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Abstract

In our paper we construct a polynomial Schauder basis (pa,gn)nen, of optimal
degree with Jacobi orthogonality. A candidate for such a basis is given by the
use of some wavelet theoretical methods, which were already successful in case of
Tchebysheff and Legendre orthogonality. To prove that this sequence is in fact a
Schauder basis for C[—1,1] and as the main difficulty of the whole proof we show
the uniform boundedness of its Lebesgue constants
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1 Introduction

In this paper our main goal is to construct a Schauder basis for the Banach space
(C[=1,1],|| - ||oo) whose elements consist of algebraic polynomials, are of minimal de-
gree and orthogonal with respect to the weighted inner product (f,g)w,, = (f,9) =



f_ll f(#)g(2)wa,p(x)dz, where wap with o, 8 > —1 and max{a, 8} > —1 is the usual

Jacobi weight with
(1—2)*(1+2)? forall —1<x<1,
wa (1) = . (1)
0 otherwise

As usual we define a Schauder basis to be a sequence of functions (p,,)nen, € C[—1, 1] such
that there exists for every f € C[—1, 1] a uniquely determined sequence (¢, )nen, € R with
[ =", cnpn with respect to the || - [|-norm on [—1,1]. If, in addition, the functions
pn are polynomials, then we call the sequence (p,)nen, a polynomial Schauder basis. A
polynomial Schauder basis (p,)nen, is said to be optimal for a given € > 0 if

deg pn, < (1 +¢)n for all n € Ny,

where deg p,, denotes the degree of the polynomial p,.

Optimal polynomial bases have been an object of intensive discussions in numerical and
applied mathematics for over 100 years. For example one of the first famous but neg-
ative results was given in 1914 by Faber [3], who showed that there is no polynomial
Schauder basis (pp)nen, With deg p, = n for every n € Ny. In Ul‘yanov‘s formulation
the problem was posed again in [26], namely to find a minimal possible growth of de-
grees of polynomials forming a Schauder basis or an orthogonal Schauder basis for C|a, b].
The breakthrough in this area of research was achieved by Privalov in 1987 and 1990:
in [16] Privalov showed that for any polynomial Schauder basis (py)nen, (orthogonal or
not) there exists ¢ > 0 such that max;<, grad p; > (1 + ¢)n for all sufficiently large n.
In [17] Privalov succeeded in showing that the aforementioned result is optimal in the
sense that for any ¢ > 0 there exists a (not necessarily orthogonal) optimal polynomial
Schauder basis (p,)nen, for C[—1,1], i.e. a polynomial basis with deg p, < (1 + ¢)n for
all sufficiently large n € N. Since that time the research in this area increased rapidly
(compare for example Offin and Oskolkow in [11], Privalov in [18] and Ul‘yanov in [27]).
With these results in mind there was also progress in a more general problem, namely
to construct an optimal Schauder basis with a given orthogonality relation for the basis
functions: For the trigonometric case Cs,, Lorentz und Sahakian solved the problem in
1994 (see [8], [15]), for the algebraic case C[—1, 1] with the four Tchebysheff weights (i.e.
la| = |B] = 5 in (1)), that means in a situation rather similar to the trigonometric case,
the problem was solved by us in 1996 and 2000 in [7| and [5] respectively. In 2003 Khabi-
boulline generalized these results in [6] for the Tchebysheff weights multiplied with a Szego
weight. Lastly, in 1999 Skopina in [22], [23] and [24] and a little bit later and indepen-
dently Wozniakowski succeeded in [28] in solving the problem for the Legendre weight (i.e.
a=L=0in (1)) (and thus solving Ul‘yanov‘s problem at all), which was in some sense
the simplest non-trigonometric case for the class of Jacobi weights. Now, the main goal
of this paper is to generalize the aforementioned results to the case of Jacobi orthogonality.

