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34 J. Prestin; A. StosiekAfter studying the Jackson-type inequality and their so-called inverse Markov- and Markov-Bernstein-type inequalities, we apply them to estimate linear approximation processes. Inparticular, we discuss Lagrange interpolation, where it turns out that the error estimatesare not as good as \Lebesgue constant times order of best approximation". Therefore weuse also Lagrange interpolation with additional nodes near the endpoints �1 to improve theorder of convergence (compare e.g. [19], Chap. 8 and [1]).2 PreliminariesLet us start with the de�nition of the norms and spaces. As usual we denote by C[�1; 1]the Banach space of continuous functions on [�1; 1] equipped with the maximum normkfk = maxfjf(x)j : x 2 [�1; 1]g. For f 2 C[�1; 1] and x 2 Jsh = [�1; 1� sh] we write�shf(x) = sXi=0 (�1)i+s�si�f(x+ ih) :Then we say f 2 C[�1; 1] belongs to Cm;�;s (m 2 IN0 , s 2 IN and 0 � � � s) , i� theso-called H�older term kf (m)k�;s = suph>0 h�� maxx2Jsh j�shf (m)(x)jis �nite. Especially we write Cm instead of Cm;0;s. A norm in the H�older space Cm;�;s isgiven by kfkm;�;s = mXk=0 kf (k)k+ kf (m)k�;s :For 0 � � < s we de�ne separable subspaces ~Cm;�;s of Cm;�;s by the conditionlimh!0+ h�� maxx2Jsh j�shf (m)(x)j = 0 :Sometimes we will also use the modulus of continuity!s(f; �) = suph�� maxx2Jsh j�shf(x)jwith � < 2=s. Throughout the paper we will apply the following simple observations!s+r(f; �) � �r!s(f (r); �) � �s+rkf (s+r)k ;!s+r(f; �) � 2r!s(f; �) � 2r+skfk ;!s(f; �) � ��kfk�;s ;



Approximation in H�older norms with higher order di�erences 35(see e.g. [12], Chap. 3). Furthermore we abbreviate�n(x) = p1 � x2n + 1n2 :Then we have 1n2 � �n(x) � 2n :In what follows C denotes positive constants depending only on parameters of the H�olderspaces and other �xed parameters involved, but their values may be di�erent at each oc-curence. In particular, C will be independent of n; x, the functions f and polynomials pnand qn.Now let us summarize some basic results for algebraic polynomials and best approximationwhich we will need in the sequel. The set of algebraic polynomials of degree at most n willbe denoted by �n.Proposition 2.1 (A.F. Timan [20], V.K. Dzjadyk [3]) Let qn 2 �n, k 2 IN andx 2 [�1; 1]. Then jq(k)n (x)j � C�n(x)�kkqnk :Moreover, if jqn(x)j � C�n(x)pfor some p 2 IR and all x 2 [�1; 1]; thenjq(k)n (x)j � C�n(x)p�k (1)for all k 2 IN and all x 2 [�1; 1] .Proposition 2.2 (I.E. Gopengauz [6], R.M. Trigub [21]) For all f 2 Cm, s � 0there exist a polynomial qn 2 �n, such that for all x 2 [�1; 1] and for all 0 � k � mj(f � qn)(k)(x)j � C�n(x)m�k!s(f (m); �n(x)) : (2)Proposition 2.3 (Z. Ditzian, D. Jiang [2]) Let f 2 C[�1; 1] and s � 0 be given.If qn 2 �n satis�es j(f � qn)(x)j � C!s(f; �n(x)) ;then jq(s)n (x)j � C�n(x)�s!s(f; �n(x)) : (3)



