjg is assumed to besummable, Pj2ZZ jbjgjj <1. Using the Leibniz formula for forward di�erences, we obtainfor any integer L � 1, �L(gjbj) = LX̀=0 L̀!�L�`gj�`bj+L�`:The mean value theorem implies that j�q+1�`gjj � cm`�q�1. Therefore,Xj2ZZ j�q+1(gjbj)j � cm�q�1 q+1X̀=0m` Xjjj�c1m j�`bjj:The estimate (3.16) now follows from Proposition 2.2. 218



Proof of Theorem 3.2. We observe that the set of points fyj�yg has the same meshnorm as Y , and for any T 2 IHn,12� Z ��� T (t)dt = 12� Z ��� T (t� y)dt = K�1Xj=0 wjT (yj � y):Hence, substituting the set fyj � yg in place of Y , we may assume that y = 0. Further,by substituting  n(�+ an) in place of  n, we may assume that an = 0. We will estimatej�r�Y  n(x)��r� n(x)j. In this proof only, let T1 := ��N;1=4;1=2��r, and T2 := ��N;1=4;1=2� n.Both T1 and T2 are in IHN=2. Hence, T1 �Y T2 = T1 � T2, and we havej�r �Y  n(x)� �r �  n(x)j � j(�r � T1) �Y  n(x)j+ jT1 �Y ( n � T2)(x)j+j(�r � T1) �  n(x)j + jT1 � ( n � T2)(x)j: (3.17)Using (3.10), (3.13), and an obvious estimate on the degree of approximation of �r (forexample, using its Fourier series if r � 1), we obtaink(�r � T1) �Y  nk1 � ck�r � T1k1jjj njjj1;N � cN r jjj njjj1;N : (3.18)Similarly, k(�r � T1) �  nk1 � ck�r � T1k1k nk1 � cN r jjj njjj1;N : (3.19)Using (3.15) with p =1, we getjjj n � T2jjj1;N � cEN=4;1( 0n)N :The estimate (3.10) now implies thatkT1 �Y ( n � T2)k1 � ckT1k1jjj n � T2jjj1;N � cEN=4;1( 0n)N : (3.20)Similarly,kT1 � ( n � T2)k1 � ckT1k1k n � T2k1 � cjjj n � T2jjj1;N � cEN=4;1( 0n)N : (3.21)These estimates and (3.18), (3.19), and (3.17) imply thatk�r �Y  n � �r �  nk1 � c� jjj njjj1;NN r + EN=4;1( 0n)N �:Finally, we note that for any integer ` � 0,EN;1(�` �  n) � k�` �  n � ��N;1=2;1 � �` �  nk1 � k�` � ��N;1=2;1 � �`k1k nk1� c jjj njjj1;NN ` : (3.22)Since EN;1( n) � k n �  n(0)k1 � ck 0nk1 � cN jjj njjj1;N ;19



the estimate (3.22) holds also if ` = �1. The �rst two parts of the theorem now followfrom the corresponding parts of Theorem 2.3.The proof of part (c) is similar, but we need to use the pointwise estimate (3.16) ofLemma 3.2. Since r � 1, the sequence f�̂r(j)g is absolutely summable. It is easy to verifythat m` Xjjj�c1m j�`�̂r(j)j � cm�r; ` = 0; 1; � � � :Thus, for jx� yjj � jxj=2, jyjj � jxj=2, and we obtain thatj�r(yj)� T1(yj)j � cN�q�1�rjxj�q�1:Hence, using (3.6), we deduce that������ Xjx�yj j�jxj=2wj(�r(yj)� T1(yj)) n(x� yj)������ � cjjj njjj1;NN r+q+1jxjq+1 : (3.23)Next, suppose that yj is such that jx�yjj � jxj=2. Since the sequence f ̂n(�)g is absolutelysummable, Proposition 2.2 implies thatj n(x� yj)j � cjxj�q�1 X�2ZZ ����q+1 ̂n(�)��� :Further, in view of (3.6), (3.15) (with p =1), we haveK�1Xj=0 jwj(�r(yj)� T1(yj))j � jjj�r � T1jjj1;N � cN�r�1:Therefore,������ Xjx�yj j�jxj=2wj(�r(yj)� T1(yj)) n(x� yj)������ � cN�r�1jxj�q�1 Xj2ZZ ����q+1 ̂n(j)��� :Together with (3.23), this givesj(�r � T1) �Y  n(x)j � cN rjxjq+1� jjj njjj1;NN q+1 + 1N Xj2ZZ ����q+1 ̂n(j)����:A similar estimate holds also for j(�r � T1) �  n(x)j. In view of Theorem 2.3, theseestimates and (3.20), (3.21), (3.17) lead to (3.12). 2In the important case when Y = fyj;K := 2�j=K��gKj=0, we can obtain an asymptoticexpression for �r �K  n := �r �Y  n, analogous to Theorem 2.2. For integer r � 1, wede�ne the function Er;K(x) := 1ir+1 X�2ZZ (�1)�K(x+ �)r+1 ; x 2 IR n ZZ:20



