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Abstract

Many applications in geomathematics as well as bio—medical applications require the
analysis of an unknown target function of a large amount of data, which can be modeled
as data on a subset of the surface of a sphere. An important ingredient of this analysis is
to develop numerical integration schemes (quadrature formulas) to integrate spherical poly-
nomials of as high a degree as possible exactly. Since many subsets of the sphere can be
subdivided efficiently into spherical triangles, the problem reduces to computing quadrature
formulas for integration on spherical triangles. In this paper, we present an algorithm for
computing quadrature formulas based on “scattered data” on a triangle; i.e., without re-
quiring a theoretically prescribed choice of the location of these points. We present several
numerical examples to illustrate various features of our algorithm in the context of both
integration and function approximation.

Keywords Quadrature formulas, Spherical triangles, Least squares algorithms
Mathematics Subject Classification 65D32 41A55

1 Introduction

The problem of function approximation arises in many problems in geomathematics. For exam-
ple, data collected on the surface of the earth can often be modeled as samples on an unknown
function satisfying certain pseudo—differential equations. The data is often pre—processed to
coefficients in the Laplace series expansion of the function, but it is not uncommon to start with
samples of the function (see e.g., [6, 7, 5, 10, 9]). Similar applications arise also in many other
disciplines. For example, in the study of Alzheimer’s disease, one has a collection of MRI images
of the brain collected over a period of time. The cortical thickness of the brain can be modeled
fruitfully as a function on an imaginary sphere [11]. A different application in the analysis of
multi-spectral fundus images of the retina is given in [4]. Usually, one cannot prescribe the loca-
tion of the points at which the target function is sampled, giving rise to the so—called “scattered
data”.

An important ingredient in this analysis is to obtain numerical integration schemes (quadra-
ture formulas) based on scattered data, exact for integrating spherical polynomials of as high
a degree as possible. The existence of such formulas was proved in [13], while numerical algo-
rithms to accomplish this task were discussed in [12]. It was noted in [12] that straightforward
Monte—Carlo methods do not yield a good approximation.
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When the data set is very large, or is available only on a part of the sphere, then it is desirable
to triangulate the part of the sphere (or the whole sphere as the case may be), and compute
the numerical integration scheme on each triangle separately, based on those points that lie on
the triangle. The existence of quadrature formulas in this setting was proved in [14, 15]. In this
paper, we examine this strategy in some detail from an algorithmic perspective.

While the fundamental ideas from [12] are applicable in this context as well, there are
some theoretical and computational problems which need to be addressed. To begin with, the
constructions in [12] require the knowledge of the exact integrals of basic polynomials on the
domain in question. This is easy to do in the case when the basis consists of spherical harmonics
and the domain is a spherical cap. However, caps do not provide a partition of a subset of the
sphere, and explicit formulas of this kind are not available in the case of integration on a spherical
triangle. In [2], we constructed quadrature formulas for finding exact integrals of spherical
polynomials on spherical triangles, based on judiciously chosen points on the triangles. This
was a numerically delicate problem, requiring the use of high precision arithmetic provided by
computer algebra systems such as Mathematica or Maple. In this paper, we use the algorithms
developed in [2, 12] to obtain quadrature formulas for integrating spherical polynomials on
triangles. We combine the quadrature formulas on different triangles in a triangulation to obtain
formulas for integration on arbitrary domains. The stability and efficiency of these algorithms
is illustrated in many numerical examples, as well as on a terrain elevation data, in the context
of integration as well as function approximation.

In Section 2, we describe the algorithm, and present, by means of an example, various details
of the use of this algorithm for integrating a function. In Section 3, we discuss the use of the
quadrature formula in function approximation both with simulated data as well as a terrain
elevation data in [17]. It will be seen, as in [12], that the use of a summability operator yields
substantially better results than the use of a simple Fourier projection, even with the use of the
carefully developed quadrature formulas.