36 J. Prestin; A. StosiekFurthermore we need error estimates for polynomials with additional interpolatory condi-tions. Therefore let K� = fti; si ; 1 � i � �g (K0 = ;)a set of nodes with�1 � t1 � : : : � t� � �1 + Cn�2 ; 1� Cn�2 � s� � : : : � s1 � 1 :and Q2�(x) = ( 1 for � = 0 ;Q�i=1(x� ti)(x� si) for � > 0 :Proposition 2.4 (A.A. Privalov [15], see also [10]) Let m; s 2 IN , n � s+m�1,m � 2� � 1, 0 � k � m and f 2 Cm. Then there exists a polynomial qn 2 �n such thatj(f � qn)(k)(x)j � C�n(x)m�k!s(f (m); �n(x)) for all x 2 [�1; 1] (4)and qn(x) = f(x) for all x 2 K� :The points from K� may coalesce, in which case one also interpolates at the coalescent pointa number of derivatives one less than the multiplicity of coalescence.One can easily summarize these estimates to the following result.Corollary 2.1 Let m; s 2 IN , n � s+m� 1, m � 2� and f 2 Cm. Then there existsa polynomial pn 2 �n such thatpn(x) = f(x) for all x 2 K� :Furthermore, for all x 2 [�1; 1] and for all 0 � k � m; m+ s � j,jp(j)n (x)j � C�n(x)m�j!s(f (m); �n(x)) (5)and j(f � pn)(x)j � CjQ2�(x)jn�m!s(f (m); �n(x)) : (6)Proof of the Corollary 2.1: Starting with the polynomial from Proposition 2.4 we obtainby the Proposition 2.3 and the triangular inequality immediately (5). To prove (6) one canfollow the ideas in [1] and [10], i.e. one has to apply Rolle's theorem.



Approximation in H�older norms with higher order di�erences 373 Main resultsIn our theorems we compare norms k�km;�;s and k�kr;�;t with \small" r+� and \large" m+�.More exactly, we assume in the sequelr;m 2 IN0; s; t 2 f1; 2g; 0 � � � s; 0 � � � t; (7)r � m and r + � � m+ � : (8)Our �rst result is an inequality of Markov-type.Theorem 3.1 Let (7) and (8) be satis�ed. For t = 2 we further assume:If r = m� 2; then � � 1 + �: (9)If r = m� 1 and s = 1; then � = 0: (10)If r = m� 1 and s = 2; then � � �: (11)If r = m and s = 1; then � = 0: (12)Then for all pn 2 �n the estimatekpnkm;�;s � Cn2(m+��r��)kpnkr;�;t (13)is satis�ed.The conditions (9)-(12) and analogous conditions in the next theorems seem to be verytechnical. But the observation !2(p1; �) = 0 for all p1 2 �1 shows that in general one cannotavoid these conditions.Supplementary to the global Markov-type inequality we give also a local Bernstein-typeinequality.Theorem 3.2 Let (7) and (8) be satis�ed and let pn 2 �n. Ifjpn(x)j � �n(x)m+� for all x 2 [�1; 1] ; (14)then kpnkr;�;t � Cnr+��m�� :Now we state the direct approximation result, namely the so-called Jackson-type inequalityon best approximation.



38 J. Prestin; A. StosiekTheorem 3.3 Let (7) and (8) be satis�ed. For s = 2 we further assume:If r = m and t = 1; then � = 0: (15)If r = m� 1 and t = 2; then � � 1: (16)Then for arbitrary f 2 Cm;�;s there exists a polynomial pn 2 �n withkf � pnkr;�;t � Cnr+��m��kf (m)k�;s : (17)In particular, for f 2 ~Cm;�;s; 0 � � < s, the polynomial pn satis�eskf � pnkr;�;t = o(nr+��m��) n!1 : (18)Such a \small-o"{ result as in (18) can be obtained for all of the following approximationtheorems. For shortness we do not repeat them.Note that we can use in the proof of Theorem 3.3 the polynomial pn from Proposition2.2. Hence, for �xed f 2 Cm;�;s the same polynomial pn gives (17)-(18) simultaneouslyfor all r; �; t, satisfying (7)-(8) and (15)-(16). Moreover, we can also use the polynomialconstructed by A.A. Privalov (see Proposition 2.4 and Corollary 2.1). Hence we obtain withthe assumptions of Theorem 3.3 and for su�ciently large n the following extension of aJackson-type inequality with 2� (2� � m+ 1) interpolatory conditionsinffkf � qnkr;�;t; qn 2 �n; f(x) = qn(x) for x 2 K�g � Cnr+��m��kf (m)k�;s : (19)Also of particular interest are approximation results in H�older norms with large parametersif one knows error estimates in H�older norms with small paramters.Theorem 3.4 Together with (7) and (8) let ` 2 IN0 , u 2 f1; 2g , 0 � 
 � u, ` � r and` + 
 � r + � be satis�ed. Furthermore we impose the following restrictions summarized inthe following tabular: u s t assumptions2 2 2 if ` = r � 2, then 
 � 1 + �if ` = r � 1, then 
 � maxf1; �gif r = m� 1, then � � 12 2 1 if ` = r � 2, then 
 � 1 + �if ` � r � 1, then 
 = 0if r = m, then � = 0



