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1 Introduction

The asymptotic convergence order in periodic Holder or Hélder-Zygmund norms for the
Fourier sum and interpolatory polynomials on equidistant nodes has been studied in a series
of papers in the last 20 years. In this connection, we mention L. Leindler [11], S. ProBdorf
[16], S. ProBdorf/B. Silbermann [17] and the literature cited there. In particular, the case
of periodic Holder spaces with arbitrary order of differences is studied in more detail in [14].
Such approximation results have been extensively used to prove convergence theorems for
quadrature rules for Cauchy-type principal value integrals and for the numerical solution of
singular integral equations (see e.g. [17]).

Here we are interested in the algebraic approximation and interpolation. First approxima-
tion results for continuous functions in Holder norms were obtained by A. I. Kalandiya [9]
and N. L. Toakimidis [7], [8], see also [13] and D. Elliott [4]. The aim of this paper is to
discuss estimates for Hélder norms with varying order of difference. However, for the sake
of simplicity of the representation we restrict ourselves to the case of first and second order

differences. The general situation can be handled by the same methods of proof.

Analogous results can be obtained for general modulus type functions w(h) (see [13]). Only

to simplify the notation we focus on the classical growth condition w(h) = h*.



34 J. Prestin; A. Stosiek

After studying the Jackson-type inequality and their so-called inverse Markov- and Markov-
Bernstein-type inequalities, we apply them to estimate linear approximation processes. In
particular, we discuss Lagrange interpolation, where it turns out that the error estimates
are not as good as “Lebesgue constant times order of best approximation”. Therefore we
use also Lagrange interpolation with additional nodes near the endpoints +1 to improve the

order of convergence (compare e.g. [19], Chap. 8 and [1]).

2 Preliminaries

Let us start with the definition of the norms and spaces. As usual we denote by C[—1,1]

the Banach space of continuous functions on [—1,1] equipped with the maximum norm

| f|| = max{|f(z)| : « € [-1,1]}. For f € C[-1,1] and = € J,, = [—1,1 — sh] we write
) = 30 () ok .

Then we say f € C[—1,1] belongs to C"** (m € INg , s € IN and 0 < o < s) , iff the

so-called Holder term
£ |as = sup A~ max [A £ ()]
h>0 r€Jsh

is finite. Especially we write C™ instead of C™%*. A norm in the Hélder space C™* is

given by
1 s = D PN+ s
k=0

For 0 < o < s we define separable subspaces C™* of C"™** by the condition

lim A~ max |A2 () (2)] =0 .

h—0+ l’EJ h

Sometimes we will also use the modulus of continuity

ws(f,8) = sup max |AG f(z)|

R<s TE€Jn

with § < 2/s. Throughout the paper we will apply the following simple observations

wopr (f,8) < Fwy(f0,8) <& fer
worr(f,8) < 2wy (f,8) <27 £l
(fv(s) S 5a"f"a757
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(see e.g. [12], Chap. 3). Furthermore we abbreviate

V19— 22 1

O = —.
() —t
Then we have

1 2

pz S (@) s o

In what follows ' denotes positive constants depending only on parameters of the Holder
spaces and other fixed parameters involved, but their values may be different at each oc-
curence. In particular, C' will be independent of n,z, the functions f and polynomials p,

and q,.

Now let us summarize some basic results for algebraic polynomials and best approximation

which we will need in the sequel. The set of algebraic polynomials of degree at most n will

be denoted by II,,.

Proposition 2.1 (A.F. Timan [20], V.K. Dzjadyk [3]) Letq, € Il,, k € IN and
x € [—1,1]. Then

g (@)] < C8ulz) gl -
Moreover, if
|gn ()| < Cd,(2)?
for some p € R and all x € [—1,1], then
|89 ()| < OB (x)* (1)
forallk € IN and all z € [-1,1] .