2 Construction of quadrature formulas on spherical triangles

In this section, we discuss an algorithm to compute quadrature formulas on spherical triangles,
based on scattered data. A major step in this algorithm is a precomputation, where we compute
the integrals of the basic polynomials on the triangle. Since there is no closed form formula
for these integrals on arbitrary triangles, one needs quadrature formulas based on judiciously
chosen points on these triangles for this purpose. We will utilize the formulas developed in [2] for
this purpose, and then use the techniques from [12] to generate the desired quadrature formulas
based on scattered data.

We recall that a spherical polynomial of degree n is the restriction to the sphere of a poly-
nomial in 3 variables. The class of all such functions will be denoted by II,,. The dimension of
this space is (n + 1)2.

Let A(Py, Py, P3) be a spherical triangle with the vertices Py, Ps, P3 € S2. The vertices are
located on the boundary of a spherical cap Sg(c(Pl, Py, P3)), where ¢(Py, Ps, Ps) is the center of
the circumcircle of the triangle with geodetic radius p given by the geodesic distance between
¢(Py, Py, P3) and Pi. Let y, € A(P1, Py, P3), k=1,..., N, be arbitrary points. We wish to find
quadrature weights Ay, K =1,..., N, such that

N
[ PG = WP, PeL,
A(P1,P2,P3) k=1



where y is the area measure on S2. Here, the number N of the nodes and the polynomial degree
n satisfy the inequality N > (n + 1)2.

In [12] the authors describe how quadrature weights A\ can be constructed to arbitrary nodes
on the sphere and in general for parts of the sphere. We would like to apply this construc-
tion method to a spherical triangle. First we define an inner product for the spherical triangle
A(Py, Py, P3) analogously to the inner product of L?(S?).

Definition 2.1 The inner product (o,0)a(p, p,,py) 0N the spherical triangle A(Py, P2, P3) is
defined as

(fs9) APy Py py) = /A(P B P)f(x)@du(X) for f, g€ L*(S).

Let II,, be the space of the spherical harmonics of degree at most n and Y}, I = 1,2,..., (n+ 1)?
be an enumeration of spherical harmonics forming an orthonormal basis of II,, with respect to
(0,0)2(s2). We wish to determine an orthonormal basis of II,, with respect to (o,0)A(p;,p,,p;)-
The orthonormalizing process yields the coefficients a;5, | = 1,2,...,(n+ 1), s = 1,2,...,1,
such that the polynomials

!
Zy =2 (A) =) aYs, 1=12,...,(n+1) (1)

s=1

form an orthonormal basis of II,, with respect to (o, 0)A(p,,p,,p,)- The coefficients
CLl?S: <ZlaYS>L2(S2)7 821,2,...,l,

are the Fourier coefficients of Z;. We observe that the polynomial Z; is the constant given by

1

A B )

Definition 2.2 Let C = {yk},]ﬂvzl C S?. Let wy, k =1,...,N, be positive, real weights. The
inner product (0, 0)cw is defined as

N
(f.9)ew = wef(y)g(ys) for f, g€, (2)

k=1

For example, the weight wy, could be chosen to be the area of the Voronoi cell containing yy, or
could be chosen to be u(A(Py, Py, P3))/N.

Let the entries of the diagonal matrix W be the positive, real weights wy, k =1,..., N, in (2),
i.e.

(W)k‘,k = Wk,

(W)s = 0,  k#s. (3)
Assume that the Gram matrix G,

(Gik = {21, Zk)cw> (4)



is positive definite. Let

Gl = Vi, Yi)ew, (5)
Y)ix = Yi(w), I=1,...,(n+1)? k=1,...,N,
(b) = / Vi) du(x)  I=1,...,(n+1)%
A(P1,P2,P3)
(Z)l,k = Zl(yk), lzl,...,(n+1)2, k=1,2,..., N,
1
or = L) = o D=L (1)
A(Py,P,P3) 1

With the nodes in Definition 2.2, such that the matrices in (4) and (5) are positive definite, the
matrix Z, respectively Y have full rank.