Approximation in H�older norms with higher order di�erences 39u s t assumptions2 1 2 if ` = r � 2, then 
 � 1 + �if ` = r � 1, then 
 � �2 1 1 if ` = r � 2, then 
 � 1 + �if ` � r � 1, then 
 = 01 2 2 if r = m� 1, then � � 1if ` = m, then 
 = 01 2 1 if r = m, then � = 0Now let f 2 Cm;�;s and qn 2 �n be given such thatkf � qnk`;
;u � Cn`+
�m��kf (m)k�;s : (20)Then we obtain kf � qnkr;�;t � Cn2r+2��`�
�m��kf (m)k�;s : (21)The convergence order in (21) can be improved by assuming Bernstein-type conditions.Theorem 3.5 Let (7) and (8) be satis�ed. For s = 2 we further assume (15) and (16).Now let f 2 Cm;�;s and qn 2 �n be given such thatj(f � qn)(x)j � C�n(x)m+�kf (m)k�;s for all x 2 [�1; 1] : (22)Then kf � qnkr;�;t � Cnr+��m��kf (m)k�;s :We will end this section with the application of these results to linear approximation pro-cesses. Let us focus on Lagrange interpolation.For n distinct nodes �1 � xn < xn�1 < : : : < x1 � 1 we de�ne the Lagrange interpolationpolynomial Lnf 2 �n�1 of a given function f 2 C[�1; 1] byLnf(xk) = f(xk) for k = 1; : : : ; n :With the Lebesgue fundamental functions `k 2 �n�1 we have the well-known representationLnf(x) = nXk=1 f(xk)`k(x)with the operator norm kLnkC!C = k nXk=1 j`kj k :From the Jackson-type theorem and the Markov-type theorem we easily obtain the followingapproximation result.



40 J. Prestin; A. StosiekTheorem 3.6 Let (7) and (8) be satis�ed. For s = 2 we further assume (15) and (16).If f 2 Cm;�;s, then kf � Lnfkr;�;t � CkLnkC!C n2r+2��m��kf (m)k�;s :The approximation order n2r+2��m�� cannot be improved in general (see e.g. [18]). How-ever, we can modify the interpolation process by choosing additional nodes near �1. Thenone can achieve a better order of approximation. This is discussed for the simultaneousapproximation of derivatives in a series of papers (see e.g. [19], Chap. 8, and the literaturecited there). Here we obtain the results for H�older norms with higher di�erences.Therefore, we de�ne the Lagrange-Hermite polynomial Hnf 2 �n+2��1 by Hnf(x) = f(x)for x = xk; k = 1; :::; n and x 2 K� . As in Proposition 2.4 we allow coalescent points inK� which means interpolation of derivatives. Now the improved approximation result forLagrange interpolation with additional nodes near �1 reads as follows.Theorem 3.7 Let (7){(8) be satis�ed. For s = 2 we further assume (15) and (16).Then for arbitrary f 2 Cm;�;sk(f �Hnf)(x)kr;�;t � Cnr+��m��+(r+��2�)+kLnkC!Ckf (m)k�;s :The constant C depends here also on K� , but is clearly independent on n and f . With (a)+we denote as usual the truncated power max(0; a).4 ProofsIn the next proofs we have to estimate H�older norms. Therefore it is natural to split theproofs into two parts. In (i) we consider the sum of the norms of the derivatives. The H�olderterm which turns out to be the main part is discussed in (ii).Proof of Theorem 3.1:(i) At �rst we consider a single derivative of pn. From (4) we conclude that there exists apolynomial qn 2 �n such that for all r � 0j(pn � qn)(r)(x)j � C!t(p(r)n ; �n(x))� C�n(x)�kp(r)n k�;t :Then, for all k � 0 by Theorem 2.1j(pn � qn)(r+k)(x)j � C�n(x)��kkp(r)n k�;t :



