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2 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the spherethesizing and analyzing such data has been the motivation for the developmentof wavelets and frames on S2.More speci�cally, one assumes that data has been sampled at scattered siteson S2 from some underlying function of a given smoothness class. One nextwishes to decompose the underlying function into \high frequency" and \lowfrequency" components with the hope of further understanding various proper-ties of the function, for example location of singularities. The standard waveletparadigm of constructing spaces based on an increasing chain of lattices doesnot apply to this situation. Nevertheless, many authors [1{7,15,19,21,24] havederived various nonstationary constructions of wavelets or frames on the sphere.Such constructions fall roughly into three categories: continuous wavelet trans-forms (CWT), discrete wavelets or frames and biorthogonal wavelets using liftingtechniques. Each approach seems to have its advantages and disadvantages.The aim of this paper is to derive and analyze a general class of frames inL2(Sq) consisting of polynomials. Special emphasis is placed on deriving esti-mates for the localization properties of these frames since there are no a prioribounds on localization for nonstationary wavelets or frames. Our estimates arebased on the concepts involved in obtaining the \space-frequency uncertaintyprinciple" [15]. A key feature in our approach is the use of quadrature rulesbased on scattered sites. Thus, our constructions are \coordinate-free". In par-ticular, they avoid the latitude-longitude grids used in many other constructions,and the resulting requirement of having more data near the poles.Our work in this paper is in
uenced by [18]. Our constructions of frameswith arbitrarily high vanishing moments are motivated in part by the approachtaken in [12]. In theory, these constructions allow for the detection of singularities(of a priori unknown order) of a function sampled at scattered sites. An exampleillustrating this detection is given in Section 5.The paper is organized as follows. In Section 2, some pertinent facts con-cerning spherical harmonics will be given, the role of spherical harmonics in theconstruction of smooth kernel functions will be detailed, and quadrature rulesbased on scattered data samples will be discussed. In Section 3, the constructionof the polynomial frames will be given, while their localization properties willbe presented in Section 4. The paper concludes in Section 5 with an exampleillustrating the ability of our frames to detect high order singularities.2. Polynomials on the sphere2.1. Spherical HarmonicsLet q � 1 be an integer which will be �xed throughout the rest of this paper,and let Sq be the (surface of the) unit sphere in the Euclidean space Rq+1 , withd�q being its usual volume element. We note that the volume element is invariant



H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 3under arbitrary coordinate changes. The volume of Sq is!q := ZSq d�q = 2�(q+1)=2�((q + 1)=2) : (2.1)Corresponding to d�q, we have the inner product and Lp(Sq) norms,hf; giSq := ZSq f(x)g(x)d�q(x); (2.2)kfkSq; p :=8>><>>:�ZSq jf(x)jpd�q(x)�1=p ; if 1 � p <1;ess supt2Sq jf(t)j; if p =1: (2.3)The class of all measurable functions f : Sq ! C for which kfkSq; p < 1 will bedenoted by Lp(Sq), with the usual understanding that functions that are equalalmost everywhere are considered equal as elements of Lp(Sq). All continuouscomplex valued functions on Sq will be denoted by C(Sq).For a �xed integer ` � 0, the restriction to Sq of a homogeneous harmonicpolynomial of degree ` is called a spherical harmonic of degree `. Most of thefollowing information is based on [14] and [22, xIV.2], although we use a di�erentnotation. The class of all spherical harmonics of degree ` will be denoted byHq̀, and the class of all spherical harmonics of degree ` � n will be denotedby �qn. The spaces Hq̀'s are mutually orthogonal relative to (2.2). Of course,�qn =Lǹ=0Hq̀; and it comprises the restriction to Sq of all algebraic polynomialsin q + 1 variables of total degree not exceeding n. The dimension of Hq̀ is givenby d q̀ := dimHq̀ = 8><>: 2`+ q � 1`+ q � 1  `+ q � 1` !; if ` � 1;1; if ` = 0: (2.4)and that of �qn is Pǹ=0 d q̀. Furthermore, L2(Sq) = L2-closure�L`Hq̀	. Hence,if we choose an orthonormal basis fY`;k : k = 1; � � � ; dq̀g for each Hq̀, then the setfY`;k : ` = 0; 1; : : : and k = 1; � � � ; d q̀g is an orthonormal basis for L2(Sq). Onehas the well-known addition formula [14]:d q̀Xk=1Y`;k(x)Y`;k(y) = d q̀!qP`(q + 1;x � y); ` = 0; 1; � � � ; (2.5)where P`(q + 1;x) is the degree-` Legendre polynomial in q + 1-dimensions.The Legendre polynomials are normalized so that P`(q + 1; 1) = 1, andsatisfy the orthogonality relations [14, Lemma 10]Z 1�1 P`(q + 1;x)Pk(q + 1;x)(1 � x2) q2�1dx = !q!q�1d q̀ �`;k: (2.6)