Let A be the lower triangular matrix with the entries

(A)s = aus. (6)
Therefore, Z = AY and b = Ab. Moreover, G = ZWZH, G= YWYH G = AGAH.
According to [12] the following theorem describes how quadrature weights to arbitrary nodes on
a spherical triangle can be computed. To formulate this theorem in general, let G* be the matrix

G or G, b* the vector b or b, and the basis functions g, 1 =1,2,...,(n+ 1)2, orthonormal
with respect to (o, 0),, stand for Z;, respectively Y¥; and matrix K for Z and Y.

Theorem 2.1 Let the set C = {y})_, in Definition 2.2, the matriz G*, the weights wy,
k=1,...,N, in (2), and the basis functions g;, | = 1,2,...,(n + 1)2, orthonormal with respect
to (o,0)., be given.

For a polynomial P € 11, the quadrature rule

N
/ P du(x) = 3 AeP(3)
A(Py,Py,Ps) P

holds with the weights

(n+1)?

Me=we Y (G 7D )ai(w). (7)

=1
Remark 2.1 The quadrature weights in (7) can be expressed in the matriz—vector representation
A = WKH(G*) b
It can easily be seen that
A = WKHG) b = Wzh"G b = WwY"G b (8)
due to Z = AY and b = Ab. Taking a QR Decomposition (YWl/z)H = QR we obtain

A = WYHG*IB — WI/Q(le/Q)H(le/Q(le/Q)H)flf)
= W'/’QR((QR)"QR)"'b
W!2Q(R") b,



We know from [12] that the vector A of weights solves a least squares problem. We remind of
the well known relation in [3, p.5-8].

Lemma 2.1 Let F € CM*N be q matriz with rank M, W a diagonal matriz with the entries
wp>0,k=1,2,....,N, and W¥/2 ¢ diagonal matriz with the entries \/wy.
The unique solution of the least squares problem

min W2}, Fa=decCY
oeCn

satisfies the normal equation of the second kind

FWF'z = g, o = WF'z.

Remark 2.2 According to Lemma 2.1 and G is positive definite we can easily prove that the
unique solution of the least squares problem

min |[W~ 2|3, Za=b
aeCN
is the vector A = WZHG~!b (see (8)).

It is easy to see that x € CN is a solution of the linear system
Yx=b
if and only if
Zx = AYx = Ab =b.
The unique solution of the least squares problem

min |[W~2a|3, Ya=b
aeCN

is the vector in (8).

2.1 Algorithm

In this section we describe our algorithm to obtain the weights in (8) corresponding to the nodes
in Definition 2.2. By partitioning the sphere in spherical triangles and distributing a large set
of nodes to smaller sets on the triangles we are able to derive the formulas based on a large set
of nodes.

Although the computation of closed form expressions for the orthogonal polynomials on a
spherical triangle as a linear combination of the spherical harmonics on the sphere is an inher-
ently unstable process, we have to be able to evaluate integrals of the form f A(PL,Py,Ps) Yidu(x),
based on quadrature formulas on certain judiciously chosen nodes on the triangle. This cal-
culation is also somewhat unstable, owing to the fact that the basic polynomials Y; are nearly
constants on small triangles. We will utilize the algorithm in [2] to generate these quadrature
formulas.



Algorithm
LSQST

Input: Polynomial degree n, nodes y, € A(Py, P2, P3), k = 1,2,..., N, matrix W in
3).

Precalculation: Gaussian—like quadrature rule with the weights WXZ()Pl Py, Ps)

the nodes xgn’p), j=12,...,4(n+2)(n+ 1), in [2], where p is the radius of
the circumcircle of A(Py, P, P3).

c R4(n+2) (n+1) and

Step 1: Calculate the vector b = Y(”’p)w(;()PhP%Pg) with the matrix (Y(”’P))l,j =
Vi) i= 1, (e 12 =1, A+ 2)(n+ 1),

Step 2: Compute the matrix (Y), = Yi(y), [ =1,2,...,(n+1)%, k=1,2,...,N.

