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Polynomial frames on the sphere
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We introduce a class of polynomial frames suitable for analyzing data on the
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1. Introduction

Geophysical or meteorological data collected over the surface of the earth
via satellites or ground stations will invariably come from scattered sites. Syn-

* The research of this author was supported, in part, by grant DMS-9971846 from the National
Science Foundation.

** Research of these authors was sponsored by the Air Force Office of Scientific Research,
Air Force Materiel Command, USAF, under grant number F49620-98-1-0204. The U.S.
Government is authorized to reproduce and distribute reprints for Governmental purposes
notwithstanding any copyright notation thereon. The views and conclusions contained herein
are those of the authors and should not be interpreted as necessarily representing the official
policies or endorsements, either expressed or implied, of the Air Force Office of Scientific
Research or the U.S. Government. J.D.W. was also supported in part by NSF grant number
DMS-9971276.



2 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere

thesizing and analyzing such data has been the motivation for the development
of wavelets and frames on S2.

More specifically, one assumes that data has been sampled at scattered sites
on S? from some underlying function of a given smoothness class. One next
wishes to decompose the underlying function into “high frequency” and “low
frequency” components with the hope of further understanding various proper-
ties of the function, for example location of singularities. The standard wavelet
paradigm of constructing spaces based on an increasing chain of lattices does
not apply to this situation. Nevertheless, many authors [1-7,15,19,21,24] have
derived various nonstationary constructions of wavelets or frames on the sphere.
Such constructions fall roughly into three categories: continuous wavelet trans-
forms (CWT), discrete wavelets or frames and biorthogonal wavelets using lifting
techniques. Each approach seems to have its advantages and disadvantages.

The aim of this paper is to derive and analyze a general class of frames in
Ly(S7) consisting of polynomials. Special emphasis is placed on deriving esti-
mates for the localization properties of these frames since there are no a priori
bounds on localization for nonstationary wavelets or frames. Our estimates are
based on the concepts involved in obtaining the “space-frequency uncertainty
principle” [15]. A key feature in our approach is the use of quadrature rules
based on scattered sites. Thus, our constructions are “coordinate-free”. In par-
ticular, they avoid the latitude-longitude grids used in many other constructions,
and the resulting requirement of having more data near the poles.

Our work in this paper is influenced by [18]. Our constructions of frames
with arbitrarily high vanishing moments are motivated in part by the approach
taken in [12]. In theory, these constructions allow for the detection of singularities
(of a priori unknown order) of a function sampled at scattered sites. An example
illustrating this detection is given in Section 5.

The paper is organized as follows. In Section 2, some pertinent facts con-
cerning spherical harmonics will be given, the role of spherical harmonics in the
construction of smooth kernel functions will be detailed, and quadrature rules
based on scattered data samples will be discussed. In Section 3, the construction
of the polynomial frames will be given, while their localization properties will
be presented in Section 4. The paper concludes in Section 5 with an example
illustrating the ability of our frames to detect high order singularities.

2. Polynomials on the sphere
2.1. Spherical Harmonics
Let ¢ > 1 be an integer which will be fixed throughout the rest of this paper,

and let SY be the (surface of the) unit sphere in the Euclidean space R/, with
djiq being its usual volume element. We note that the volume element is invariant
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under arbitrary coordinate changes. The volume of S? is

on(a+1)/2

Y17 Je ™M T Tllg + 1)/2) 21)
Corresponding to dj,, we have the inner product and LP(S?) norms,
(f,9)s0:= f( )9(x)dq (%), (2.2)
{ [ 16pdn e} i
faq( ,if 1 <p < oo,
[ fllse,p:= ! . (2.3)
ess sup |f(t)], if p = o0.
tesSe

The class of all measurable functions f : S7 — C for which || f||se,, < co will be
denoted by LP(S?), with the usual understanding that functions that are equal
almost everywhere are considered equal as elements of LP(S?). All continuous
complex valued functions on S? will be denoted by C(S9).