The general idea is to use wavelet-like constructions which were already successful in cases
of the Tchebysheff and Legendre weights. Therefore, we look for polynomials which could



be interpreted as wavelet-like or scaling-like functions, of the form

2M

](Caﬂ) = M3 g(%) cos((3M + s)%)pﬁ?’_%ﬂ for k=0,...,2M — 1,
s=—2M
e o Gm™ g (B for k=0, N - 1,
. pE?’B) for k=N

with 0, := 2L for k = 0, ...,2M —1 and where the cos((3M +5)6y) could be interpreted as

a generalized translation and the g, g* are suitably constructed with supp g, ¢* C [—2,2]

such that single polynomial scales are introduced. Moreover, the Jacobi polynomials pga’ﬁ )

are normalized by
1
| P @ @ o) = 5.

1

and where we set Log:= L, [—1,1] with || [la,s =[] - HLia,B[‘L”‘
The principle idea of that construction consists of

1. a dyadic splitting into wavelet spaces,

2. decomposition of each wavelet space,

3. re-sorting into a new scaling space and a last wavelet packet,

4. choice of a new basis for the scaling space

and - following this plan -

5. estimation of the norms of the projection operators of the scaling spaces and the
wavelet spaces.

Compared with the trigonometric and the Tchebysheff cases we only need two window
functions ¢ and ¢ which fulfill rather strong smoothness and symmetry conditions de-

pending on the Jacobi parameter «, 5. In fact, we use only two types of functions g, g
defined by

g:R—=TR}, geven, ge Ci(R), s e Ny, (2)
supp g € [-2,2], g(0) =1, (3)
F(l+z)+¢*(1—2x)=1 foral ze€l0,1], (4)
and
0 for x < —3/2,
i) g(2x+1) for —3/2<z<-1/2,
x) =
g 1 for —1/2 <z <0,
g(x) for x > 0,

where we define C?(R) to be the space of s-times differentiable functions (s € Ny) with
compact support, such that the existence of these functions for a given degree of smooth-
ness s is clear from elementary calculus.

The first four steps of the construction in the Tchebysheff cases can be applied in a one
to one way to our case and give us a sequence (Pq g5 )nen, consisting of orthonormalized
polynomials which are already optimal in their degree (and which fulfill a certain repro-
duction condition for the polynomials in C[—1,1], see (78) in Theorem 4.1, such that
the completeness of our polynomial system is given by construction). Thus, taking into
account a standard lemma from the theory of Banach spaces to show that this sequence
is a Schauder basis for C[—1,1] is to prove the uniform boundedness of the Lebesgue



constants of (pa.gn)neng; 1-€.

< 68_2 max{a,8}—1 )

a7/3
All in all and again taking over the construction from the Tchebysheff cases, we are left
to prove the uniform boundedness of two types of Lebesgue-like constants

1
sup /
sel0,m] J—1

1
sup /
s€l0,7] J—1

where the constant A > 0 depends after the adequate choice of N, M only on the given
e. To prove (5) we approximate the Jacobi polynomials and wavelets Q,D,ia’ﬁ )(cos t) (the
strategy in case of (6) is essentially the same) by different types of well-localized trigono-
metric polynomial kernel functions, making heavy use of the relationship between Bessel
functions and hypergeometric series on the one hand and Jacobi polynomials on the other
hand as well as of certain asymptotics and integral representations for Jacobi polynomials.
Unlike in the case of Tchebysheff polynomials reducing the Jacobi polynomials to trigono-
metric polynomials is not that easy. To overcome this difficulty we cut off the integral
of integration in (5) in dependence of s in several parts and combine the aforementioned

> Papn(®)Papnl)

n=0

Supaje [=1,1),meNy

2M—1

Z wl(caﬁ)(cos s)%(:"ﬁ)(cos t)|wa,p(t)sintdt < A, (5)
k=0

N
>l (cos )il (cost) |was(t) sin tat < 4, (6)
k=0

approximating functions for the ?ﬁ,(f’ﬁ ) (cost).