Step 3: A QR decomposition method yields (YWl/Q)H = QR.

Step 4: Calculate the quadrature weights A = Wl/QQ(RH)*lf).

Remark 2.3 In this algorithm, we observed that the shape of the triangles does not affect the
performance. However, there are some inherent instabilities in these computations in the case
when the area of the triangle is extremely small or the degree of the polynomials is very large. In
particular, the condition number of the matriz (YWI/Q)H s bigger than that of (ZW1/2)H such
that our choice of Y over Z leads to catastrophic cancellations in the last step of computing .
As it is well known the application of a QR or SV decomposition instead of Cholesky stabilizes
our algorithm.

For all our tests we choose the entries of the diagonal of W as (W) = (A(P1, P2, P3))/N.

2.2 Test

We generate a triangulation of the sphere which consists of 60 spherical triangles with the
algorithm in [16]. After that, we triangulate one of these triangles in smaller ones. At last we
obtain a triangulation T' = {Aj}?lj’l of the sphere (256 smaller triangles and 59 bigger ones).
We achieve this triangulation with the accuracy 10716, i.e. | 23?1:51 Fj—4r|/(47) ~ 10716, where
F; is the area of the triangle A;. The algorithm in [1] yields a set of nodes C; = {y,gj)},]jil for
each triangle A;, where C; C A;. All in all there are M = 23151 N; nodes lying on the sphere.

]:
Two sets of scattered data are generated:

1. N; = 1,600 nodes are located in each triangle A;, so we have M = 504,000 nodes alto-
gether.

2. N; = 1,600 nodes lie in the bigger triangles A;, j = 1,2,...,59, and N; = 7,225 nodes
in the smaller ones A;, j = 60,61,...,315. As a result we have M = 1,944,000 scattered
data altogether.

We apply our algorithm LSQST to each triangle of the triangulation and calculate the
weights A\, ,(Cj), k = 1,2,...,N;, to the nodes belonging to the respective triangle A; for a
given polynomial degree n. We obtain the results with Mathematica 9. In Table 1 we record
some results depending on the number of scattered data M and polynomial degree n. These



are the number of the negative weights M, ,, the quotient 2315 Zk 1 IMen(Cy)]/(4m), and the
relative error

e 1o [Vnar — Vamer s
" |Vareills

h L 315 ()y) (D _ T 2
where v, pr == (ZJ 1 k 1 Ak (C5)Ys (g )) » and e; = (1,0,...,0)" is of length (n+1)°.
For a smaller polynomial degree n or a bigger ‘mumber of data M generated by the algorithm in
[1], the algorithm LSQST yields more weights, which are nonnegative, than for a higher poly-
nomial degree n or a smaller number of data M. Also the quotient 2315 Zk 1 Ak (C)]/ (4)
differs less from one when the degree is small or M is high. The order of magnitude of the
relative error €, ) demonstrates that the quadrature rules are exact for spherical harmonics of
degree at most n. This is what we have expected.

We wish to test how well the resulting quadrature rule integrates test functions. For this
purpose, we choose a family of functions f(@") (cf. (9)) based on the Poisson kernel:

(1-h)? & ;
S ;(25 + DA Ps((x,m)2)

(1-h)
(1 — 2h{(x,m)a + h2)3/2’

Gr({x,m)2)

with Gp(1) =1, h € (0,1), where Ps denotes the s-th Legendre polynomial. The values of the
integrals on the sphere are

N2
1Gn) = [ Gl ma)dute) = ax 05

Altogether we test 50 different functions f(q’h), q=1,2,...,50,

£ (x Za Gr((x, 1)), (9)

(9) (9)

where the coefficients ;" and the centers i, are randomly chosen, for the parameters

h =0.8,0.9,0.95,0.97,0.975,0.98, 0.985, 0.99, 0.995, 0.999, 0.9999.