4 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphereThey are related to the ultraspherical (Gegenbauer) polynomials P ( q�12 )` (cf. [23],[14, p. 33]), and the Jacobi polynomials, P (�;�)` , with � = � = q2 � 1, viaP ( q�12 )` (x) = `+ q � 2` !P`(q + 1;x) (q � 2); (2.7)P ( q2�1; q2�1)` (x) = `+ q2 � 1` !P`(q + 1;x): (2.8)When q = 1, the Legendre polynomials P`(2;x) coincide with the Chebyshevpolynomials T`(x); the ultraspherical polynomials P (0)` (x) = (2=`)T`(x), if ` � 1.For ` = 0, P (0)0 (x) = 1.In addition to the inner product and norms de�ned above on Sq, we will needthe following related inner product and norms for [�1; 1], with weight functionwq(x) := (1� x2) q2�1:hf; giwq := Z 1�1 f(x)g(x)wq(x)dx; (2.9)kfkwq; p :=8>><>>:�Z 1�1 jf(x)jpwq(x)dx�1=p ; if 1 � p <1;ess supx2[�1;1] jf(x)j; if p =1: (2.10)2.2. QuadratureIn this subsection, we review certain facts about polynomials which will beutilized often in the sequel.Let C be a �nite set of distinct points on Sq. The mesh norm of C is de�nedto be �C := supx2Sqdist(x; C): (2.11)The following theorem summarizes the quadrature formula ((2.12) below)given in [9]. In the sequel, we adopt the following convention regarding con-stants. The letters c; c1; � � � will denote positive constants depending only on thedimension q, and the di�erent norms involved in the formula. Their value will bedi�erent at di�erent occurrences, even within the same formula. The expressionA � B will mean cA � B � c1A.



H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 5Theorem 2.1. There exist constants �q and Nq with the following property. LetC be a �nite set of distinct points on Sq, and n be an integer withNq � n � �q��1C .Then there exist nonnegative weights, fa�g�2C , such that for every P 2 �qn,1!q ZSq P (x)d�q(x) =X�2C a�P (�): (2.12)Further, jf� : a� 6= 0gj � nq � dim(�qn): (2.13)In [9], we have discussed algorithms to compute a�.2.3. Ces�aro meansIf f 2 L1(Sq), ` � 0 is an integer, 1 � k � dq̀ is an integer, we writef̂(`; k) := ZSq f(x)Y`;k(x)d�q(x);and P`(f) := dq̀Xk=1 f̂(`; k)Y`;k: (2.14)For integers k � 0 and n � 0, we de�ne the Ces�aro (C; k) means, �[k]n (f), of theseries PP`(f) bys[k]n (f) := nX̀=0 n� `+ kk !P`(f); �[k]n (f) := ( n+ kk !)�1 s[k]n (f): (2.15)We observe that s[0]n (f) = Proj�qn(f), and de�ne s[�1]n (f) := Pn(f):Theorem 2.2. Let 1 � p � 1, f 2 Lp(Sq), and kq be the smallest integergreater than (q � 1)=2. Thensupn�0 k�[kq ]n (f)kSq;p � ckfkSq;p: (2.16)Proof. The estimate (2.16) is well known in the case p =1 [23, x9.7(1)]. Usingthe de�nitions, it is easy to verify that�[k]n (f;x) = ZSq f(y)Kn(x � y)d�q(y)for a suitable kernel function Kn. The general result now follows from [11, The-orem 1].