The paper is organized as follows: In Section 2 we evaluate the Lebesgue-like constants of
the wavelet-like functions and prove inequality (5), in Section 3 we evaluate the Lebesgue-
like constants of the scaling-like functions and prove the inequality (6) and in Section 4
we prove the main result of our paper, Theorem 4.1.

The authors would like to thank the referees for several valuable comments and sugges-
tions.

2 Estimates for inequality (5)

The main result of this section is given in Theorem 2.5. First of all, we prove a useful
asymptotic representation for the normalization factors of the classical orthogonal Jacobi
polynomials ples )(x) and the classical orthonormal Jacobi polynomials respectively with

1
/ P (1) PO ()i 5 (2)d () = WS,

1

1
| P @ @ p(oila) = 5.
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(see |25, Chap. 4]) and

@p 2P T(a+n+ 0B +n+1)
"l (a+B+n+1)(a+B+2n+1)

(7)

(see [13, Lemma 3.4.]). From now on and for the rest of the paper we use \ := %BH



Lemma 2.1 Let o, > —% andn € N. Then

(SIS

_1
(hsf"ﬁ)) 2 =i 4enz+ 0 (n_

) (8)

and
3

(h@D) 72 . P (1) = dy - o3 4 et + O <na—§) (9)

n

for n — oo.

Proof of (8): From (7) we get

a_Lntl)

JRPR. A T(nta+1)
() 2 = cap -V (|4 0) - (10)

T(n+2X)

In case a > 0,5 > —% we get from the asymptotic [12, Chap. 4, §5]

Z —> 0

[(z+a) <= (=1)" 'b—a+mn) 1
PR B@)

I'(z+0b) nZ:O nl " (a) I'(b—a) zb-atn’

(a,b,z € Rwithb—a>0,0:=a—b+1and z+a > 0; Bg)(oz) denote the generalized
Bernoulli polynomials with the special case B(()l)(oz) =1 for all [,a € R)

o Fn+1)  — LaeayLla+1)1 2
nF(n—i—a—i—l)_l B () I(a) n+0( )
and
Jd+p+1) (1-a) lla+1)1 -
['(n+2X) R R I'(«) n+o( )

for n — oo. Taking into account a standard lemma from the theory of asymptotics

(see [12, Chap. 1, §7]) we conclude that with nara(zj;—% also n_a%w could

be asymptotically expanded and we get for the term under the square-root in (10) an
asymptotic representation of the form 1+ al}1 -+ (9(#) such that (8) is proved. The other
cases including (9) could be proved analogously. [

In the next theorem we prove some localization properties of the polynomials @/J,ia”g ) (cos@).
From now on ¢ denotes a positive constant depending only an «, 8 and g.

Theorem 2.2 Let g € CI(R) with supp g C [-2,2] and r > 2, N,M € N with N > 4M
and k=0,...,2M — 1. Then
1. fora>—%,ﬁ>—1 and 0 < 0 < 7

atl/2 g il a1
(@8) (oo )] < (ﬁ) Mt (cos g — cosh)* 2 4, (11
i eostll < e 5 /0 M9 6 (ol remg 1

2. for—%§a<0,6>—% and 0 < 0 <

N NP2 MPB*1(cos ) — cos ¢)P—>
wieonr<e () [ : 2 4. (12)
0

a+

L+ M6 — 6i]) (1 + cos6)(1 — cos o)

ISY



3. f0r04>0,ﬁ>—% and 0 < 0 <

B+1/2  pr B+1 _ g—1
W(aﬁ (cosB)|<c (ﬁ) / MP*(cos @ — cos ¢) _—_dg,
M o (1+ Ml|p— 0k])"(1+ cosf)3(1 —cos@)*(1 —cosp) =

(13)

4. fora:0,6>—% and 0 < 0 <

» N\ M (cosd — cos )
’wk (COS 9)‘ S c B—a—2 d¢7
M o (14 M|p—6x])"(1+ cosf)?(1 — cos@)*t1(1 — cos¢p) 2