Proposition 2.2 (I.E. Gopengauz [6], R.M. Trigub [21]) Foral f € C™, s> 0
there exist a polynomial g, € 11,,, such that for all x € [—1,1] and for all 0 < k <m

[(f = 42) P (@)] < Coua)™Fwy(f, 8u(2)) - (2)

Proposition 2.3 (Z. Ditzian, D. Jiang [2]) Let f € C[—1,1] and s > 0 be given.
If q, € 11,, satisfies

(f = @n)(@)] < Cws(f, dn())

then

|48 ()] < Coulx)*wi(f. du(x)) - (3)



36 J. Prestin; A. Stosiek

Furthermore we need error estimates for polynomials with additional interpolatory condi-

tions. Therefore let
K, ={t,s;; 1 <i<v} (Ko =10)
a set of nodes with
1<t <...<t, < —-14+Cn"?, l—Cn?<s,<...<s <1.

and

1 forv =0,
Q2 (2) = { [T ,(z —t;)(x —s;) forv>0.

Proposition 2.4 (A.A. Privalov [15], see also [10]) Letm,s € IN,n > s+m—1,
m>2v—1,0<k<mand f € C™. Then there exists a polynomial q, € Il,, such that

(= )W) < o)™ P (f,0u(e))  forall we[-L1 (1)
and
gn(x) = f(x) forall z€ K, .

The points from K, may coalesce, in which case one also interpolates at the coalescent point

a number of derivatives one less than the multiplicity of coalescence.

One can easily summarize these estimates to the following result.

Corollary 2.1 Letm,s € IN ,n>s+m—1,m >2v and f € C™. Then there exists
a polynomial p, € II,, such that

pol(z) = f(z) forallz € K, .
Furthermore, for all « € [—1,1] and for all 0 < k < m, m + s < 7,
P (@)] < Cou(a) Ty (0, 6, ()) (5)
and

|(f = pa)(@)] < ClQau(@)[n™"ws (S, 8,(2)) - (6)

Proof of the Corollary 2.1: Starting with the polynomial from Proposition 2.4 we obtain
by the Proposition 2.3 and the triangular inequality immediately (5). To prove (6) one can
follow the ideas in [1] and [10], i.e. one has to apply Rolle’s theorem.
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3 Main results

In our theorems we compare norms ||o||m.a,s and |||, . with “small” r+ 3 and “large” m+a.

More exactly, we assume in the sequel
rom € INg, s,t € {1;2}, 0<a<s, 0< <1, (7)
r<m and r+pg<m+o. (8)
Our first result is an inequality of Markov-type.

Theorem 3.1 Let (7) and (8) be satisfied. Fort =2 we further assume:

If r=m—2, then G<1+a. (9
If r=m—-—1 and s=1, then B =0. (10
If r=m-—1 and s=2, then 8 < a. (11
If r=m and s=1, then B =0. (12

Then for all p, € 11, the estimate
1Pallm.cs < CR*C =D p, |, 5, (13)

is satisfied.

The conditions (9)-(12) and analogous conditions in the next theorems seem to be very
technical. But the observation wy(p1,d) = 0 for all p; € II; shows that in general one cannot

avoid these conditions.

Supplementary to the global Markov-type inequality we give also a local Bernstein-type

inequality.
Theorem 3.2 Let (7) and (8) be satisfied and let p, € 11,,. If

Ipn(2)| < 8,(2)™ > forall  x€[-1,1], (14)
then

pallrpe < O+

Now we state the direct approximation result, namely the so-called Jackson-type inequality

on best approximation.
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Theorem 3.3 Let (7) and (8) be satisfied. For s = 2 we further assume:

If r=m and t=1, then B =0. (15)
If r=m—1 and ¢=2, then g <1. (16)

Then for arbitrary f € C™® there exists a polynomial p, € 11,, with
1f = Pallrpe < CrrHomm=e fo0)| o (17)
In particular, for [ € C™** 0 < a < s, the polynomial p, salisfies

If = Pallrse = o077 n = oo, (18)

Such a “small-0”— result as in (18) can be obtained for all of the following approximation

theorems. For shortness we do not repeat them.