6 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere3. Polynomial framesLet fNjg be an increasing sequence of numbers, with Nj ! 1 as j ! 1.Our scaling spaces are de�ned by Vj := �qNj . The wavelet spaces Wj are de�nedby Wj := fP 2 Vj+1 : ZSq P (x)R(x)d�q(x) = 0; R 2 Vjg:Note that Vj+1 = V1 � jLk=1Wk! where the spaces Wk are mutually orthogonal.In this section, we develop frames for the spaces Vj and Wj. As in [12], ourframes both for the scaling and the wavelet spaces will be of the formP gj;`P`(x �yj;`) where the fyj;`g are scattered points on the sphere. Following [12], we �ndit convenient to adopt the following notations and terminology. A matrix G willbe called a scaling matrix if gj;k 6= 0 for k = 0; � � � ; Nj , j = 0; 1; � � �, and gj;k = 0otherwise. Similarly, a matrix G will be called a frame matrix if gj;k 6= 0 fork = Nj�1 + 1; � � � ; Nj , j = 1; 2; � � �, and gj;k = 0 otherwise. We also assume thatg0;k 6= 0, k = 0; � � � ; N0 and g0;k = 0 otherwise. For an integer k and a matrix G,we de�ne the matrix G[k] byG[k]j;` = � (gj;`)k; if gj;` 6= 0,0; otherwise.We assume in the sequel that we have a sequence of scattered point sets fCjg andthe nonnegative weights fwj;�g such that the following quadrature formula holds(cf. Theorem 2.1):ZSq P (x)R(x)d�q(x) = X�2Cj wj;�P (�)R(�); P;R 2 Vj; j = 0; 1; 2; � � � : (3.1)Finally, we de�ne the kernel functions for x 2 Sq, j = 0; 1; � � �, byKj(G;x;y) := NjX̀=0 gj;` dq̀!qP`(x � y) = NjX̀=0 gj;` d q̀Xk=1Y`;k(x)Y`;k(y); (3.2)and the operators�j(G; f;x) := ZSqKj(G;x;y)f(y)d�q(y); f 2 L1(Sq): (3.3)We observe that �j(G; f;x) = NjX̀=0 gj;` d q̀Xk=1 f̂(`; k)Y`;k(x): (3.4)Thus, the operators �j may be thought of as \windowed Fourier transform" oper-ators. The following theorem gives frame bounds for the operators �j associated



H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 7with either scaling or frame matrices. An analogous theorem for the interval wasgiven in [12].Theorem 3.1. Let j � 0 be an integer, and let Cj, and fwj;�g be as in (3.1).(a) If G is a scaling matrix and P 2 Vj, then for x 2 Sq,P (x) = X�2Cj wj;��j(G;P; �)Kj(G[�1];x; �): (3.5)Moreover, with Bj;2(G) := max0�`�Nj jgj;`j; (3.6)we have the frame bounds:Bj;2(G[�1])�1kPkSq;2 � k�j(G;P )kSq;2:=8<:X�2Cj wj;�j�j(G;P; �)j29=;1=2 � Bj;2(G)kPkSq;2: (3.7)The bounds in (3.7) are exact.(b) If G is a frame matrix, j � 1, and P 2Wj�1, then for x 2 Sq,P (x) = X�2Cj wj;��j(G;P; �)Kj(G[�1];x; �): (3.8)Moreover, Bj;2(G[�1])�1kPkSq;2 � k�j(G;P )kSq;2=8<:X�2Cj wj;�j�j(G;P; �)j29=;1=2 � Bj;2(G)kPkSq;2: (3.9)The bounds in (3.9) are exact.Proof. First, we observe that if P 2 Vj, P =PNj`=0Pdq̀k=1 a`;kY`;k, then�j(G;P;x) = NjX̀=0 dq̀Xk=1 gj;`a`;kY`;k(x): (3.10)Since �j(G;P ) 2 Vj, the quadrature formula (3.1) implies thatX�2Cj wj;��j(G;P; �)Kj(G[�1];x; �)= ZSq �j(G;P;y)Kj(G[�1];x;y)d�q(y)