5. fora:—%,ﬁzécmd()<9§§

(~1.8) M?3/?
ki 27 (cos@)| <c— / - —do, (15)
(14 M| — 0;|)"(1 — cosf)2(1 + cosf)atz

0. foroz>—%,5=—% and 0 <0 <m

N a+1/2 0 T Mot
< 1 )¢
|¢k (C089)| C(M) ( +COSQ) /g (11 M|20 — 04))"

(cos & —cos9)*™ d7.9

for—%<a<0, (16)

(1 cos )
X4 (1—cos¥)~ %O:Z))?dﬁ for a >0,
(1 —cosé)=- 1%dﬁ for a =0.

Proof of (11): Using the identity from [4, p. 208]

P(azﬁ) 6 0 B 9 Oé_%
% =dnp(1 — cos@)a/ cos ((k + \)g) - (cos ¢ — cos a)+ﬁ
Pk ’ (1) 0 (1 + cos ¢)T (17>
1 1 _
X ol ot ot ,Oz—i-ﬁ;a —;M do
2 2 2" 1+4-cos¢
for 0 < 0 < mand a > —3, where oF] is the hypergeometric function (see [2, Chap. 2|),

we get

coS ((3M + 5)0x) - cos (N — M + j)é + \o)
éR e( MO (N -M)GHAD) | 3 (6+0k) 4 oi(~BMBH(N—M)6+26) eij(asfek))

and hence

" (K76 = 0] + K37 (6 + B (cosd — cosO)* 2

9 (cos )] <
Wi (cosB)] < C/o (1 — cos6)*(1 + cos qﬁ)a%ﬁ

defining

2M .
«, j Q, i1
KG0= 3 o () e, e

j=—2M



Taking into account that
a+1/2 Mfot3/2

which could be proved in almost the same way as in [14, Lemmas 2.2., 2.3.], and that (see
[2, Theorems 2.1.1, 2.1.2 |)

sup |oFi(a,b;c;z)| < oo forall a,b,c € R with ¢>0 and ¢>a+0b (19)
<1
as well as (cos ¢ — cos0)/(1+cos¢) < 5 for 0 < ¢ <0 < 7/2, we get (11).
Proof of (12): In view of P\ (—z) = (—1)”P7(LB’O‘)(9:) we conclude from (17) after a
transformation of variable ¢ — 7 — ¢

(e.B) . B s
w = cga(l +cose)—5/ cos (k¢ — (1 — ¢)) (cosf coaﬁé
B(1) 0 (1 —cos¢) 2 (20)
at+f+1l a+p 1 cosf —cos¢
><2F1< 5 T ,5"‘27 1—cos¢ )d(b

for 0 <0 <7, o> —1and 8 > —3. With respect to (19) the proof of (12) runs along

the same lines.
Proof of (13): Applying (see |2, Theorem 2.2.5|)

oFy (a,byc;2) = (1 —2) """ 3 F) (¢ — a,c — b ¢; )

with

1 — cos
a = ,b::—a+ﬂ+ c:=a+ = andx_—cosgzﬁ o3

2 2 2 T 11 coso

to (17), we get after a transformation of variable ¢ — 7 — ¢

Pk(o"ﬁ)(cos 0) /” cos (k¢ — A(m — @) (cos 6 — cos ¢)° 2
T Ba) B —a
0

Pk(;ﬂ’a)(l) (14 cosf)?(1 — cosf)*(1 — cos ¢)BT (21)
B—a+l f—a 1 cosf —cosd
X 2F1( 5 ' o ’ﬁ—i_z’ 1 —cos¢ d¢

and with the arguments from (11) the results follow.
Proof of (14): Due to the fact (see [2, Theorem 2.1.3|) that

lim oF1(a,bya+b;z)  T(a+0)
R T S NG

for all a,b € R with a+b > 0, there exists especially for « = 0, § > —% and)<f0<op<m
a constant ¢ > 0 with

b—a+1 f—« 1 cosf —coso 1 —cos¢
F ; - | <e—. 22
2 1( 2 2 ’B+2’ 1 —cos¢ e (22)