For the quadrature rule Q,, pr(f(@") := 231:51 ff;l Mo (C) fl@R) (yg)) we calculate the quadra-
ture error

L(F9M) = Quar (F14™)]
[I(flam)] '

The average quadrature errors

1) — Quun(£4)
Enaa(h): 502 o o

are plotted in Fig. 1 for the polynomial degrees n = 3,6,9,12, and the set of scattered data
described above with M = 504,000 nodes, and the parameters h = 0.95, 0.97, 0.975, 0.98, 0.985,



0.99, 0.995, 0.999, 0.9999.

For the parameters h = 0.8 and h = 0.9 the higher the polynomial degree n the smaller the
quadrature error is. From h = 0.95 up to h = 0.99 we have the reverse relation. In the case of
M = 1,944,000 we have similar results in Fig. 2.

In general the quadrature error tends to grow, as h — 1—.
growth. A higher degree n has no advantage for h close to 1.

The increase of nodes slows this

Global methods of constructing quadrature weights to scattered data on the sphere like the
CGNR method which Graf, Kunis and Potts describe in [8] yield very good results for very high
degree polynomials if the nodes are well distributed. We are interested in how the CGNR method
copes with clustered scattered data. M. Graf was so kind to calculate quadrature weights to the
set of nodes we introduced above. The quadrature integrates spherical harmonics to degree 150.
All weights are nonnegative. Many weights corresponding to clustered nodes are set to zero
during the calculation process. We evaluate the error in (10) for this global quadrature. The
plot can be found in Figs. 1 and 2. For smaller parameters h the test functions are integrated
much better by the global than by the local quadrature. But the more h approximates one, the
more the local quadrature is in advantage, especially for small polynomial degree n.

We can conclude, that in such a special case, if a function is well localized in a region and
we have much information of this function there, a local quadrature rule yields more accurate
results.

n| M| My | SIS Ma(C)I/(T) | e
3 | 504,000 0 1 2.684-1071
6 | 504,000 362 1.00089 5.371-1071
9 | 504,000 | 9,828 1.04265 7.318 1071
12 | 504,000 | 132,556 2.17186 8.345- 10715
3 | 1,944,000 0 1 2.684-1071
1,944,000 62 1.00088 5.371-10715
1,944,000 | 1,923 1.04176 7.318 10715
12 | 1,944,000 | 24,819 2.14654 8.345-10715

Table 1: The number of negative weights M, s, the sum of the absolute values of the weights in
relation to the area of the sphere and the relative error e, v depending on the polynomial degree n
and the number of nodes M.
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Figure 1: The average quadrature errors En ar(h) in (10) by integrating the linear combinations of the Poisson
kernels with the quadrature rule with M = 504,000 nodes on the sphere for different parameters h and polynomial
degrees n.
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Figure 2: The average quadrature errors En ar(h) in (10) by integrating the linear combinations of the Poisson
kernels with the quadrature rule with M = 1,944,000 nodes on the sphere for different parameters h and polynomial
degrees n.



3 Approximation

Let F be a target function which we wish to approximate by the Fourier partial sum

(m+1)2

Zd

of degree m. We obtain the partial Fourier coefficients d1(~j )(F ) for every triangle A;, j =

1,2,...,J, of a triangulation by
— [ FOVGIdu).
A

Applying our quadrature rule on the scattered data set

_{y }k; 1CA]7

exact for spherical harmonics of degree at most n, we get the approximated coefficients
d(])( ) r C]7F Z)\kn ))Y;‘( (J))
For the sphere, where C = U‘j]:1 Cj,

drn(C, F) = N(Cy, F)

Mk

J=1
so that

(m+1)2
S (F) & 8, (C, F) = Z dn(C, F)Y,

Moreover, we define the filter function

1, ift <1/2,
ht) ‘_{ 2-2t, if1/2<t<1

We calculate the summability operator (cf. [12])

(G ) "‘5 ot (=1

T

The approximation error can be computed with respect to a region 2 C S? of the sphere and
for a finite set C' C Q)

3 (€, F)(y) — F)P
yeC
> IF(y)P

yeC

Enm(C,C, F) =

Analogously, we obtain the error values &, (h, C, C,F ) by applying the filter function h.