It can be shown (cf. [2], pp. 195{196) using contour integration thatEr;K(x) = c(r;K) dr�1dxr�1 cot(�x) = Tr;K(�x)sinr+1(�x) ; x 2 IR n ZZ;where Tr;K is an even trigonometric polynomial in IHr. The analogue of Theorem 2.2 isthe following.Theorem 3.3 Let r;K; n; q � 1 be integers,  n be generated by gn, and the functionhn;K;r, de�ned by hn;K;r(t) := � gn(t)Er;K( nK t); if t 6= K`=n, ` 2 ZZ,0; otherwise,be admissible and in BV q(IR). Further assume that ̂n(`K) = gn(K`n ) = 0; ` 2 ZZ: (3.24)Then ����Kr+1n (�r �K  n)(x)� 2�F�1hn;K;r(nx)���� � �2V ((hn;K;r)(q); IR)8(�n)q+1 : (3.25)In particular, for x 6= 0, x 2 [��; �], and K = �n for some integer � � 1, we havenrj(�r �K  n)(x)j � c(�)V ((hn;K;r)(q); IR)(njxj)q+1 :If gn =: g is independent of n, and K = �n for some integer � � 1, then there existsan interval J := J(r; g; �) such thatnrj(�r �K  n)(x)j � c(�; g); nx 2 J;and if g(t) = 0 for almost all t 62 [��; � ] for some � > 0, and � > 0, we may choose theinterval J with jJ j � 2(1� �)=� , and obtainnrj(�r �K  n)(x)j � c(�; g)�; nx 2 J;where c is independent of �.Proof. It is easy to verify that1K K�1Xj=0 exp(i�yj;K) = � (�1)�; if � = `K, ` 2 ZZ,0; otherwise. (3.26)Since r � 1, the Fourier series for �r converges absolutely. Using (3.26), we obtain fork 2 ZZ, 12� Z ���(�r �K  n)(t)e�iktdt =  ̂n(k)K X0�2ZZ 1(i�)r+1 K�1Xj=0 exp(i(� � k)yj;K)=  ̂n(k)ir+1 X̀2ZZk+`K 6=0 (�1)`K(k + `K)r+1 :21



Thus, (3.24) implies that Kr+1(�r �K  n) is generated by hn;K;r. The proof of thistheorem is now the same as that of Theorem 2.2, where we write hn;K;r in place of hn inthat proof. 2
4 ApplicationsIn this section, we discuss the detection of singularities using periodic spline waveletsconstructed by Plonka and Tasche in [21], the trigonometric polynomial wavelets describedin [23], and the classical Euler summability method (cf. [18]). We show that the splinewavelets are able to detect the singularities up to a certain order. The trigonometricpolynomial wavelets (which are discussed here) can detect, in principle, the singularitiesof all orders, but have limited localization properties. The Euler summability method canalso be used to detect singularities of all orders, but our analysis requires the \smoothpart" F in (2.1) to possess a H�older continuous derivative of the order indicated by theorder of the singularity. We will describe the construction of a class of trigonometricpolynomial frames which are free of any of these limitations. We will also describe aconstruction for the detection of singularities using the translates of a general \kernelfunction", similar to the ones described by Butzer and Nessel in [1].4.1 The Euler summability kernelIn this section, we are interested in studying the function En (x) := 2�n�1 + Xjkj�n njkj!eikx� = 2 cos nx2 cosn x2 : (4.1)In order to use Theorems 2.1 and 2.3, we �rst prove the following lemma.Lemma 4.1 Let n � 1, r � �1 be integers. We havecn�1=2 � k En k1 � c1n�1=2: (4.2)Further, c1n�r�1 � 2�n nXk=1 nk!k�r�1 � c2n�r�1: (4.3)Proof. We observe thatk En k1 � 4� Z �=20 cosn ydy = 4�(n+12 )p�n�(n2 ) � cn�1=2:To obtain the lower estimate, we need only estimate Z �=40 cosn yj cosnyjdy from below.Towards this end, we observe that j cosnyj+ j sinnyj � cos2 ny+sin2 ny = 1 for all y 2 IR,22