With the same arguments from the proof of (11) we obtain (14).
Proof of (15): From trigonometric addition theorems and the identities [1, 22.7.18|

n+a+f P(oHrl,,B)(:L,) n+p (a+1,8) (33)

Prg,ayﬁ)(w) = - 2n+a—i—ﬁ n—1

2t a+pB "



and
a+1, N_M_'_]_'_CV a, a+1, N_M+] a,
Pz(vai)j(l) = o Pz(v_/j\)uj(l)a P](V——’_Mf-)j—l(l) = Q—HP}V_%J«(D
(23)
(see [13, Corollary 3.2|) we get at first
— cosB)ets
|1/)(a6 (cosf)| < c1(1 —cosf) VM / |K gzﬁﬂ:@ )|(COS¢ Cosa+)1+/32 ¢
(14 cosf)
o - 0 oty
+ ¢2(1 — cos 9)_"_1\/M/ |K2( ]\’f)w +6;)| (cos ¢ COSaqL)1+52 dg,
0 ’ (14 cos®)
where we set
2M . N+a+8
a,ﬁ j « ﬁ N j + 1
K 0) = Y o) ( —1+ M) fow—%”
j=—2M T T i
2M : : N+8 | j
(@8 gy . J (@8 N I\ Tt e
KO = 3 o, (3 -1+ L)
j=—2M M -+ M
Taking into account the fact that (see (18))
N
Ko +0) < c L i=1,2
and arguing along the lines of (11), we obtain (15).
Proof of (16): At first we apply the identity (see |1, 22.5.22])
1
Pl PP (222 — 1

a,a - o —1L
Py (1) Pl

to pg\? Ayf](cos 0). For @ > 0 we use (21) and (19) and argue analogously to (11), for
o =0 we use (21) and (22) and lastly for 0 > a > —3 we use (20) and (19). |
In the next theorem we prove some localization properties of the polynomials Q/J,ga’ﬁ ) (cos0)
by combining some asymptotics for Jacobi polynomials in terms of Bessel functions J,(x)
(for a precise definition see |2, Chap. 4.5]) or of Bessel functions in terms of trigonometric
functions.

Theorem 2.3 Let o, 5 > ——, g € CI(R) with supp g C [-2,2], N,M € N with N > 4M
and N >a++1and k=0,....2M — 1. Then for alln € N

(e,8) Iz 9~ 1 M M
e (cosb)l < ¢ (M(M@)é T ey s T (ae)E( 1 Ml — 6y 29)

for % <fh< %”. Especially for o = —%, 8> —% and 0 <60 < %W we have

N[

M
(14 M|0 — 0|)"

(_%75) -3
KU (cosO)| < ¢ + M2, (26)



Proof of (25): From [29, Theorem 1] it follows that for all o, € R with o > —1, m € N,
e>0andf e (0,7 —¢]

k
k=0 N k=1

P (cos ) — (g) h {Ja( No) mz_l aol07) 0.J. (N9) mz_l beol07) | am(f))} (27)

and
en(®)] < CnN ™ {|J(NO)] + 61 TL(NO)1 } (28)

where N 1= n + *0*L and the functions ayo(62), byo(6?) are analytic in 62 for |0] < 7.
We also take into account [2, Chap. 4.8] that for all n € N, x > 1 we have

S
—

Julw) = 2 1y @) Sl G et )

T v

+éeu(z), neN, z>1, (29)

i
[e=)

where )
5.(2)] < Canz™ "2 forall z > 1. (30)

Combining (27) for m = 2 and € = § with (29), the identities (see [2, Chap. 4.6])
ady(z) + 200 (2) = 2J,-1(2), a€C,ze C\R™,
(8) and trigonometric addition theorems, we get at first