10



3.1 Test

In our first test calculations we choose the following triangulation and nodes.

3.1.1 Triangulation and nodes of the quadrature formulas

We triangulate the sphere in a simple manner as shown in Fig. 3. The triangulation consists of
224 isosceles spherical triangles. We consider different data sets

Cp = {sgz—lvkg%} s=1,2,...,16v—1, k=0,1,...,320—-1, veN.
These are |Cy| = 2°0(2% — 1) nodes altogether. The data set Ca4 consists of 294,144 nodes,
where the number of nodes by a single triangle ranges between 937 and 2,257 (cf. Fig. 4). In
Cyg there are 1,178,112 nodes altogether, the smallest number of nodes in a single triangle is
3,746, the largest number 9,060. All the 16 triangles at the northern and the southern pole are
rotational invariant. For the rest of triangles associated to the same latitudes, one triangle is not
invariant to that in the direct neighborhood, but to the next one. In the northern hemisphere we
have seven different types of triangles which are invariant to those in the southern hemisphere,
reflected along the equatorial plane. With the help of our quadrature rule, exact for spherical
harmonics of degree at most n on the set of nodes C',, we calculate Fourier coefficients Jr,n(Cv, F)
for test functions F. We obtain Fourier partial sums of degree m.

Figure 3: Triangulation of the sphere into Figure 4: Distribution of the nodes of set
22/ isoscales spherical triangles. Cay.

3.1.2 Test functions

To test the performance of our algorithm LSQST we use a Poisson kernel, namely G719 with
n =(0,0,1) (Fig. 5) as a test function. The scattered data set Cyg consists of 1,178,112 nodes.
The approximation error is regarded on the set C' = {5255 k%—g}, s,k =0,1,...,50. The error
values 5n7m(048,C~’, G7/10); n = 5,10,15,20,25, m = n,n +5,...,105, are found in Fig. 6. We
observe that if P € II,,, for m > n/2, then it is not guaranteed that S, ,,(C, P) = P. Therefore,
it is noteworthy that the approximation error continues to decrease even after m > n/2.

In the first instance the approximation error decreases exponentially with the increase of
the Fourier partial sum degree m. But at some degree m the error grows again. This point of
breaking off is shifted to a greater dregree m by a greater polynomial degree n, but only if the
set of nodes is sufficiently large. If this is not the case the increase of m has more or less no effect.

11



102,48un(Cis.C.Gy10)

0

ok —€— n=5

—&— n=10
4} ~¢ n=15

—& =20

V=25

Figure 6: Approximation error Sn,m(C48,C~',G7/10) for scat-
Fi Poi f LG tered data Cas, where n is the polynomial degree of exactness of
igure 5: Poisson kernel Gz 10 the quadrature rule and m is the degree of the Fourier partial

with n = (0, O, 1) sum Sn,m(CAlS, G7/10).

Next, we apply our algorithm LSQST to reconstruct the benchmark function (cf. [12])

F(x) = (21 — 0.9)%* + (x5 — 0.9)%/*

(cf. Fig. 7). The number of nodes in set Ca4 is too small to obtain good results in the case
of polynomial degree n = 15 of our quadrature rule, but summability A shows an impressive

smoothing effect (cf. Figs. 8 and 9).