and hence, Z �=40 cosn yj cosnyjdy + Z �=40 cosn yj sinnyjdy � Z �=40 cosn ydy� Z �=20 cosn ydy � c1e�cn = 4�(n+12 )p�n�(n2 ) � c1e�cn � cn�1=2: (4.4)Now, Z �=40 cosn yj sinnyjdy = Z �=4+�=(2n)�=(2n) cosn(y � �2n)j cosnyjdy� Z �=40 cosn(y � �2n)j cosnyjdy + cn:Further, using the mean value theorem, we obtain for y 2 [0; �=4] thatj log cos y � log cos(y � �2n)j � cn;and hence, that cosn(y � �2n) � c cosn y:Thus, Z �=40 cosn yj sinnyjdy � c�Z �=40 cosn yj cosnyjdy + 1n�;and (4.4) leads to Z �=40 cosn yj cosnyjdy � cn�1=2:In turn, this implies the lower bound in (4.2).The estimate (4.3) is proved in [18]. 2Theorems 2.1 and 2.3 now lead to the following.Theorem 4.1 Let n � 1, r � 0 be integers, 1 � p � 1, f 2 Lp. Thenk En � fkp � c1n�1=2En=3;p(f) + c2e�cnkfkp; (4.5)j En � �r(x)j � cnr+1 j cos(2nx + r + 12 �)j; jxj � �4n; (4.6)and j En � �r(x)j � c cosn x2 � c exp��nx28 �: (4.7)Proof. In Theorem 2.1, we take � = 1=3, � = 5=12, N = n. Since (cf. [10], p. 201)2�n Xjkj� 5n12  njkj! � c1e�cn;23



we deduce that k��n;1=3;5=12 �  En k1 � c1e�cn:The estimates (4.2) and (2.4) now lead to (4.5). We observe that  En is an even function,with linear phase equal to 0. Also,  En ��` 2 IHn for every ` � �1. Hence, En;1( En ��`) =0 for ` � �1. In view of (4.3), Theorem 2.3 (with N = n) leads to (4.6). The �rst estimatein (4.7) is clear from the de�nition; the second follows from the fact that log cos y + y2=2is a concave function on (��=2; �=2). 2In the simple example where f = �r + F , where r is an odd integer, and F is an rtimes continuously di�erentiable, 2�-periodic function, the estimates (4.5) and (4.7) showthat j En � f(x)j � c1fn�1=2En=3;1(F ) + e�c2nkFk1 + e�c3nx2g; x 6= 0;and j En � f(x)j � cn�r�1; jxj � cn:Thus, the Euler method is expected to detect the singularity at 0 only if En=3;1(F ) =o(n�r�1=2); in particular, if F (r) is H�older continuous with exponent greater than 1=2.4.2 Periodic spline waveletsIn this section, we discuss the periodic spline wavelets introduced by Plonka and Taschein [21]. Although not all of our theorems are applicable in this case, the methods yieldquantitative estimates on the capacity of these wavelets to detect singularities.Plonka and Tasche [21] de�ne the periodic spline wavelets as follows. (In our ex-position, we have adopted a slightly di�erent notation, to make the various functions2�-periodic, and have di�erent normalizations.) Let M , m be �xed positive integers,n =Mj = 2jM , and�Sn(x) := Xk2ZZNm( n2� (x+ 2�k)); x 2 IR; j = 0; 1; � � � : (4.8)The scaling space is de�ned byVn := spanf�Sn�� � 2�kn � : k = 0; � � � ; n� 1g:Plonka and Tasche proved in [21] that the spaces fVn : n = 2jM; j = 0; 1; 2; � � �g providea \periodic multiresolution analysis", and that the wavelet space Wn, de�ned to be theorthogonal complement of Vn with respect to V2n, is spanned by the translates of thefunction  Sn de�ned as follows.Let  ̂Sn (k) := Q(exp(�2�ikMj+1 ))FNm( 2�kMj+1 );where, with the Euler-Frobenius function �2m de�ned as in (2.20),Q(z) := (�z)m�1�1� z2 �m�2m(�z):24