For a fixed integer ¢ > 0, the restriction to S? of a homogeneous harmonic
polynomial of degree ¢ is called a spherical harmonic of degree £. Most of the
following information is based on [14] and [22, §IV.2], although we use a different
notation. The class of all spherical harmonics of degree ¢ will be denoted by
Hg, and the class of all spherical harmonics of degree ¢ < n will be denoted
by T12. The spaces H}’s are mutually orthogonal relative to (2.2). Of course,
1Y = Pj_, H{, and it comprises the restriction to S? of all algebraic polynomials
in ¢ + 1 variables of total degree not exceeding n. The dimension of Hg is given
by

20+q—1(0+qg—1)\ .
_ >
dj:=dmH] =< /4+¢-1 ( ¢ ie=1, (2.4)
1, if £=0.
and that of I1¢ is Y"j_o d{. Furthermore, L?(SY) = L?-closure{ @, H{}. Hence,
if we choose an orthonormal basis {Y;; : k =1,---,d]} for each H], then the set

{Yor : £=0,1,...and k = 1,---,d?} is an orthonormal basis for L?(S%. One
has the well-known addition formula [14]:

q

d
Zwk vak wZPE(Q+1;X'y)7 6:0717"'7 (25)
q

where Py(q + 1; ) is the degree-£ Legendre polynomial in ¢ + 1-dimensions.
The Legendre polynomials are normalized so that Py(q + 1;1) = 1, and
satisfy the orthogonality relations [14, Lemma 10]

Wy

1
/ Po(q+ 1;2)Pr(q+ 1;2)(1 — xQ)%_ldg: = 0 - (2.6)
1

q
wq 1d
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—1
They are related to the ultraspherical (Gegenbauer) polynomials Pe(qT) (cf. [23],
[14, p. 33]), and the Jacobi polynomials, P with o« = g = ¢ — 1, via

P () = <€+Z_2>Pz(q+1;$) (q>2), (2.7)
Pg(%fl’%fl)(x) = (g - % - 1) Pe(q+ 1;z). (2:8)

When ¢ = 1, the Legendre polynomials Py(2;z) coincide with the Chebyshev
polynomials Ty(z); the ultraspherical polynomials PZ(O) (x) = (2/0)Ty(x), if £ > 1.
For ¢ =0, P{"(z) = 1.

In addition to the inner product and norms defined above on S4, we will need
the following related inner product and norms for [—1, 1], with weight function

wg(z) == (1 — 22)5 1

1
(9w, = [ @g@uwy @)da, (29)
1 1/p
P {/1 |f(x)|pwq(x)dx} 1< p < oo, 210
YOPT ess sup | f(z)], if p = oo. -
z€[—1,1]

2.2. Quadrature

In this subsection, we review certain facts about polynomials which will be
utilized often in the sequel.

Let C be a finite set of distinct points on S%. The mesh norm of C is defined
to be

d¢ := sup dist(z,C). (2.11)
z€eSe

The following theorem summarizes the quadrature formula ((2.12) below)
given in [9]. In the sequel, we adopt the following convention regarding con-
stants. The letters c,cy,-- - will denote positive constants depending only on the
dimension ¢, and the different norms involved in the formula. Their value will be
different at different occurrences, even within the same formula. The expression
A ~ B will mean cA < B < ¢ A.
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Theorem 2.1. There exist constants a, and N, with the following property. Let
C be a finite set of distinct points on SY, and n be an integer with V, <n < aq5gl.
Then there exist nonnegative weights, {a¢ }¢cc, such that for every P € IIZ,

1

L[ Px)dugx) = 3 acP(©). (2.12)
Wq 81 ¢ec

Further,
{¢ = ag # 0} ~ n? ~ dim(IIY). (2.13)

In [9], we have discussed algorithms to compute ag.

2.3. Cesaro means

If f € L'(SY, £ >0 is an integer, 1 < k < d{ is an integer, we write

~ [ ——

f,k) == g f(%)Yer(x)dpg(x),
and
d
Po(f) ==Y f(&, k)Y (2.14)
k=1

For integers k > 0 and n > 0, we define the Cesaro (C, k) means, a,[zk}(f), of the
series Y Py(f) by

(n—Ll+k n+k\|
s () :=Z< . )Pe(f), () ={< i )} sal(f). (2.15)
=0

We observe that si (f) = Projy (f), and define sh, 1(f) := Pu(f).