Ky (0+61)

n—1
10\ (cos 0)] < 20 ! -+ M : +Z
M(M@)z  (MO)""= =

e e I N TR L S S R ek)\>

1
11—

N

+2 (MO)+2 M

=0

—a 1 M S ML —1-1
+ 028 1 + 1 +Z 1
M(M@)z  (MO)"*+=2 (M) 2

1=0
n—1 \K](\Z”?ilig(ﬁ — Op)| + |Kz(\j,’f)%,fzf%(9 - 9k)|>

+ T )
= (MO)+=M

where we set
M ) : 71 . Y2
witin = $(3) (1e2) (b d) e
j=—2M

Again with nearly the same arguments as in [14, Lemmas 2.2., 2.3.] we show for ¢, €
[0, 7] with ¢ # 6

N Y1+72 M
K9 0+o) <ec|—
’ M,'yl,'yg< 90)| =~cC M (1 —|—M|9 _ (PDT,

where ¢ = ¢, 5, - maxo<,<; |¢%)]|L1®) and (25) is proved.
To show (26) we use the arguments from the proof of (25), taking into account the

simplification Jfé(a:) =4/ = cosz for all z € R\ {0} and thus getting &,(z) = 0 in view
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of (30). m
From now on let
2M—1
U(s, t,a, 8, M) := Z 190" (cos s)| - 1017 (cos t)|wa g(cos t) sin .
k=0

With the identity P (2) = (=1)"P{"*(—z) we get after some computations
/ (s, b, B, M)dt — / U(s* 1, B, M)dt (31)
0 0
for all s € [Z, 7], a, B > —1, setting s* := 7 — s.

Theorem 2.4 Letr > max{2a+2,a+5+3}, g € CI(R) andsupp g C [-2,2], N, M € N
with N > 4M and k=0,...,2M — 1. Then

1. for a > —%, 8> —%
ﬁ N 2max{a,B}+1
sup / U(s,t,o, 5, M)dt < ¢ (—) , (32)
sef0,2] Jo M
2. for a, 8 > —%
T N 2max{a,5}+1
sup U(s, t,a,f,M)dt < c | — , (33)
seld.51 /3 M
3. for a, B > —%
T 2max{a,8}+1
sup U(s,t,a,f,M)dt <c (—) , (34)
sel0, 2]V 557 M
4. for a > —%, b > —%
%5 N max{a,ﬂ}—i—%
sup / U(s,t,a,f,M)dt < c|— , (35)
selir 317 o M
5 fora=—-3, 8>—1
S
sup /6 U(s, t,a,p, M)dt <c, (36)
se€f0,5]J0
6. fora=—1, 8>—1
T N 28+1
sup U(s,t,a, B, M)dt < c| — , (37)
SE[O,% %7‘( M
7. fora> -1 f=-1
T N 2max{a,5}+1
sup U(s,t,a, 5, M)dt < c (M) , (38)
sel.%]1V/ 5s
8 fora>—3, f=—3
T 2max{a,5}+1
sup / U(s, t,a,f,M)dt < c (—) . (39)
sG[O,ﬁ ﬁ M
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Proof of (32): From

-

@

ming (v+1)* (1 —x) 2 1(v+1)"2; for 0 <z <1,
“i(v4+1)2} for —1<2<0,

N

PeA ()| < c- (40)

NI
-

min 3 (v +1)% (1 +2)”

(a, 8 > —3, v € Ny) (see [25, Theorem 7.32.2]) and P = O (1) for n — oo (see [13,
Lemma 3.5.]) we conclude ‘wl(ga’ﬁ)(cost)‘ < cMEN“T2 forall 0 < t < 5. From (11) we
get in addition

ats ps a+1 _ afé
|¢’(€o¢,,8)(cos 5| < c(ﬁ) / Mt (cos ¢ — cos s) 46,
M 0 (1 —=coss)*(1+ M|p—0k])"(1+cosep) 2