The mother spline wavelet is de�ned by Sn (x) := Xk2ZZ  ̂Sn (k)eikx:It is proved in [21] thatWn = spanf Sn�� � 2�kn � : k = 0; � � � ; n� 1g:For a function f 2 L2, we may think of (f � Sn )(2�k=n) as a wavelet coe�cient in theexpansion with respect to the dual wavelet basis for  Sn . The following theorem gives theanalogue of Theorem 2.2.Theorem 4.2 Let m � 2, M � 1, and 0 � r � m � 2 be integers. If F is an r timescontinuously di�erentiable, 2�-periodic function, thenj(F �  Sn )(2�kn )j = o(n�r); k = 0; � � � ; n� 1; n = 2jM; j !1; (4.9)where the constant involved may depend upon F , r, and m, but is independent of n andk. For n � c(m; r) and x 2 [��; �], we havenr( n � �r)(x) = 2�F�1h(nx); (4.10)whereh(t) := (�1)m�1im�r�1tr+1 exp(�(2m� 1)i�t)�sin2(�t=2)�t=2 �m�2m(�e�i�t); t 6= 0;and h(0) := 0. In particular,  n � �r(x) = 0 if jxj � c=n.Proof. Plonka and Tasche have proved in [21] that Sn(x) = nXk2ZZ qk�S2n�x� �kn �;where qk := 8><>: (�1)k21�m mX̀=0 m̀!N2m(k + 1� `); if 0 � k � 3m� 2,0; otherwise.Using this expression and the de�nition (4.8), it is not di�cult to verify thatk Snk1 � c:Hence, (2.4) leads to kf �  Snk1 � ckfk1; f 2 L1:If P 2 Vn, then (P �  Sn )(2�k=n) = 0. Hence, the above estimate shows thatj(F �  Sn)(2�kn )j � c minP2Vn kF � Pk1:25



The estimate (4.9) now follows from the known approximation properties of the spacesVn (cf. [21]).Next, we observe that  ̂Sn (k) = g(kn); k 2 ZZ;where g(t) := (�1)m�1im exp(�(2m� 1)i�t)�sin2(�t=2)�t=2 �m�2m(�e�i�t):The function h in the statement of the theorem is now seen to be g=(i�)r+1. As in theproof of Theorem 2.2, we havenr( Sn � �r)(x) = Z 1�1 h(t)einxtdt+ 2�X0k2ZZF�1h(n(x+ 2k�)):Since �2m(�e�i�t) is a trigonometric polynomial in t, we deduce from (2.18) that F�1h isa �nite linear combination of certain B-splines. In particular, it is a compactly supportedfunction. Therefore, for su�ciently large n, F�1h(n(x + 2k�)) = 0 for all k 6= 0 andx 2 [��; �]. This leads to (4.10). 2We observe that in the context of wavelet theory, we are interested only in the valuesof  Sn �f at the points 2�k=n. Therefore, one cannot rule out the possibility that all thesevalues may be small, in spite of (4.10). Our analysis requires the restriction r � m � 2.The slightly weaker restriction, that r � m � 1, is expected in analogy with the splinewavelets on the whole line.4.3 Trigonometric polynomial framesLet q � 0 be an integer, g 2 BV q(IR), g(x) > 0 if x 2 (1; 2), and g(x) = 0 if x 62 [1; 2].We de�ne the trigonometric polynomials Fn (x) := Xn�jkj<2n g�2jkj+ 12n �eikx: (4.11)These polynomials can be used as frames as follows. Let Vn := IHn�1, Wn := V2n	 Vn bethe orthogonal complement of Vn in V2n. We write F�n (x) := Xn�jkj<2n�g�2jkj+ 12n ���1eikx:Then for any T 2 Wn, and integer N � 4n, we have the representation (cf. [25], ChapterX, formula (2.5))T (x) = T �  Fn �  F�n (x) = 1N N�1X̀=0 (T �  Fn )�2�`N � �� F�n �x� 2�`N + ��: (4.12)We also have the following frame bounds which follow easily from (4.12):k F�n k�11 kTkp � kT �  Fn kp � k Fn k1kTkp; T 2 Wn:26