Theorem 2.2. Let 1 < p < oo, f € LP(SY), and k; be the smallest integer
greater than (¢ — 1)/2. Then

sup |01 (f) lso,p < ell fllsap- (2.16)
n>0

Proof. The estimate (2.16) is well known in the case p = oo [23, §9.7(1)]. Using
the definitions, it is easy to verify that

o) = [ 1)K ¥)dig(y)

for a suitable kernel function K. The general result now follows from [11, The-
orem 1]. O
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3. Polynomial frames

Let {N;} be an increasing sequence of numbers, with N; — oo as j — oo.
Our scaling spaces are defined by V; := H']]Vj. The wavelet spaces W; are defined

by

W= {PeVi, : /SqP(x)R(x)d,uq(x) —0, ReVh

J
Note that V11 =V, & (@ Wk> where the spaces Wy, are mutually orthogonal.
k=1

In this section, we develop frames for the spaces V; and W;. As in [12], our
frames both for the scaling and the wavelet spaces will be of the form )~ g; /P (x-
yje) where the {y;,} are scattered points on the sphere. Following [12], we find
it convenient to adopt the following notations and terminology A matrix G will
be called a scaling matriz if g; # 0 for k =0,---,N;, j =0,1,---, and g;, =0
otherwise. Slmllarly, a matrix G will be called a fmme matriz if g;;, # 0 for
k=N; 1+1,- Nj, J=1,2,---, and g;; = 0 otherwise. We also assume that
gor 70, k= 0 -, Ny and gg = 0 otherwise. For an integer £ and a matrix G,

we define the matrix GI¥ by
G[k} — { (gj,f)k7 if gj.e 7é 07

gt 0, otherwise.

We assume in the sequel that we have a sequence of scattered point sets {C;} and
the nonnegative weights {w; ¢} such that the following quadrature formula holds
(cf. Theorem 2.1):

P(x)R(x)dpq(x) = > w;eP(&)R(E), P,ReV;, j=0,1,2,---. (3.1)
S¢ ¢ec;

Finally, we define the kernel functions for x € S9, j = 0, 1,---, by

& :
K;(G;x,y) Zgg,é—Pé (x-y) ZQJ,ZZYM ) Yo (y) (3.2)
=0
and the operators

(G fx) = [ KGN Wdug(y), S ELS).  (33)

We observe that

73(Gs f,%) Zgﬂzfekm (3.4)
=0

Thus, the operators 7; may be thought of as “windowed Fourier transform” oper-

ators. The following theorem gives frame bounds for the operators 7; associated
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with either scaling or frame matrices. An analogous theorem for the interval was
given in [12].

Theorem 3.1. Let j > 0 be an integer, and let C;, and {w; ¢} be as in (3.1).
(a) If G is a scaling matrix and P € Vj, then for x € SY,

P(x) = > wjeri(G; PO K; (G x, ). (3.5)
fECj
Moreover, with
Bj2(G) == 02%2’&- |95.¢]s (3.6)

we have the frame bounds:

Bja(G) T Pllsap < II75(G5 P)lsue

1/2
= { > wielTi(G; P,5)|2} < Bj2(G)||Pllsa,2- (3.7)

fECj

The bounds in (3.7) are exact.
b) If G is a frame matrix, 7 > 1, and P € W;_;, then for x € S
( ) ) 7 ) )

P(x) = Y wjeri(G; PO K; (G x,€). (3.8)
£ec;

Moreover,

Bja(GU ) HIPllsaz < [I75(G5 P) s

1/2
= { > wj,slTj(G;P,£)|2} < Bja2(G)||Pllsa2- (3.9)

fECj

The bounds in (3.9) are exact.