Approximation in H�older norms with higher order di�erences 41Furthermore, for t � k we have from (5)jq(r+k)n (x)j � C�n(x)�k!t(p(r)n ; �n(x))� C�n(x)��kkp(r)n k�;t :Hence, for t � k we obtain jp(r+k)n (x)j � C�n(x)��kkp(r)n k�;t ;and in particular kp(r+k)n k � Cn2(k��)kp(r)n k�;t : (23)Now we have to sum up the norms of the derivatives. Easily we concludemXk=0 kp(k)n k � kpnkr;�;t + mXk=r+1 kp(k)n k :Therefore it is nothing to prove for r = m. For r < m we apply the classical inequality ofMarkov and (23) which givesmXk=r+1 kp(k)n k � kp(r+1)n k+ Cn2(m�r�2)kp(r+2)n k� kp(r+1)n k+ Cn2(m�r�2)n2(2��)kp(r)n k�;t� Cn2(m�r��))kpnkr;�;t +( n2kp(r)n k if t = 2,n2(1��)kpnkr;�;t if t = 1 .Taking into consideration the assumptions (9) { (11) we obtain (i).(ii) Let us consider the H�older term.The main idea is to investigate the supremum over h for small and large h separately. Herewe de�ne G = fh : h > 1=n2g and H = fh : 0 < h � 1=n2g :1. For h 2 H we apply the mean value theorem and (23) for m+ s� r � t to obtainsuph2H h�� maxx2Jsh j�shp(m)n (x)j � Chs��kp(m+s)n k� Cn2(��s)n2(m+s�r��)kp(r)n k�;t� Cn2(m+��r��)kpnkr;�;t :



42 J. Prestin; A. StosiekOnly in the case (12), namely m+ s� r < t, we modify this argument tosuph2H h��maxx2Jh j�1hp(m)n (x)j � h1��kp(m+1)n k� Cn2h1��kp(m)n k� Cn2�kp(m)n k :2. Let now h 2 G. For r � m� t we argue again with (23) to obtainsuph2G h�� maxx2Jsh j�shp(m)n (x)j � 4n2�kp(m)n k� 4n2�Cn2(m�r��)kp(r)n k�;t� Cn2(m+��r��)kp(r)n k�;t :Now we have only to deal with three remaining cases r > m� t.a) For s � t; r = m we writesuph2G h�� maxx2Jsh j�shp(m)n (x)j � suph2G 2h�� maxx2Jth j�thp(m)n (x)j� suph2G 2h���kp(r)n k�;t� Cn2(���)kp(r)n k�;t :b) For t = 2; s = 1; r = m we use the condition (12) to writesuph2G h��maxx2Jh j�1hp(m)n (x)j � Cn2�kp(m)n k :c) For t = 2; r = m� 1, with the conditions (10) and (11), respectively, we concludesuph2G h�� maxx2J2h j�2hp(m)n (x)j � suph2GCh��n2 maxx2J2h j�2hp(m�1)n (x)j� Cn2��2�+2kp(r)n k�;2and suph2G h��maxx2Jh j�1hp(m)n (x)j � Cn2�n2kp(m�1)n k :Summarizing the estimates we obtain for the H�older norm the inequality (17) which concludesthe proof.For the proof of Theorem 3.2 we need the following preliminary result.



Approximation in H�older norms with higher order di�erences 43Lemma 4.1 Let x; x+ h; x+ 2h 2 [�1; 1]. If 0 < h � min(�n(x); 1� x), then�n(x) � 7�n(x+ h) (24)and �n(x) � 13�n(x+ 2h) : (25)If �n(x) < h < min( 1n ; 1� x), then �n(x+ h) < 3h (26)and �n(x+ 2h) < 4h : (27)Proof of Lemma 4.1: We show here (25) and (27). For (24) und (26) compare also [13].a) If p1� x2 � 12=n; then�n(x) = p1� x2n + 1n2 � 13n2 � 13 �n(x+ 2h) :If p1 � x2 > 12=n , thenh < �n(x) < p1 � x2n + 12n2 < 2p1� x2n < 1� x26 :This, together with x+ 2h � 1 gives(x+ 2h)2h < 1 � (x+ 2h)2 :For x � 0 we write (x+ 2h)2hp1� (x+ 2h)2 <p1 � (x+ 2h)2 :Using the mean value theorem and (p1 � x2)00 � 0 we obtainp1� x2 �p1� (x+ 2h)2 < (x+ 2h)2hp1� (x+ 2h)2 <p1 � (x+ 2h)2 :Hence p1� x2 < 2p1 � (x+ 2h)2 ;which proves (25).