8 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere= NjX̀=0 dq̀Xk=1 gj;`a`;k ZSq Y`;k(y)Kj(G[�1];x;y)d�q(y)= NjX̀=0 dq̀Xk=1 gj;`a`;kg�1j;` Y`;k(x) = P (x): (3.11)This proves (3.5). In view of the quadrature formula (3.1), we see thatX�2Cj wj;�j�j(G;P; �)j2 = ZSq j�j(G;P;x)j2d�q(x):The upper bound in (3.7) now follows from (3.10) and the Parseval iden-tity. The lower bound follows from the upper bound and the fact that P =�j(G[�1]; �j(G;P )). The exactness of the bounds is clear from the proof. Thepart (b) is proved in exactly the same way.Remark 3.2. If G is a frame matrix, any function f 2 L2(Sq) has the frameexpansion 1Xj=0 X�2Cj wj;��j(G; f; �)Kj(G[�1];x; �): (3.12)Thus, the operator �j may be thought of as a continuous frame operator. Weobserve that the frame bounds are independent of q. The reconstruction anddecomposition algorithms in this case can be obtained easily using the quadratureformulas. We state these algorithms for the sake of completeness, but omit theproofs. For matrices G and H, we de�ne the matrix G � H by (G � H)j;` =gj;`hj+1;`.Theorem 3.3. Let j � 0 be an integer, G be a scaling matrix, and H be a framematrix. We have for P 2 Vj+1,�j(G;P;x) = X�2Cj+1 wj+1;��j+1(G;P; �)Kj(G �G[�1];x; �);�j(H;P;x) = X�2Cj+1 wj+1;��j+1(G;P; �)Kj(H �G[�1];x; �);�j+1(G;P;x) = X�2Cj wj;��j(G;P; �)Kj+1(G[�1] �G;x; �)+ X�2Cj+1 wj+1;��j(H;P; �)Kj+1(H [�1] �G;x; �): (3.13)In practice, we may have only samples of f at scattered data. In [9,10], wehave described certain quasi-interpolatory polynomial-valued operators de�ned



H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 9on the scattered samples of f . We may use these to get a near-best approxi-mation to f from VJ for a su�ciently large J that the data permits, and usethis approximation in place of f in (3.12). We note that the points at whichthe function is sampled need not be the same as those appearing in (3.12). Inview of these remarks, and the singularity detection applications as in [12], it isworthwhile to discuss the stability of the frame operators �j with respect to normsother than the L2-norm. Our discussion below is based on the ideas in [12] and[13], but the results are sharper compared to those in [12] because we use The-orem 2.2 as in [13], rather than the weaker results on strong (C; 1)-summabilityof Jacobi expansions as in [12].We introduce the forward di�erence operator �q for a sequence fajg1j=0 by�aj := �1aj := aj+1 � aj ; �qaj = �(�q�1aj); q = 2; 3; � � � ; j = 0; 1; 2; � � � :When we apply the forward di�erence operator to a multiply indexed sequence,we will write in the subscript the index to which it is applied. Thus, for example,we write �`gj;` = gj;`+1 � gj;`, etc. For a matrix G, we de�neBq;j;1(G) := X̀ `kq j�kq+1` gj;`j; (3.14)where kq is the smallest integer greater than (q � 1)=2 (cf. Theorem 2.2). Wefurther de�neBq;j;p(G) = 8<:B2=pj;2 Bq;j;1(G)1�2=p; if 2 � p � 1,B2�2=pj;2 Bq;j;1(G)2=p�1; if 1 � p � 2. (3.15)Theorem 3.4. Let j � 0 be an integer, and 1 � p � 1. For a scaling (respec-tively frame) matrix G and P 2 Vj (respectively P 2Wj�1), there are constantsc1 > 0 and c2 > 0 such thatc1Bq;j;p(G[�1])�1kPkSq;p � k�j(G;P )kSq;p � c2Bq;j;pkPkSq;p: (3.16)Proof. We consider the case when G is a scaling matrix. The proof for the casewhen G is a frame matrix is the same. We observe that gj;` = 0 if ` � Nj + 1,and hence, for f 2 L1(Sq),�j(G; f) = NjX̀=0 gj;`P`(f) = 1X̀=0 gj;`s[�1]` (f): (3.17)