. . ; d?
Proof. First, we observe that if P € Vj, P = zé\f:]o ey aekYek, then

N; df

7;(G; P,x) = Z Z 950001 Y7 1 (X). (3.10)
=0 k=1

Since 7;(G; P) € V;, the quadrature formula (3.1) implies that

3" wjeri (G P 6K (G %, €)
fECj

= [ (G Py (G i )y (v)
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N; d}
_ZZ%NM/ Vo i () K5 (GU Y x, y)dpg (y)

=0k=1

N; dj
= 9ieaekgs Yer(x) = P(x). (3.11)

£=0 k=1

This proves (3.5). In view of the quadrature formula (3.1), we see that

S wj el (G P62 / I75(G; P, )| djug ().
£eC;

The upper bound in (3.7) now follows from (3.10) and the Parseval iden-
tity. The lower bound follows from the upper bound and the fact that P =
7;(GI71;7;(G; P)). The exactness of the bounds is clear from the proof. The
part (b) is proved in exactly the same way. O

Remark 8.2. If G is a frame matrix, any function f € L2?(SY has the frame
expansion

o> wiemi(G; £, K (G x,€). (3.12)

J=0¢&€C;

Thus, the operator 7; may be thought of as a continuous frame operator. We
observe that the frame bounds are independent of q. The reconstruction and
decomposition algorithms in this case can be obtained easily using the quadrature
formulas. We state these algorithms for the sake of completeness, but omit the
proofs. For matrices G and H, we define the matrix G o H by (G o H);, =

gjehjiie-

Theorem 3.3. Let 7 > 0 be an integer, G be a scaling matrix, and H be a frame
matrix. We have for P € V1,

7;(G; P, x) Z wit1,Tj+1(G; P, E K (G o G x,¢),
el
7;(H; P, x) Z wi1Tj+1(G5 P §) K (H o G x,¢),
£€C]+1
Tj1(G Pox) = D wjeri(G; P K1 (G o Gy x,€)
£eCj
> wiremi(H; POK 1 (H™ o Gx,8). (3.13)
£eCit

In practice, we may have only samples of f at scattered data. In [9,10], we
have described certain quasi-interpolatory polynomial-valued operators defined
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on the scattered samples of f. We may use these to get a near-best approxi-
mation to f from Vj for a sufficiently large J that the data permits, and use
this approximation in place of f in (3.12). We note that the points at which
the function is sampled need not be the same as those appearing in (3.12). In
view of these remarks, and the singularity detection applications as in [12], it is
worthwhile to discuss the stability of the frame operators 7; with respect to norms
other than the L?-norm. Our discussion below is based on the ideas in [12] and
[13], but the results are sharper compared to those in [12] because we use The-
orem 2.2 as in [13], rather than the weaker results on strong (C, 1)-summability
of Jacobi expansions as in [12].

We introduce the forward difference operator A? for a sequence {a;}72, by

Aaj = Alaj = aj41 — Gy, Aqaj = A(Aq_la]‘), q = 2,3, Tty j = 0, 1,2, et

When we apply the forward difference operator to a multiply indexed sequence,
we will write in the subscript the index to which it is applied. Thus, for example,
we write Aggj e = gjo+1 — gj e, etc. For a matrix G, we define

k
Byijoo(G) 1= Z tka |Aeqﬂgj,é|a (3.14)
V4

where k, is the smallest integer greater than (¢ —1)/2 (cf. Theorem 2.2). We
further define

(3.15)

B23MPBy;5(G)/P1, if1<p<2.

(G) = By2',/2qu;j,00(G)1_2/pa if 2 <p < oo,
zip\G) =
j72

Theorem 3.4. Let j > 0 be an integer, and 1 < p < oo. For a scaling (respec-
tively frame) matrix G and P € Vj (respectively P € W;_;), there are constants
c1 > 0 and ¢co > 0 such that

Cqu;j,p(G[iu)71||P||Sq,p < ||75(G5 P)llsa,p < caBg;jpllPllsa,p- (3.16)

Proof. We consider the case when G is a scaling matrix. The proof for the case
when G is a frame matrix is the same. We observe that g;, = 0 if £ > N; + 1,
and hence, for f € L'(S9),

AQ )
(G ) =3 giPe(f) = gi0s(F). (3.17)
=0 =0
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Further, it is well known [25, Formula I11(1.12)] that sgk}(f) —sgk_}l(f) = sgk_u(f),

£ >1and k > —1. We define sgk] =0 for / < 0 and k£ > —1. Then a repeated
summation by parts in (3.17) yields

k k
73(G: f) = (—1)F Z (A g5) st (). (3.18)