Note that we can use in the proof of Theorem 3.3 the polynomial p, from Proposition
2.2. Hence, for fixed f € C"*° the same polynomial p, gives (17)-(18) simultaneously
for all r,3,t, satisfying (7)-(8) and (15)-(16). Moreover, we can also use the polynomial
constructed by A.A. Privalov (see Proposition 2.4 and Corollary 2.1). Hence we obtain with
the assumptions of Theorem 3.3 and for sufficiently large n the following extension of a

Jackson-type inequality with 2v (2 < m 4+ 1) interpolatory conditions
nf{[|f = gullrss g € ay f(2) = gale) fora € K,} < Cn/H07m70| fW|, 0 (19)

Also of particular interest are approximation results in Holder norms with large parameters

if one knows error estimates in Holder norms with small paramters.

Theorem 3.4 Together with (7) and (8) let { € INy , u € {1,2} , 0< vy < u, { <7 and
l+~ < r+ [ be satisfied. Furthermore we impose the following restrictions summarized in

the following tabular:

u | s |t | assumptions

202 if t=r—2, then v<14+p

if t=r—1, then v <max{l,3}
if r=m-—1, then <1
20121 |ifl=r—2, then v<1+4+p

if Lt>r—1, then v=0

if r=m, then =0
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u | s |t | assumptions
112(¢fl=r—2, then y<1+4+p
if t=r—1, then v<[
2011 |1 |ifl=r—=2, then y<1+4+p
if t>r—1, then v=0
11212 ifr=m-—1, then <1
if £ =m, then v =10
1121 r=m, then 0 =0

Now let f € C™** and ¢, € 11, be given such that
1f = gullea < O 7= F09 s (20)
Then we obtain

1 = @ullrpe < CuPr2omimnmmme fml, (21)

The convergence order in (21) can be improved by assuming Bernstein-type conditions.

Theorem 3.5 Let (7) and (8) be satisfied. For s = 2 we further assume (15) and (16).
Now let f € C™** and ¢, € 11, be given such that

(f = g)(2)] < C8u@)™ | f[as for all x € [—1,1]. (22)
Then

1f = @ullrge < Cnm o7 0

We will end this section with the application of these results to linear approximation pro-

cesses. Let us focus on Lagrange interpolation.

For n distinct nodes —1 < z, < x,_1 < ... < 27 < 1 we define the Lagrange interpolation
polynomial L, f € Il,_; of a given function f € C[—1,1] by

Lof(xg) = f(xr) fork=1,...,n.

With the Lebesgue fundamental functions ¢; € 11,,_; we have the well-known representation
Lof(e) = flan)li(e)
k=1
with the operator norm

[Lallose =1 1l
k=1

From the Jackson-type theorem and the Markov-type theorem we easily obtain the following

approximation result.
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Theorem 3.6 Let (7) and (8) be satisfied. For s = 2 we further assume (15) and (16).
If f € O™ then

1f = Lufllrpe < CllLallome n® H277m=| f00, .

The approximation order n? +2#-m-«

cannot be improved in general (see e.g. [18]). How-
ever, we can modify the interpolation process by choosing additional nodes near +1. Then
one can achieve a better order of approximation. This is discussed for the simultaneous
approximation of derivatives in a series of papers (see e.g. [19], Chap. 8, and the literature

cited there). Here we obtain the results for Holder norms with higher differences.

Therefore, we define the Lagrange-Hermite polynomial H,f € I, 42,1 by H,f(x) = f(x)
for * = a3,k = 1,...,n and * € K,. As in Proposition 2.4 we allow coalescent points in
K, which means interpolation of derivatives. Now the improved approximation result for

Lagrange interpolation with additional nodes near +1 reads as follows.

Theorem 3.7 Let (7)~(8) be satisfied. For s = 2 we further assume (15) and (16).
Then for arbitrary f € C"%*

I(f = Haf)(@)llrpa < O Hommot OO0 L oo £ -

The constant C' depends here also on K, but is clearly independent on n and f. With (a)4

we denote as usual the truncated power max(0, a).

4 Proofs

In the next proofs we have to estimate Holder norms. Therefore it is natural to split the
proofs into two parts. In (i) we consider the sum of the norms of the derivatives. The Holder

term which turns out to be the main part is discussed in (ii).