10 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphereFurther, it is well known [25, Formula III(1.12)] that s[k]` (f)�s[k]`�1(f) = s[k�1]` (f),` � 1 and k � �1. We de�ne s[k]` = 0 for ` < 0 and k � �1. Then a repeatedsummation by parts in (3.17) yields�j(G; f) = (�1)kq+1 1X̀=0 ��kq+1` gj;`� s[kq]` (f): (3.18)In view of Theorem 2.2, this implies that for f 2 L1(Sq),k�j(G; f)kSq;1 � cBq;j;1kfkSq;1: (3.19)In view of (3.7), and the fact that �j(G; f) = �j(G;ProjVj (f)), we conclude thatk�j(G; f)kSq;2 � Bj;2kfkSq;2; f 2 L2(Sq): (3.20)An application of Riesz-Thorin interpolation theorem now givesk�j(G; f)kSq;p � cBq;j;pkfkSq;p; f 2 Lp(Sq);in the case 2 � p � 1. The same estimate holds for 1 � p � 2 by duality (cf.[11]). This proves the upper bound in (3.16). The lower bound follows from theobservation that P = �j(G[�1]; �j(G;P )) for all P 2 Vj .4. LocalizationIn this section, we examine the question of space-frequency localization ofthe kernelsKj(G;x;y), where G is either a scaling or frame matrix. The questionof space-frequency localization is important for any nonstationary MRA as is thecase on the sphere.Before discussing the question theoretically, we �rst provide a few numericalexamples to illustrate the space localization. First, we observe that Kj(G;x;y)is a function of x � y alone; i.e.,Kj(G;x;y) = Kj(G;x � y) := NjX̀=0 gj;` dq̀!qP`(x � y): (4.1)Therefore, Kj(G;x;y) is localized near y if and only if Kj(G; t) is localized near1. Let �j(G) := maxx2[�1;1] jKj(G;x)j. In Figure 1, we illustrate the graph ofKj(G; t)=�j(G) near t = 1 (left) and away from t = 1 (right), in the case whenq = 2. The values gj;` are the sampled values on the interval [0; 1] of a cardinalB-spline of order s, supported on [1=2; 1]. We take Nj = 64. The solid linerepresents the case s = 1, which corresponds to the constructions in the papersof Potts, Steidl, and Tasche [17,18], and the dashed line corresponds to s = 3.In Figure 2, we illustrate the curious phenomenon that the localization in-creases with the dimension of the sphere. We use for gj;`'s the sampled valuesof a cardinal B-spline of order 5, supported on [1=2; 1], Nj = 64, and plot the
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Figure 1. The graph of Kj(G; t)=�j(G) for di�erent G: (left) Near t = 1, (right) away fromt = 1. Solid line is for s = 1, dashed line for s = 3.graph of Kj(G; t)=�j(G) near t = 1 (left) and away from t = 1 (right), for variousvalues of q.
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Figure 2. The graph of Kj(G; t) for di�erent dimensions : (left) Near t = 1, (right) away fromt = 1. The solid line is for q = 2, the dashed line for q = 6.Next, we discuss the question of localization from a theoretical point ofview. Without loss of generality, we may assume that y = eq+1 := (0; � � � ; 0; 1).Following [15], we may measure the frequency localization of Kj byvarF (G; j) := ( 1X̀=0 jg`;kj2dq̀)�1 1X̀=0 `(`+ q � 1)jg`;kj2dq̀: (4.2)Obviously, we have the estimatevarF (G; j) � cN2j : (4.3)



12 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphereA measurement for space localization is de�ned by the expression varS(G; j) asin the following formula (4.5). LetT (G; j) := kKj(G; �; eq+1)k�2Sq;2 ZSq xjKj(G;x; eq+1)j2d�q(x): (4.4)Then we de�ne (cf. [15]) varS(G; j) := 1� kT (G; j)k2kT (G; j)k2 ; (4.5)where kT (G; j)k is the Euclidean norm of the q + 1-dimensional vector T (G; j).In the case when q = 2, it is proved in [15] that varS(G; j)varF (G; j) � 1 for allscaling or frame matrices G and integer j � 0. R�osler and Voit [20] have recentlyshown that the lower bound of 1 is sharp. In the following theorem, we give somesu�cient conditions on a frame matrix G to ensure that varS(G; j)varF (G; j) � c.Theorem 4.1. Let G be a frame matrix, andfj;` := gj;`(dq̀=!q)1=2( 1X̀=0 jgj;`j2(dq̀=!q))�1=2 ; j = 0; 1; � � � ; ` = 0; 1; � � � :(4.6)If fj;`+1 + fj;`�12 = fj;` �1 +O(N�2j )� ; (4.7)then there exists c > 0 such thatvarS(G; j) � cN�2j�1; j = 1; 2; � � � : (4.8)Remark 4.2. Before giving a proof of Theorem 4.1, we give an example of aframe matrix G that satis�es the condition (4.7). Let Nj�1 < (1� c)Nj for someconstant c 2 (0; 1), j = 1; 2; � � �. We writegj;` := 8><>: (dq̀)�1=2 sin � `�Nj�1Nj �Nj�1 + 1! ; if Nj�1 � ` � Nj + 1, j = 1; 2; � � �,0; otherwise.It is then easy to verify that G is a frame matrix, and the condition (4.7) issatis�ed. In general, it is much easier to de�ne a matrix G that satis�es theweaker condition: fj;`+1 + fj;`�12 = fj;` +O(N�2j ): (4.9)