In view of Theorem 2.2, this implies that for f € L*°(S9),
175(G5 F)llsa,00 < €Bgjooll f llsa,00- (3.19)

In view of (3.7), and the fact that 7;(G; f) = 7;(G; Projy, (f)), we conclude that
I175(G; Pllse2 < Bjollfllsez, € L*(SY). (3.20)

An application of Riesz-Thorin interpolation theorem now gives

175(G5 llsap < eBagpll fllsap, & LP(S7),

in the case 2 < p < oo. The same estimate holds for 1 < p < 2 by duality (cf.
[11]). This proves the upper bound in (3.16). The lower bound follows from the
observation that P = 7;(GI=!; 7;(G; P)) for all P € V. O

4. Localization

In this section, we examine the question of space-frequency localization of
the kernels K;(G;x,y), where G is either a scaling or frame matrix. The question
of space-frequency localization is important for any nonstationary MRA as is the
case on the sphere.

Before discussing the question theoretically, we first provide a few numerical
examples to illustrate the space localization. First, we observe that K;(G;x,y)
is a function of x - y alone; i.e.,

K;(Gx,y) = K;(G;x-y) Zgg, Pex y). (4.1)

Therefore, K;(G;x,y) is localized near y if and only if I;(G;t) is localized near
1. Let xj(G) := max,c[—11]|K;(G;7)|. In Figure 1, we illustrate the graph of
Kj(G;t)/kj(G) near t = 1 (left) and away from ¢ = 1 (right), in the case when
g = 2. The values g;, are the sampled values on the interval [0, 1] of a cardinal
B-spline of order s, supported on [1/2,1]. We take N; = 64. The solid line
represents the case s = 1, which corresponds to the constructions in the papers
of Potts, Steidl, and Tasche [17,18], and the dashed line corresponds to s = 3.
In Figure 2, we illustrate the curious phenomenon that the localization in-
creases with the dimension of the sphere. We use for g;,’s the sampled values
of a cardinal B-spline of order 5, supported on [1/2,1], N; = 64, and plot the
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Figure 1. The graph of K;(G;t)/k;(G) for different G: (left) Near ¢ = 1, (right) away from

t = 1. Solid line is for s = 1, dashed line for s = 3.

graph of IC;(G;t)/k;(G) near t = 1 (left) and away from ¢ = 1 (right), for various

values of q.

0.98 0.985 099 0995 1 1.005 03 031 032 033 034 035 036 037 038

Figure 2. The graph of K;(G;t) for different dimensions : (left) Near ¢ = 1, (right)
t = 1. The solid line is for ¢ = 2, the dashed line for ¢ = 6.

away from

Next, we discuss the question of localization from a theoretical point of

view. Without loss of generality, we may assume that y = e, := (0,
Following [15], we may measure the frequency localization of K; by

71 )
Zd‘é} > U+ q—1)|gel?df.
=0

o0
varp(G; j) == {Z |91£,k
£=0

Obviously, we have the estimate

varp(G;j) < ch2.

’0’1)

(4.2)
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A measurement for space localization is defined by the expression varg(G;j) as
in the following formula (4.5). Let

T(G:d) = |GG veqin) 57 [ XI5 (Gixoegin) Pag(x). (20

Then we define (cf. [15])

1| T(G; )

@ HE (4.5)

varg(G;j) =

where ||T(G;7)|| is the Euclidean norm of the ¢ + 1-dimensional vector T(G; 7).
In the case when ¢ = 2, it is proved in [15] that varg(G;j)varp(G;j) > 1 for all
scaling or frame matrices G and integer j > 0. Rosler and Voit [20] have recently
shown that the lower bound of 1 is sharp. In the following theorem, we give some
sufficient conditions on a frame matrix G to ensure that varg(G; j)varp(G;j) < c.

Theorem 4.1. Let G be a frame matrix, and

0 ~1/2
Fio = gj0(dd fwg)'/? {Z|gj,é|2(dz/wq)} , j=0,1,---, £=0,1,---

£=0
(4.6)
If
fie+1+ fio—1 _
Len Bl _ (1+0(v;2), (4.7)
then there exists ¢ > 0 such that
varg(G; j) < eN; 7, j=1,2,---. (4.8)

Remark 4.2. Before giving a proof of Theorem 4.1, we give an example of a
frame matrix G' that satisfies the condition (4.7). Let N;_; < (1 —¢)N; for some
constant ¢ € (0,1), 7 =1,2,---. We write

G0 = (dg)1/2sin<7r_—'>, if N <UL<Nj+1,5=1,2,---,

0, otherwise.