44 J. Prestin; A. Stosiekb) From the assumptions for (27) we have1� x2 < h2n2 and 4n2 < 4h ;which implies 1 � x2 + 4h < 5h2n2. Therefore, we conclude from1 � (x+ 2h)2 < 1 � x2 + 4h < 5h2n2that p1� (x+ 2h)2 < 3hn:With 1=n2 < h we obtain immediately (27).Now we are able to prove the Bernstein-type inequality.Proof of Theorem 3.2:(i) With the assumption (14) we obtain from (1) in Theorem 2.1 thatrXk=0 kp(k)n k � rXk=0 Ck�nk(m+��k)� rXk=0 Cnk�m��� Cnr�m�� :(ii) To estimate the H�older term it is su�cient to consider t = 2. Let us �x x 2 [�1; 1].Here we distinguish between h > �n(x) and 0 < h � �n(x).a) Let h > �n(x). With (1) we obtainh��j�2hp(r)n (x)j � h��(jp(r)n (x)j+ 2jp(r)n (x+ h)j+ jp(r)n (x+ 2h)j)� Ch��(�n(x)m+��r + 2�n(x+ h)m+��r + �n(x+ 2h)m+��r)� Cnr+��m�� :The last inequality follows directly for h � 1=n. For �n(x) < h < 1=n one has to use (26),(27).b) Now let 0 < h � �n(x). By the mean value theorem there exists an



Approximation in H�older norms with higher order di�erences 45� 2 [x; x+ 2h] such thath��j�2hp(r)n (x)j � Ch2��jp(r+2)n (�)j� C�n(x)2���n(�)m+��r�2� C�n(�)m+��r��� Cnr+��m�� ;where we applied (25) to estimate �n(x).To conclude the proof we form the maximum over x 2 Jth and the supremum over h.Proof of Theorem 3.3: We will show that a polynomial pn, which satis�es the conditions(2), also proves Theorem 3.3.(i) From Theorem 2.2 we have for 0 � k � m thatj(f � pn)(k)(x)j � C�n(x)m�k!s(f (m); �n(x)) (28)� C�n(x)m�k+�kf (m)k�;s� Cnk�m��kf (m)k�;s :Hence, rXk=0 k(f � pn)(k)k � Cnr�m��kf (m)k�;s :(ii) In order to estimate h�� maxx2Jth j�th(f � pn)(r)(x)jwe distinguish between h > 1=n and 0 < h � 1=n.1. For h > 1=n we simply estimate with (28) and (2) to obtainh�� maxx2Jth j�th(f � pn)(r)(x)j � 4n�k(f � pn)(r)k� Cnr+��m��kf (m)k�;s :2. If 0 < h � 1=n we consider separately the three possible cases r � m� t ; r = m�1; t = 2and r = m.a) If r � m� t, then we use (28) to obtainh�� maxx2Jth j�th(f � pn)(r)(x)j � ht��h�t maxx2Jth j�th(f � pn)(r)(x)j� Cn��tk(f � pn)(r+t)k� Cnr+��m��kf (m)k�;s :



46 J. Prestin; A. Stosiekb) Let now r = m� 1; t = 2. In this case, (16) implies � � 1. Then we obtain by (28) andthe mean value theorem thath�� maxx2Jth j�th(f � pn)(r)(x)j � 2h1��h�1 maxx2Jth j�1h(f � pn)(r)(x)j� 2h1��k(f � pn)(m)k� Cn��1��kf (m)k�;s :c) Now let us end with the third case r = m. If t < s, then (15) implies � = 0 andthere is nothing to prove. Hence we assume s � t. Now we �x x and distinguish between0 < h � �n(x) and �n(x) < h � 1=n.In the �rst case we estimate with a certain � 2 [x; x+ 2h] from the mean value theoremh��j�th(f � pn)(r)(x)j � Ch��(j�shf (m)(x)j+ j�shp(r)n (x)j)� Ch���kf (m)k�;s + Chs��jp(m+s)n (�)j :Then, by (2) and (3) we obtainjp(m+s)n (�)j � C�n(�)�s!s(f (m); �n(�)) :Now it follows from (24) and (25) thath��j�th(f � pn)(r)(x)j � n���kf (m)k�;s + Chs���n(�)�s!s(f (m); �n(�))� n���kf (m)k�;s + C�n(�)���kf (m)k�;s� Cn���kf (m)k�;s :In the remaining case �n(x) < h � 1=n we conclude with the help of (26) and (27). Thisgives (here only written for t = 2) thath��j�2h(f � pn)(r)(x)j � Ch��(�n(x)� + 2�n(x+ h)� + �n(x+ 2h)�)kf (m)k�;s� Ch���kf (m)k�;s� Cn���kf (m)k�;s :Taking the maximum over x 2 Jth and the supremum over h the case c) is proved. Summa-rizing the estimates we obtain the Jackson-type result.Proof of Theorem 3.4: Using a polynomial pn satisfying the Jackson-type inequality (17)we estimate kf � qnkr;�;t � kf � pnkr;�;t + kpn � qnkr;�;t :