Further, in view of the well known Marcinkiewicz-Zygmund type inequalities for trigono-metric polynomials, (cf. [25], Chapter X, Theorems 7.5, 7.28), we havec1kT �  Fn kp � � 1N N�1X̀=0 �����(T �  Fn )�2�`N � �������p�1=p � c2kT �  Fn kp (4.13)for 1 < p < 1, and also for p = 1;1 (with obvious modi�cations for the case p = 1)if N � 4(1 + �)n for some � > 0. (Since T �  n 2 IH2n�1, the second estimate in (4.13)follows for all p from the remark on p. 30, Vol. 2 of [25]. The lower estimate is given onlyfor N = 4n� 1, but in view of the formulas (2.5), (7.9) in Chapter X of [25], it is obviousthat this lower estimate holds also with any N � 2n in the case 1 < p < 1. The casesp = 1;1 are given explicitly in [25], Chapter X, Theorem 7.28.) We observe that for anyf 2 L1, f �  Fn = (s2n(f)� sn(f)) �  Fn :For j = 1; 2; � � �, let J = 2j, Mj � 4J be an integer,CJ;Mj ;`(f) := (f �  FJ )�2�`Mj � ��;and 	�J;Mj ;`(x) :=  F�J �x� 2�`Mj + ��:For every f 2 L2, we thus have the frame expansionf = f̂(0) + 1Xj=1 1Mj Mj�1X̀=0 CJ;Mj ;`(f)	�J;Mj ;`;where the convergence is understood in the sense of L2.In this section, we are interested in studying the behavior of f � Fn . If the data for thefunction is available only in the form of its values at a discrete set Y , we may approximatef �  Fn by f �Y  Fn as in Section 3. The frame expansion will no longer be valid, but ourtheorems in Section 3 will enable us to examine the singularity detection also with thisdiscrete Y -convolution.Theorem 4.3 Let q � 1 be an integer, g 2 BV q(IR), g(x) > 0 if x 2 (1; 2), g(x) = 0 ifx 62 (1; 2), and  Fn be de�ned as in (4.11). Let r � 0 be an integer, and 1 � p � 1. Inthe following statements, all constants will depend upon g.(a) For f 2 Lp, kf �  Fn kp � cEn�1;p(f): (4.14)We have j�r �  Fn (x)j � cn�rj cos(4nx + r + 12 �)j; jxj � �8n; (4.15)and the estimate (2.12) holds.(b) Let Y , N , fwjg, and K be as in Proposition 3.1, and 8n � N � Ln for some L � 8.Then for f 2 Lp, kf �Y  Fn kp � cEn�1;p(f): (4.16)27



There exists a constant C > 0 such that if L > C, Cn � N � Ln, then for y 2 [��; �],we havej�r(� � y) �Y  Fn (x)j � cn�rj cos(2N(x� y))j; jx� yj � cn; r odd ; (4.17)andj�r(� � y) �Y  Fn (x)j � cn�rj sin(2N(x� y))j; �4N � jx� yj � cn; r even. (4.18)Moreover, for x 6= y, and r � 1,j�r(� � y) �Y  Fn (x)j � cn�r�q�1jx� yj�q�1: (4.19)In the case when Y is as in Theorem 3.3, and r � 1, the asymptotic expression (3.25)holds with K = 8n.Proof. Since g has a derivative having a bounded variation, and g is compactly sup-ported, the mean value theorem implies thatXk2ZZ jkjj�2g�2jkj+ 12n �j � cV (g0; IR):Hence, Proposition 2.1(b) implies that k Fn k1 � c: In Theorem 2.1, we take N = n,� = 1 � 1=n, and � = 1, and observe that ��n;1�1=n;1 �  Fn = 0 to arrive at (4.14). Sinceg(t) = 0 for t 2 [0; 1][ [2;1), the function hn as de�ned in Theorem 2.2 has a derivativeof bounded variation, and hence, F�1hn is an integrable, entire function of exponentialtype at most 2. The Bernstein inequality for such functions implies, in particular, thatF�1hn 2 BV (IR). Thus, the hypotheses of Theorem 2.2 are satis�ed. Hence, in particular,(2.12) holds. Further, in view of (2.11),nr(�r �  Fn )(0) � Z 21 g(t)�t� 12n�r+1dt � c: (4.20)Using the Poisson summation formula, it is not di�cult to see that (4.20) is valid alsofor r = �1. Now, In Theorem 2.3, we take N = 2n. Since  Fn � �` 2 IH2n�1 for all `,E2n;1( Fn ��`) = 0 for ` = r; r�1. In view of (4.20), the parts (a) and (b) of Theorem 2.3now lead to (4.15). This completes the proof of part (a).Since  Fn 2 IH2n�1, and k Fn k1 � c, (3.4) implies that jjj Fn jjjp;N � c. Now, inTheorem 3.1, we take N = 8n, �1 = (1=8)(1� 1=n), �2 = 1=4, �1 = 1=8, and �2 = 1=2.Since  ̂Fn (k) = 0 if jkj � n�1, we have ��8n;�1;�1� Fn = 0, and similarly, ��8n;�2;�2� Fn =  Fn .Hence, (3.5) leads to (4.16). Again, we observe that EN=4;1(( Fn )0) = 0. In view of (4.20),the parts (a) and (b) of Theorem 3.2 now lead to (4.17) and (4.18) by taking N � Cnfor a su�ciently large value of C. Since g(q) has bounded variation, an application of themean value theorem shows that with the notation as in Theorem 2.3(c),1Xj=1 j�q+1bj;n;rj � cn�r�q�128