It is then easy to verify that G is a frame matrix, and the condition (4.7) is
satisfied. In general, it is much easier to define a matrix G that satisfies the
weaker condition:

Fier1 + fie—

B o). (4.9)
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For example, one may take any two times continuously differentiable function g
such that ¢(0) = g(1) = 0, and define

¢{—N;_
. Ay V2g| ——— 91 ) N, <I<N;+1,j=1,2-,
gj’e_:{(g) g NN, +1 fNj_1 <l<Nj+1,j

0 otherwise.
The following proof will show that if N;_; < (1 — ¢)Nj, then

vars(G;j) < eN; j=1,2,---. (4.10)

This is analogous to the estimate obtained in [16] for periodic wavelets and scaling
functions.

PROOF OF THEOREM 4.1. In this proof, we write py(t) := (dfw, 1/wy)"/*Pe(q +
1;t), so that

/11pz(t)pu( t)wg(t)dt = g, 0 =01,

It is well known [23] that

tpe-1(t) = pepe(t) + pr-1pe—2(t), (4.11)
where
l(l+q—2) 1 —2
= =—-4+0(¢+1 . 4.12
pe \/(2€+q—1)(2€+q—3)  HO+1) (4.12)
We also need the fact that for any f € L}Uq[—l, 1],
1
[ F6ceqndug(0) = vt [ fOug(0ar (4.13)
First, we observe that
o @]
1K5(G5 (), eq)l3a 2 = D gzl (df /wg).
=0

Hence, defining the matrix F by Fj, = f;(d}/w,)~'/?, we see that T(G;j) =
T(F;7) and also that ||K( (), eq+1)||gq 9 = 1. In the remainder of this proof,
we write T'(F'; ) := (tq,-- q+1) It is easy to verify that t, =0, v =1,---,4q.
Using (4.13), we obtain that

2
bgta :“’q_fll/S X €t ny,ﬂpé (x - eqi1)| dpg(x)
{=0
—/ wq(t)dt.
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Using (4.11), we obtain that

2
t

> Fipe(t)

(=0

=t Z fj,gpg (t) Z fj,l/pll(t)
=0 v=0

= (i fj,upu(t)> (i fielpesipesa(t) + Pepé—1(t))> :
v=0

£=0
Therefore, the orthogonality relations for {p,} imply that

o0

ter1 = D (pes1 fiefjest + pefiefie—1) -
=0

Using (4.12), (4.7), and the fact that f;, =0 if £ < N;_y or £ > N; we obtain

N,
= _ fies1+ fio— - _
ter1 = Y_(L+ O+ 1)) [ = 30 (L4 O+ 1)) f
=0 é:Nj_l-i-l
Since > p2, f]?’g =1, we see that
ter1 =14+ O(N;?). (4.14)

Consequently,
IT(G; )l = IT(F; Il = [tgs1] = 1+ O(N;Z).

This leads to (4.8). O
In the case of the scaling matrices, we have the following theorem.

Theorem 4.3. Let j > 0 be an integer, G be a scaling matrix, X; be the largest
zero of Py, 11(q +1;+). Then

IT(G; 9)Il < X, (4.15)

with equality if and only if for £ = 0,---, Nj, gj ¢ = a;Pe(q+1; X;) for some scalar
a;. In particular, with this choice of G, there is a ¢ > 0 such that varg(G;j) <
eN72.