00

0!
Figure 9: Fourier partial sum

Figure 7: Test function F. Elgure 8: Fourier partial sum 015,55(Co4, F)  with  summability
515,55 (C24, ). factor h

3.1.3 Terrain Data

SRTM30 is a digital elevation model. More information can be found in [17]. The sample spac-
ing for points is 30 arc—seconds. For our calculation we choose every fifth point, such that we

deal with 1,200 x 960 = 1,152,000 points altogether.

We calculate the Fourier coefficients for a SRTM30 tile which represents Australia, where the
latitudes go from —60 to —10 degree and the longitudes go from 100 to 140 degree.

12



We triangulate this area in 313 isosceles triangles in a similar way as in the examples before,
calculate the weights to the nodes for the exactness of polynomial degree 15, and obtain the
Fourier coefficients for each triangle.

We calculate the Fourier partial sum of degree 500 in an area extending from the latitudes
—60 + 55 + 276§% ~ —48.496 to —60 + 515 + 1114535 ~ —13.579 degree and the longitudes
100 + 555 + 205155 =~ 108.546 to 100 + ﬁ + 904%O ~ 137.671 degree, these are 588,000 points,
with and without the summabiltiy hA. Furthermore, the absolute difference between the original
data samples and the values of the Fourier sum with factor h are plotted (Figs. 10-15). As
contour lines we choose —25,25,...,1575. A more detailed description of the error is given in
Tables 2 and 3.

110 115 120 125 130 135

110 115 120 125 130 135

Figure 11: Fourier partial sum at 588,000 points

Figure 10: Original terrain data, 588,000 points. (degree 500). Relative error in 12: 8.43%.

1000

750

250

Figure 12: Fourier partial sum with summability Figure 13: Difference of the original data
h at 588,000 points, (degree 500). Relative error (Fig. 10) and the Fourier sum with summability
in L?: 8.99%. h (Fig. 12).
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rel. error | % of points, appr. | % of points, appr.
values without h values with h

< 0.1% 1.29 1.19
<1% 12.72 12.00
<2% 24.76 23.10
< 3% 35.55 33.08
< 4% 44.85 41.84
< 5% 52.55 49.44
<% 64.40 61.68

< 10% 75.29 73.38

< 15% 84.02 82.88

< 20% 88.23 87.46

< 30% 92.55 92.06

< 50% 95.83 95.59

< 100% 98.11 97.99

< 1000% 99.84 99.81

Table 2: We have approximated values at 588,000
points altogether, where the original terrain data
are unequal to zero at 224,556 points. To these
nodes we calculate the relative error and find out
the percentages of points where the relative error
18 less than 0.1%, 1%, and so on.

110 115 120 125 130 135

Figure 14: At 363,444 points the data values are
equal to zero. Plot of the points (gray) in these
locations where the absolute error is greater than
1m, when the summability factor is not applied.
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abs.error | % of points, appr. | % of points, appr.
values without h values with h
<10~ *m 0.01 0.22
<103m 0.09 2.20
< 0.005m 0.51 10.73
< 0.0lm 1.02 20.95
< 0.015m 1.54 30.19
< 0.025m 2.58 43.42
< 0.035m 3.62 51.41
< 0.055m 5.72 60.53
< 0.1m 10.34 70.09
< 0.5m 45.42 87.07
< 1m 67.44 91.11
< 1.5m 77.81 92.67
< 2.5m 87.81 94.62
< 5bm 95.17 96.67
< 10m 98.27 98.28
< 100m 99.99 99.99

Table 3: We have approrimated values at 588,000
points altogether, where the original terrain data
are equal to zero at 363,444 points. To these nodes
we calculate the absolute error and find out the
percentages of points where the absolute error is
less than 10~ *m, 10™3m, and so on.

110 115 120 125 130 135

Figure 15: At 363,444 points the data values are
equal to zero. Plot of the points (gray) in these
locations where the absolute error is greater than
1m, when the summability factor is applied.
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