Proof of Theorem 3.1:
(1) At first we consider a single derivative of p,. From (4) we conclude that there exists a

polynomial ¢, € I, such that for all » >0

(o = 4) V(@) < Cun(pl)), 8u(x))
C8u() 1P s -

IA

Then, for all £ > 0 by Theorem 2.1

(P = @) ()] < O8I 150 -
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Furthermore, for t < k we have from (5)

a7 )] < Cu(a)Fwi(pl), 6a(x))
< O6u(@) M 1P o

Hence, for ¢t < k we obtain

[l (@) < Coale) 1P g »

and in particular
IS < Cn* =0 |5 (23)

Now we have to sum up the norms of the derivatives. Easily we conclude

ZHpn 1< [lpnllrse + Z 1P

k=r+1

Therefore it is nothing to prove for r = m. For r < m we apply the classical inequality of

Markov and (23) which gives

STPI < ) + Cndmr R pl)
k=r+1

< SN onrr 2R 0

219 if =2
< w4 I =
< Npalleg 3 amgy i =1

Taking into consideration the assumptions (9) — (11) we obtain (i).
(i1) Let us consider the Holder term.

The main idea is to investigate the supremum over h for small and large h separately. Here

we define
G=1{h:h>1/n"} and H={h:0<h<1/n’}.

1. For h € H we apply the mean value theorem and (23) for m 4+ s —r >t to obtain

sup h™* maX|Ahpn )( )< Ch*™ aHp mts) |

heH z€J.p
< 29y 2mts—r—p) Hpgf) 5.
S Cjn20n+a_r_ﬁ)Hannﬁ¢'
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Only in the case (12), namely m + s — r < t, we modify this argument to

IA

sup A" max | Ajp{") (x)] )

heH z€Jp
< Cn?h' = pl|

< On® (]

2. Let now h € . For r < m —t we argue again with (23) to obtain

sup h™? maX|Ahpn ()| < 4n2a"p7(zm)H
hed z€Jsp
< 4n2a0n2(m_r_ﬁ)Hpgzr)HﬁJ

< OnPHe =05,

Now we have only to deal with three remaining cases r > m — t.

a) For s > t,r = m we write

sup h™* maX|Ahpn )( )| < sup2p™® maX|A2p7(lm)(:1;)|
helG v€J.n heG v€Jin

IA

sup 287 |[p{]] 5,4
heG

IA

Cr* =D pD e
b) For t = 2,5 = 1,7 = m we use the condition (12) to write

sup h~ maX|A (M) ()] < Cn2|[pt™))| .
heq z€Jp

¢) For t = 2,1 = m — 1, with the conditions (10) and (11), respectively, we conclude

sup b~ max [AZpU™ ()| < sup Ch™"n? max |[A2p(™~1) (1)
heG zE€Jop heG zE€Jop

< OnRRp 5,

and

sup b max [} ()] < Cn**n?|Ip" V||
heq z€Jp

Summarizing the estimates we obtain for the Hélder norm the inequality (17) which concludes

the proof. [

For the proof of Theorem 3.2 we need the following preliminary result.
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Lemma 4.1 lLetz,xz+h,o+2h €[-1,1]. If 0 < h < min(5,(x),1 — z), then

§u(z) < T6,(x + 1) (24)
and
§a(x) < 136, (x + 2h). (25)
If 6,(x) < h < min(L,1 = 2), then
Sulx 4+ h) < 3h (26)
and
§u( +2h) < 4h . (27)

Proof of Lemma 4.1: We show here (25) and (27). For (24) und (26) compare also [13].
a) If v1—22<12/n, then

1 — 22 1
2

—_

<5 i35 (et2m) .

n n

3

If v1—22>12/n, then

V1—22 12 V19— 22 1 — a2
4+ =<2 < e
n

n2

h < () <

n

This, together with x + 2h <1 gives
(x4 2Rh)2h < 1 — (x4 2h)*.

For # > 0 we write

(x 4 2h)2h : - ﬁ—(m—l—Zh)z.