Approximation in H�older norms with higher order di�erences 47Applying the Markov-type inequality (13) to the polynomial pn � qn we obtainkf � qnkr;�;t � kf � pnkr;�;t + Cn2(r+��`�
)kpn � qnk`;
;u� kf � pnkr;�;t + Cn2(r+��`�
)(kf � pnk`;
;u + kf � qnk`;
;u) :Now we use the assumption (20) for kf�qnk and the Jackson-type inequality (17) for kf�pnkin the di�erent norms which gives immediately the desired result. Thus we have only to notethe corresponding restrictions for the parameters.a) The Markov-type inequality (13) needs for u = 2 the conditions:If l = r � 2; then 
 � 1 + �:If l = r � 1; t = 1; then 
 = 0:If l = r � 1; t = 2; then 
 � �:If l = r; t = 1; then 
 = 0:b) The Jackson-type inequality (17) needs for s = 2 the conditionsIf r = m; t = 1; then � = 0:If r = m� 1; t = 2; then � � 1:If l = m; u = 1 ,then 
 = 0:If l = m� 1; u = 2; then 
 � 1:These conditions are equivalently rewritten in the tabular of Theorem 3.4.Proof of Theorem 3.5: Again we use a polynomial pn satisfying the Jackson-type inequal-ity (17). Following (2) from Theorem 2.2 we obtain from our assumption (22) thatj(pn � qn)(x)j � j(f � pn)(x)j+ j(f � qn)(x)j� C�n(x)m+�kf (m)k�;s :Applying the Bernstein-type inequality in Theorem 3.2 yieldskpn � qnkr;�;t � Cnr+��m��kf (m)k�;s :Then the Jackson-type inequality with the assumptions (15) and (16) �nishes the proof,namely kf � qnkr;�;t � kf � pnkr;�;t + kpn � qnkr;�;t� Cnr+��m��kf (m)k�;s :



48 J. Prestin; A. StosiekProof of Theorem 3.6: Here we work with pn from the Jackson-type Theorem 3.3 andwith the Markov-type ineqality (13), namelykLn(f � pn)kr;�;t � Cn2r+2�kLn(f � pn)k0;0;1 : (29)Then we estimatekf � Lnfkr;�;t � kf � pnkr;�;t + kLn(f � pn)kr;�;t� Cnr+��m��kf (m)k�;s + Cn2r+2�kLn(f � pn)k0;0;1� Cnr+��m��kf (m)k�;s + Cn2r+2�kLnkC!Ckf � pnk� Cn2r+2��m��kLnkC!Ckf (m)k�;s :Note that the Markov-type inequality (29) only requires the assumptions (7) and (8).Proof of Theorem 3.7: At �rst we state an easy consequence of Theorem 3.2, namely forr + � � 2� kQ2�pnkr;�;t � Cnr+�kpnk :Combining this with the usual Markov-type inequality (13) we obtain for arbitrary r; � aMarkov-Bernstein-type inequalitykQ2�pnkr;�;t � Cnr+�+(r+��2�)+kpnk : (30)Now we use a polynomial qn from the Jackson-type theorem with interpolatory conditions(see (19)) to write kf �Hnfkr;�;t � kf � qnkr;�;t + kHn(f � qn)kr;�;t :Hence we have only to deal with kHn(f � qn)kr;�;t. Fromqn(x) = f(x) for x 2 K�and (30) we obtainkHn(f � qn)kr;�;t = k nXj=1 (f � qn)(xj) Q2�`jQ2�(xj)kr;�;t� Cnr+�+(r+��2�)+k nXj=1 (f � qn)(xj)Q2�(xj) `jk� Cnr+�+(r+��2�)+ max1�j�n j(f � qn)(xj)Q2�(xj) j k nXj=1 j`jj k� Cnr+��m��+(r+��2�)+k nXj=1 j`jj kn�m��kf (m)k�;s :
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