and Xj2ZZ ����q+1 ̂Fn (j)��� � cn�q:The estimate (3.12) now leads to (4.19). Finally, since g(t) = 0 in the neighborhood ofevery point of the form 8j, j 2 ZZ, the hypotheses of Theorem 3.3 are satis�ed. 2Remark. In [23], a class of trigonometric polynomial wavelets is de�ned as follows. Letd 2 (0; 1=3), and
g(t) := e�it�=2 �8>>>>>>>>><>>>>>>>>>:

0; if jtj � 1� d,d+ jtj � 12d ; if 1� d < jtj < 1 + d,1; if 1 + d � jtj � 2� 2d,2d� jtj+ 24d ; if 2� 2d < jtj < 2 + 2d,0; if jtj � 2 + 2d.The wavelets are now de�ned by Tn (x) := Xj2ZZ g� jn�eijx:In particular, for any f 2 L2, and n = Nj = 2jM , the numbers f �  Tn (k�=n), k =�n+1; � � � ; n, are the wavelet coe�cients with respect to an expansion described in detailin [23]. Since g 2 BV 1(IR) and is supported on [�2d� 2;�1+d][ [1�d; 2+2d], one canobtain a theorem similar to Theorem 4.3 describing the behavior of f �  Tn and f �Y  Tn ,using exactly the same arguments. We omit the details, but observe again that in thecontext of wavelet theory, one is only interested in the wavelet coe�cients f �  Tn (k�=n),k = �n + 1; � � � ; n. Using (2.4), we conclude as before that for an r times continuouslydi�erentiable, 2�-periodic function F ,nrj(F �  Tn )(k�n )j = o(1); k = �n + 1; : : : ; n; n!1:Furthermore, the conditions of Theorem 2.2 are satis�ed. In particular, we obtain from(2.12) that nrj(�r �  Tn )(k�n )j � ck2 ; k = �n + 1; : : : ; n; k 6= 0:4.4 A general constructionLet q � 1 be an integer, G : IR ! C be an integrable function in BV q(IR n [�c; c]) forsome c > 0, and FG 2 BV (IR) \ L1(IR). Then G is admissible and the function�n(x) := Xk2ZZG(kn)eikx := limm!1 Xjkj<mG(kn)eikx (4.21)has a bounded variation on [��; �] (cf. [1], Proposition 3.1.11, Proposition 5.1.29). Inthis section, we construct linear combinations of �n which can be used for the detection29