1 — (x4 2h)

Using the mean value theorem and (v/1 — 22)"” > 0 we obtain

N Sy prars 73 FRP Gl 0L wy o TS T

1 — (x + 2h)?

Hence

VI =22 < 2y/1 — ( +2h)?,

which proves (25).
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b) From the assumptions for (27) we have

4
1 — 2% < h*n? and — < 4h,
n2

which implies 1 — 2% + 4h < 5h*n?. Therefore, we conclude from
1 — (z+2h)* <1 — 2%+ 4h < 5h*n?
that
1 — (x + 2h)? < 3hn.

With 1/n* < I we obtain immediately (27). ]

Now we are able to prove the Bernstein-type inequality.

Proof of Theorem 3.2:
(1) With the assumption (14) we obtain from (1) in Theorem 2.1 that

M < Y Cllsa) et
k=0 k=0

< zr: Cpk-m-«
k=0

S Opr—m—e

(i1) To estimate the Holder term it is sufficient to consider ¢ = 2. Let us fix z € [—1,1].
Here we distinguish between h > 4, () and 0 < h < 4,(x).

a) Let h > §,(x). With (1) we obtain

RPIAGP ()] < R (1P ()] 20pl) (e + R+ [pl) (2 + 20))
< Oh P (8u(a)™ " 4 260(x + BT 4 (a4 2h) )
S Cnr—l—ﬁ—m—oz )

The last inequality follows directly for A > 1/n. For é,(x) < h < 1/n one has to use (26),
(27).

b) Now let 0 < h < §,(«). By the mean value theorem there exists an
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£ € [x,x + 2h] such that
WAL (o)

IA

CR* 2 ()]

n

Coux )78, (¢) o7

IA

< O, (gmreTh
< Cprtb-m-o
where we applied (25) to estimate &, (z).
To conclude the proof we form the maximum over x € .J;;, and the supremum over h. [

Proof of Theorem 3.3: We will show that a polynomial p,, which satisfies the conditions
(2), also proves Theorem 3.3.

(i) From Theorem 2.2 we have for 0 < k& < m that

|(F = p) P (@) < O8ua)"Fws(f™),6,(x)) (28)
C8u(a) N s
an—m—osz(m)H%S )

N

IA

Hence,
DN =)< O s

(i1) In order to estimate

h=F max [A](f = pa)" ()]

z€Jip

we distinguish between h > 1/n and 0 < h < 1/n.
1. For h > 1/n we simply estimate with (28) and (2) to obtain

h™F max | AL (f —pn)(r)(l'ﬂ < 4n”||(f _pn)(r)H

zEJip

< Cnr-l-ﬁ—m—osz(m)H%S )

2. If 0 < h < 1/n we consider separately the three possible cases r <m—t;r=m—1,t =2

and r = m.

a) If r <m —t, then we use (28) to obtain

IA

h=% max |AL(f = p) (@) < hPh max |AL(F — pa))(2)]

z€Jip z€Jip
Cn = (f = pa)H

S Cnr-l-ﬁ—m—osz(m)H%S )

IA
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b) Let now r = m — 1,¢ = 2. In this case, (16) implies # < 1. Then we obtain by (28) and

the mean value theorem that

IA

A= max |AL(f — pa)) ()] 20" P~ max |AL(f — pa)(2)]

z€Jen z€Jen
< 20(F = pa)™|
< O F s
c) Now let us end with the third case r = m. If ¢t < s, then (15) implies 5 = 0 and

there is nothing to prove. Hence we assume s < ¢t. Now we fix = and distinguish between

0 <h<d,(x)and d,(x) < h <1/n.