H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 13For example, one may take any two times continuously di�erentiable function gsuch that g(0) = g(1) = 0, and de�negj;` := 8<: (dq̀)�1=2g `�Nj�1Nj �Nj�1 + 1! ; if Nj�1 � ` � Nj + 1, j = 1; 2; � � �,0 otherwise.The following proof will show that if Nj�1 < (1� c)Nj , thenvarS(G; j) � cN�1j�1; j = 1; 2; � � � : (4.10)This is analogous to the estimate obtained in [16] for periodic wavelets and scalingfunctions.Proof of Theorem 4.1. In this proof, we write p`(t) := (dq̀!q�1=!q)1=2P`(q+1; t), so that Z 1�1 p`(t)p�(t)wq(t)dt = �`;� ; `; � = 0; 1; � � � :It is well known [23] thattp`�1(t) = �`p`(t) + �`�1p`�2(t); (4.11)where �` := s `(`+ q � 2)(2`+ q � 1)(2` + q � 3) = 12 +O((`+ 1)�2): (4.12)We also need the fact that for any f 2 L1wq [�1; 1],ZSq f(x � eq+1)d�q(x) = !q�1 Z 1�1 f(t)wq(t)dt: (4.13)First, we observe thatkKj(G; (�); eq+1)k2Sq;2 = 1X̀=0 jgj;`j2(dq̀=!q):Hence, de�ning the matrix F by Fj;` = fj;`(dq̀=!q)�1=2, we see that T (G; j) =T (F ; j) and also that kKj(F ; (�); eq+1)kSq;2 = 1. In the remainder of this proof,we write T (F ; j) := (t1; � � � ; tq+1). It is easy to verify that t� = 0, � = 1; � � � ; q.Using (4.13), we obtain thattq+1 = !�1q�1 ZSq x � eq+1 ����� 1X̀=0 fj;`p`(x � eq+1)�����2 d�q(x)= Z 1�1 t ����� 1X̀=0 fj;`p`(t)�����2wq(t)dt:



14 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphereUsing (4.11), we obtain thatt ����� 1X̀=0 fj;`p`(t)�����2= t 1X̀=0 fj;`p`(t) 1X�=0 fj;�p�(t)= 1X�=0 fj;�p�(t)! 1X̀=0 fj;`(�`+1p`+1(t) + �`p`�1(t))! :Therefore, the orthogonality relations for fp`g imply thattq+1 = 1X̀=0 (�`+1fj;`fj;`+1 + �`fj;`fj;`�1) :Using (4.12), (4.7), and the fact that fj;` = 0 if ` < Nj�1 or ` > Nj we obtaintq+1 = 1X̀=0(1 +O(`+ 1)�2)fj;`fj;`+1 + fj;`�12 = NjX`=Nj�1+1(1 +O(`+ 1)�2)f2j;`:Since P1̀=0 f2j;` = 1, we see thattq+1 = 1 +O(N�2j�1): (4.14)Consequently, kT (G; j)k = kT (F ; j)k = jtq+1j = 1 +O(N�2j�1):This leads to (4.8).In the case of the scaling matrices, we have the following theorem.Theorem 4.3. Let j � 0 be an integer, G be a scaling matrix, Xj be the largestzero of PNj+1(q + 1; �). Then kT (G; j)k � Xj ; (4.15)with equality if and only if for ` = 0; � � � ; Nj , gj;` = �jP`(q+1;Xj) for some scalar�j. In particular, with this choice of G, there is a c > 0 such that varS(G; j) �cN�2j .Proof. Let T (G; j) = (t1(G; j); � � � ; tq+1(G; j)). As in the proof of Theorem 4.1,t�(G; j) = 0 for � = 1; � � � ; q. LetP (t) := NjX̀=0 gj;`(dq̀=!q)P`(q + 1; t):