J

Proof. Let T(G;j) = (t1(G;7), -, tq+1(G;7)). As in the proof of Theorem 4.1,
ty(G;7) =0forv=1,---,q. Let

N;

P(t) == gje(dy/wg)Pelq + 1;1).
=0
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Then, using (4.13), we get as before that

1
i (G39) = P2, [ 0P P (Bt

Consequently,

1
suptei1(Gi) = s P2 [ HP@) P, (@),
G Pel‘[}vj -1

This last expression is equal to X; (cf. [8, Theorem 1.3.3]), with the supremum
attained if P(t) = BPn;11(q+1;t)/(t — X;) for some scalar 3. In turn, the Gauss
quadrature formula for w, implies that

Nj
P(t) =7 Y Pela+1; X;)Pelq + 1;8)/|Pe(q + 1;-)[I2, o
=0
N;
=a; > Pulq+ 1;X;)djPy(q+ 1;t).
=0

5. An example — singularity detection

To illustrate the ideas of this paper, we show how the frame operators 7; (see
(3.3)) can be used to detect the singularities of the (inverted) “tornado function”

(x-y—a)}
7l '

Ty (x) ==

The graph of this function clearly has a singularity at y (in the sense that the
gradient is not defined). In addition, the function is infinitely differentiable except
at the vectors D, := {x: x-y = a}, where the r-th order derivatives have a jump
discontinuity. .

The “Fourier coefficients” fy o, can be computed easily, enabling us to use
the formula (3.4) to compute 7;(G; fy a,r,x). Indeed, let

Tyalt) == (’5_777,0‘”

Using Rodrigues’ formula [23, (4.3.1)], one can explicitly compute the coefficients
(cf. (2.8) and [12]):

1
O (@) 1= [ Tra(®)Pmla+ 1 g (t)dt. (5.1

«a
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This gives us the formal expansion

Loty =S Yetdhe p 1;t 5.2
ra(t) = Z w mr (4 0) P (g + 15 7). (5.2)
m=0 q

Since fy ar(x) =T} o(x-y), a comparison of (5.2) and (2.5) leads us to

Fy i (m, k) = w4 1Cn,r(450) Yin 1 (@). (5.3)
In the important case when ¢ = 2, one obtains (cf. (2.8))
(1—a?)(m—r—1)!
2r+im!

Also, using the fact that 'y () = (t—a)T',_1 o (), and the recurrence formulas for
ultraspherical polynomials [23, (4.5.1)], one can deduce the recurrence relations

Pé;"Jrl,rJrl)(a)_

Crmy = Cpyr(2,0) =

1
m,r — m(cmfl,rfl - Cm+1,r71)a r>1,m>1
m+ 3 m
C og=—— —C,,_ > 2
alm,0 9+ 3 m+1,0+2m+3 m—1,0 m 2 2,
1—a?
CLOZ%.

In our example below, we use ¢ = 2, N; = 64, take g;, to be the sampled
values on the interval [0, 1] of a fifth order cardinal B-spline supported on [1/2, 1],
and compute 7;(G} fe,,0.7,4). In Figure 3, we show the graph of y(t)/ymas, Where

4
) tE[—l,l],

64

> 964,0CeaPo(t)
=0

y(t) =

and Ymaez = maxe[—1 1]y (t). The singularity at 0.7 is detected by the maximum
of this graph.

Finally, we remark that in cases where the Fourier coefficients of f cannot
be computed or if f exists only as scattered data, quadrature rules such as given
in (3.1) can be employed.

References

[1] J.-P. Antoine, and P. Vandergheynst, Wavelets on the n-Sphere and Related Manifolds, J.
Math. Phys., 39 (1998), 3987-4008.

[2] J.-P. Antoine, and P. Vandergheynst, Wavelets on the 2-Sphere: A group theoretical ap-
proach, Appl. Comput. Harmon. Anal., 7 (1999), 262-291.

[3] S. Dahlke, W. Dahmen, E. Schmidt, and I. Weinrich, Multiresolution analysis on S* and
S®, Numer. Funct. Anal. Optimiz. 16 (1995), 19-41.

[4] S. Dahlke and P. Maass, Continuous wavelet transforms with applications to analyzing
functions on spheres, J. Fourier Anal. Appl., 2 (1996), 379-396.



[5]

H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere 17

Location of Cap Detected Singularity

Detected Position -

Singularity —

Figure 3. Detection of the singularity of fe;0.7,4 at 0.7.

W. Freeden, T. Gervens, and M. Schreiner, Constructive Approrimation on the Sphere:
with Applications to Geomathematics, Clarendon Press, Oxford, 1998.