In the first case we estimate with a certain £ € [z, 2 + 2h] from the mean value theorem
BN = ) @) < CRTP(ALI™ @) + 1A (2)])

< Ch ) f las + CHP I (€))]

Then, by (2) and (3) we obtain

U E(E)] < C8u(€) wy(F1™, 6,(€)) -

Now it follows from (24) and (25) that

N

R PIALf = pa) ()] < 0P 72| f0 s + CRTTP8, () ws (£, 6,(€))
DN s + CE(E TN F™ s
= f0 s -

IA

IA

In the remaining case d,(x) < h < 1/n we conclude with the help of (26) and (27). This
gives (here only written for ¢t = 2) that

Ch(8n(2)" + 28u(x + B)” + 8l + 20) )| |as

< CRP) o

< O o

WP |AR(S = pa) ()]

IA

Taking the maximum over x € Jy, and the supremum over h the case ¢) is proved. Summa-

rizing the estimates we obtain the Jackson-type result. [

Proof of Theorem 3.4: Using a polynomial p,, satisfying the Jackson-type inequality (17)

we estimate

I = Gullrse < f = Pallese + 1pe = gullpe -
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Applying the Markov-type inequality (13) to the polynomial p, — ¢, we obtain

1f = aallesse < M = pallrge + Cr** =y = gallea
< N = pallega + CnPFE (S = pallen + 1 = gullen) -
Now we use the assumption (20) for || f — ¢, || and the Jackson-type inequality (17) for || f—pu||

in the different norms which gives immediately the desired result. Thus we have only to note

the corresponding restrictions for the parameters.

a) The Markov-type inequality (13) needs for « = 2 the conditions:

It I =r-—2, then ~ <14 3.
It l=r—1,t=1, then ~=0.
It l=r—1,t=2 then ~<g.
It I=r t=1, then ~ =0.

b) The Jackson-type inequality (17) needs for s = 2 the conditions

If r=m,t=1, then [ =0.
If r=m-1,¢t=2, then g<I1.
If l=m,u=1 ,fhen v =0.
It l=m-1,u=2, then ~<1.

These conditions are equivalently rewritten in the tabular of Theorem 3.4. [

Proof of Theorem 3.5: Again we use a polynomial p, satisfying the Jackson-type inequal-

ity (17). Following (2) from Theorem 2.2 we obtain from our assumption (22) that

(o = @u)(2)] < [(f = o) (@) + [(f = @) ()]
< O o

Applying the Bernstein-type inequality in Theorem 3.2 yields
1P = qallrge < O+ FOD

Then the Jackson-type inequality with the assumptions (15) and (16) finishes the proof,

namely

1f = anllrse < IIF = pallrge + o0 = Gallrs
S Cnr-l-ﬁ—m—osz(m)H%S ) -
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Proof of Theorem 3.6: Here we work with p, from the Jackson-type Theorem 3.3 and
with the Markov-type ineqality (13), namely

Lo (f = pullee < C* 2| Lu(f = po)llooa - (29)

Then we estimate

Hf - Lanr7ﬁ7t

IA

1 = pallrsst IEalf = Pl
Cn P f g+ Cn? 2 Lu(F = po) oo
O+ | O Cn2 2 Ll L = pl

Cr? 2072 Ly loae | f ™ las -

IN A

IA

Note that the Markov-type inequality (29) only requires the assumptions (7) and (8). [

Proof of Theorem 3.7: At first we state an easy consequence of Theorem 3.2, namely for
r+p < 2v

HQ?lzanr,ﬁ,t S Cnr—l—ﬁHan '

Combining this with the usual Markov-type inequality (13) we obtain for arbitrary r, 5 a
Markov-Bernstein-type inequality

|Qaupnllrpe < Cr7HEHEHI=21 g || (30)

Now we use a polynomial g, from the Jackson-type theorem with interpolatory conditions
(see (19)) to write

1f = Hofllrpr < A = anllrge + 1Hn(f = q0)llr o -

Hence we have only to deal with | H,(f — ¢u)]|r 3+ From
gn(2) = f(x) forx € K,

and (30) we obtain

AT HW—HZ ) G

4B (rf—20) 9n)(2;)
< OprHoEe-2 +| ZQQ—()@H
SOl A At A T N |( — Qn)(l'j)| I zn: 121l
= 1<5<n Qo (xy) : !
< CprHAmmet i)y Z 11 O s -
=1
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Here we used (6) to derive the last inequality. [
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