H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 15Then, using (4.13), we get as before thattq+1(G; j) = kPk�2wq ;2 Z 1�1 tjP (t)j2wq(t)dt:Consequently, supG tq+1(G; j) = supP2�1Nj kPk�2wq ;2 Z 1�1 tjP (t)j2wq(t)dt:This last expression is equal to Xj (cf. [8, Theorem 1.3.3]), with the supremumattained if P (t) = �PNj+1(q+1; t)=(t�Xj) for some scalar �. In turn, the Gaussquadrature formula for wq implies thatP (t) = 
j NjX̀=0P`(q + 1;Xj)P`(q + 1; t)=kP`(q + 1; �)k2wq ;2=�j NjX̀=0P`(q + 1;Xj)dq̀P`(q + 1; t):
5. An example { singularity detectionTo illustrate the ideas of this paper, we show how the frame operators �j (see(3.3)) can be used to detect the singularities of the (inverted) \tornado function"fy;�;r(x) := (x � y � �)r+r! :The graph of this function clearly has a singularity at y (in the sense that thegradient is not de�ned). In addition, the function is in�nitely di�erentiable exceptat the vectors D� := fx: x �y = �g, where the r-th order derivatives have a jumpdiscontinuity.The \Fourier coe�cients" f̂y;�;r can be computed easily, enabling us to usethe formula (3.4) to compute �j(G; fy;�;r;x). Indeed, let�r;�(t) := (t� �)r+r! :Using Rodrigues' formula [23, (4.3.1)], one can explicitly compute the coe�cients(cf. (2.8) and [12]):Cm;r(q;�) := Z 1� �r;�(t)Pm(q + 1; t)wq(t)dt: (5.1)



16 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphereThis gives us the formal expansion�r;�(t) = 1Xm=0 !q�1dqm!q Cm;r(q;�)Pm(q + 1; t): (5.2)Since fy;�;r(x) = �r;�(x � y), a comparison of (5.2) and (2.5) leads us tof̂y;�;r(m; k) = !q�1Cm;r(q;�)Ym;k(�): (5.3)In the important case when q = 2, one obtains (cf. (2.8))Cm;r := Cm;r(2; �) = (1� �2)r+1(m� r � 1)!2r+1m! P (r+1;r+1)m (�):Also, using the fact that �r;�(t) = (t��)�r�1;�(t), and the recurrence formulas forultraspherical polynomials [23, (4.5.1)], one can deduce the recurrence relationsCm;r = 12m+ 1(Cm�1;r�1 � Cm+1;r�1); r � 1;m � 1�Cm;0= m+ 32m+ 3Cm+1;0 + m2m+ 3Cm�1;0; m � 2;C1;0= (1� �2)2 :In our example below, we use q = 2, Nj = 64, take gj;` to be the sampledvalues on the interval [0; 1] of a �fth order cardinal B-spline supported on [1=2; 1],and compute �j(G; fe3;0:7;4). In Figure 3, we show the graph of y(t)=ymax, wherey(t) := ����� 64X̀=0 g64;`C`;4P`(t)�����4 ; t 2 [�1; 1];and ymax = maxt2[�1;1] y(t). The singularity at 0:7 is detected by the maximumof this graph.Finally, we remark that in cases where the Fourier coe�cients of f cannotbe computed or if f exists only as scattered data, quadrature rules such as givenin (3.1) can be employed.References[1] J.-P. Antoine, and P. Vandergheynst, Wavelets on the n-Sphere and Related Manifolds, J.Math. Phys., 39 (1998), 3987-4008.[2] J.-P. Antoine, and P. Vandergheynst, Wavelets on the 2-Sphere: A group theoretical ap-proach, Appl. Comput. Harmon. Anal., 7 (1999), 262-291.[3] S. Dahlke, W. Dahmen, E. Schmidt, and I. Weinrich, Multiresolution analysis on S2 andS3, Numer. Funct. Anal. Optimiz. 16 (1995), 19-41.[4] S. Dahlke and P. Maass, Continuous wavelet transforms with applications to analyzingfunctions on spheres, J. Fourier Anal. Appl., 2 (1996), 379-396.
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