J. Gottelmann, Locally supported wavelets on manifolds with applications to the 2D sphere,
Appl. Comput. Harmon. anal., 7 (1999), 1-33.

Holschneider, M. Continuous wavelet transforms on the sphere, J. Math. Phys., 37 (1996),
4156-4165.

H. N. Mhaskar, Introduction to the theory of weighted polynomial approzimation, World
Scientific, Singapore, 1996.

H. N. Mhaskar, F. J. Narcowich, and J. D. Ward, Quadrature Formulas on Spheres Using
Scattered Data, Math. Comp., to appear.

H. N. Mhaskar, F. J. Narcowich and J. D. Ward, Approximation properties of zonal function
networks using scattered data on the sphere, Adv. Comput. Math., 11 (1999), 121-137.

H. N. Mhaskar and J. Prestin, Marcinkiewicz-Zygmund Inequalities, in: Approzimation
theory: in memory of A. K. Varma, eds. N. K. Govil, R. N. Mohapatra, Z. Nashed, A.
Sharma, and J. Szabados, Pure and Applied Mathematics, Vol. 212, Marcel Dekker, Inc.,
New York, 1998, pp. 389-403.

H. N. Mhaskar and J. Prestin, Polynomial frames for the detection of singularities, in:
Wavelet Analysis and Multiresolution Methods, Ed. Tian-Xiao He, Lecture Notes in Pure
and Applied Mathematics, Vol. 212, Marcel Dekker, Inc., New York, 2000, pp. 273-298.



18 H. Mhaskar, F. Narcowich, J. Prestin, and J. Ward / Polynomial frames on the sphere

[13] H. N. Mhaskar and J. Prestin, On a build-up polynomial frame for the detection of singu-
larities, in: Self Similar Systems, Eds. V. B. Priezzhev, V. P. Spiridonov, Joint Institute
for Nuclear Research, Dubna, Russia, 1999, pp. 98-109.

[14] C. Miiller, Spherical Harmonics, Lecture Notes in Mathematics, Vol. 17, Springer Verlag,
Berlin, 1966.

[15] F. J. Narcowich and J. D. Ward, Nonstationary wavelets on the m-sphere for scattered
data, Appl. Comput. Harmon. Anal., 3 (1996), 324-336.

[16] F. J. Narcowich and J. D. Ward, Wavelets associated with periodic basis functions, Appl.
Comput. Harmon. Anal., 3 (1996), 40-56.

[17] D. Potts, G. Steidl, and M. Tasche, Kernels of spherical harmonics and spherical frames,
in: Advanced Topics in Multivariate Approzimation, Eds. F. Fontanella, K. Jetter and P.-J.
Laurent, World Scientific, Singapore, 1996, pp. 1-15.

[18] D. Potts, G. Steidl, and M. Tasche, Fast algorithms for discrete polynomial transforms,
Math. Comp., 67 (1998), 1577-1590.

[19] D. Potts and M. Tasche, Interpolatory Wavelets on the Sphere, in Approzimation The-
ory VIII, vol. 2: Wavelets and Multilevel Approximation, Charles K. Chui and Larry L.
Schumaker, (eds.), World Scientific, Singapore, 1995, 335-342.

[20] M. Résler and M. Voit, An uncertainty principle for ultraspherical expansions”, J. Math.
Anal. Applic. 209 (1997), 624-634.

[21] P.Schréder and W. Sweldens, Efficiently representing functions on the sphere, in: Computer
Graphics Proceedings (SIGGRAPH 95), ACM Siggraph, Los Angeles, 1995, pp. 161-172.

[22] E. M. Stein and G. Weiss, Fourier analysis on Euclidean spaces, Princeton University Press,
Princeton, New Jersey, 1971.

[23] G. Szegd, Orthogonal polynomials, Amer. Math. Soc. Collog. Publ. Vol. 23, Amer. Math.
Soc., Providence, 1975.

[24] B. Torrésani, Position-frequency analysis for functions defined on spheres, Signal Process.,
43 (1995), 341-346.

[25] A. Zygmund, A remark on conjugate series, Proc. London Math. Soc., 34 (1932), 392-400.