of singularities. In particular, our discussion will be applicable to the case when �n is thePoisson kernel 1� �2=n1 + �2=n � 2�1=n cos x;for some � 2 (0; 1). Many more examples of such kernels can be found in [1].In this section only, let�(x) := 1� ��=4;�=2(x); x 2 [��; �];and extended to IR as a 2�-periodic function. LetTn(x) = Xjkj<n bkeikx + bn cosnxbe chosen so as to satisfyTn(�kn ) = �(�kn ); k = 0; � � � ; 2n� 1:It is well known that kTn � �k1 � c lognEn;1(�):The theorem of Czipszer and Freud [4] now implies thatkTn(`) � �(`)k1 � c lognEn;1(�(`)); ` = 0; 1; � � � :Since � is in�nitely many times di�erentiable, this implies that kTn(`)k1 � c(`) for ` =0; 1; � � �. We write Rn(x) := jTn(x)j2:Then Rn 2 IH2n, Rn � 0, kRn(`)k1 � c(`) for ` = 0; 1; � � �, andRn(�kn ) = � 0; if jkj � n=4,1; if n=2 � jkj � n.Finally, we let  Gn (x) := Xk2ZZRn(�kn )G(kn)eikx: (4.22)It is easy to see that  Gn is a �nite linear combination of translates of �n.Theorem 4.4 Let q � 1, G : IR ! C be an integrable function in BV q(IR n [�c; c]) forsome c > 0, and FG 2 BV (IR) \ L1(IR). Let �n be de�ned by (4.21), and  Gn be de�nedby (4.22). If 1 � p � 1 and f 2 Lp, we havekf �  Gn kp � cEn=5;p(f): (4.23)With gn(t) := Rn(t�)G(t);the hypotheses of Theorem 2.2 are satis�ed.Proof. We observe that  Gn is generated by gn. Since gn(t) = 0 for jtj � 1=4, we see that��n;1=5;1=4 �  Gn = 0. The estimate (4.23) now follows from (2.4) with � = 1=5, � = 1=4,and N = n. The fact, that the hypotheses of Theorem 2.2 are satis�ed, is easy to verify.2 30



5 Numerical ExperimentsThe theoretical results similar to those discussed in Section 4 have been illustrated numer-ically in various contexts in [22], [8], [17], [18], [21], among others. For the convenience ofthe reader, we present a few simple results related to the trigonometric frames introducedin Section 4.3 and the Euler means discussed in Section 4.1. We restrict our attention tothe spectral methods. Experiments suggest that the same results are obtained by discreteconvolution methods based on equidistant data, provided that the number of samplingpoints is 4n, where n is the scale parameter in  n.We illustrate our theory in Section 4.3 by analyzing the functionf(x) = 10�2(x� 1) + �3(x+ 2); (5.1)having a singularity of an even order (2) at 1 and an odd order (3) at �2 (cf. Figure 1(a)).
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Figure 1: (a) f(x) = 10�2(x� 1) + �3(x + 2), (b) jf �  F;116 j.We shall compare f � Fn with three di�erent choices of the function g as in Section 4.3.The function g1 is de�ned byg1(t) := 8>>><>>>: 50(jtj � 1); if 1 � jtj < 1:02,1; if 1:02 � jtj � 1:98,50(2� jtj); if 1:98 � jtj � 2,0; otherwise. (5.2)This is a piecewise di�erentiable function, with the derivative having a high total variation.The functions g2 and g3 are de�ned byg2(t) := N2(2t� 2); g3(t) := N5(5t� 5); (5.3)where the B-splineNm is de�ned in (2.18). The function g2 is also piecewise di�erentiable,but with the derivative having a substantially smaller total variation than g01. The functiong3 is three times continuously di�erentiable. In this section, the function  F;kn denotes thefunction  Fn as in (4.11) with gk in place of g.As Figure 1(b) shows, the discontinuity in the second derivative, f 00, at 1 is detected bytwo prominent peaks straddling 1, already with f � F;116 , in spite of the fact that g1 is not31



even once continuously di�erentiable, and the high total variation of g01. The main problemis the simultaneous detection of the singularity in the third derivative at 2. Figure 2and Figure 3(a) show that all the frames are capable of such simultaneous detection forsu�ciently large degrees of the trigonometric frames, and also that the smoother thefunction g, the smaller the required degree of the trigonometric frame. (Actually, thesingularity at �2 could be detected already with f �  F;332 .) We notice also that becausethe singularity is of an odd order, there is only one peak in these �gures. Figure 4 shows

0-2

5·10-9

1·10-8

1.5·10-8

2·10-8

2.5·10-8

0-2

5·10-8

1·10-7

1.5·10-7

2·10-7

Figure 2: (a) jf �  F;1512j, (b) jf �  F;2128j.
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