Integrating and taking into account the elementary inequality

2M—1

1
Z(1+M!¢—9k\)7“§z (1+M|¢ Okl)" +Z +M|¢ Ox|)" CZ_<OO

k=0 k0, <o

for r > 2 and 0 < ¢ < 7 and the fact that w, g(cost)sint ~ 2> we get (32).
Proof of (33): Let a > 0, the proof in case of —% < a < 0 and a = 0 runs along the same

lines. At first we apply (11) to ¢\ (cos s) and (13) to ¢¥{* (cost). In view of
2%:1 ! ! < : (41)
c
(L4 Mg —0l)" (L+ M9 = 0]) = (14 Mo —9|)
(see [21, Lemma 2|),
16> (12)
and
1
s _ a=} 1 1
sup (1 — cos s)_a/ (cos ¢ — cos s) a3 2dgf) <oo, fora>-—=,>—, (43)
s€(0,3] o (1+cosgp)™ 2 2
we conclude
2M -1 a+6+1
MOo+P+2(cost — cos ¥
Z ’wk B) (cos s) w( op) (cost) ‘ / (cost — cos9)"” s dd.
(1+ M|19| (14 cost)B(1 —cost)*(1 —cost) =z
(44)

Applying the corresponding parts of the proof of [14, Theorem 2.1.], we obtain (33).
Proof of (34): In case of s € (0, 1;] we argue similarly to the proofs of (33) and especially
of (32).

Proof of (35): Applying (25) to wlia’ﬁ) (cost) for an n > o + 3/2 and showing

3g2M—1 “1,041
: (o8) M (M)~ zt* 1o
Mt) "zt ) dt <
ss?pw/az'w’f <C°SS)'<<1+M|t—ek|>r+( ) >
€lar 51V o k=0
and
352M -1 a+1/2
)M (M) "2t dt <
w3l ossmte) ()

s€lir 31V o k=0
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we get (35).

1 1
Proof of (36): Here, we apply (26) to ¢,§ 2’B)(cos s) and 1/1,(€ 2’5)(008 t) and notice (41).
Proof of (37): In case « = —3 and 1 > 3 > —1 we apply (26) to W( 2 B)(cos s)| and (12)

to |¢( ) (cos t)|, notice (41), the analog to (42) as well as the inequality

i _p(cost — cos )z
sup (1+ cost) 5—df < oo,
te[%’f n] Jt (1 — COSQ)T

In case a = —1 and 3 > 1 we apply (15) to w,(f’ﬁ)(cos s) and (12) to ( *F)(cost). As with
(44) we show first

2M -1

32 pm B+5/2 . -1
Z 10\ (cos s)| [P (cost)| < ¢ (ﬁ) / MP*572(cost — cos 1)) i
M) S (14 MJY (1 + cos )P (1 — cos )5

Q

and take over the corresponding parts of the proof of [14, Theorem 2.1.].
Proof of (38): Here we apply (16) to ¢\ (cost) and (11) to 1\ (coss). Arguing
analogously to the proof of (44), we get first

2M—1

a,—1) N oa+1 [T M?*F2 t. o
Zh/}k (coss)h,™ ' (cost)| < C(M) /; m(l+cos 5)

1
cos £ —cos¥)*™ 2
(eos g cos D) 2 4

1
O —cos o) for — 35 <a <0,

t_
Xq (1 —cosi)” %dﬁ for a > 0,

(1 —cost) 1(00?1%+51;9)d19 for =0,

taking over the corresponding arguments from the proof of [14, Theorem 2.1.|, we obtain
(36). Finally, for the proof of (39) we argue as in the proof of (34). |

Now we formulate the main result of this section.

Theorem 2.5 Let o, 3 > —% with max{c, B} > —%, N, M € Nwith N > 4M, g € C7(R)
with r > max{a +  + 3,2a + 2,25 + 2,2} and supp g C [-2,2]|. Then

T 2max{a,5}+1
sup / U(s,t,a, 5, M)dt < ¢ (M) . (45)
]

s€[0,7]J0

Proof: Let s € [0, 7] first. In dependence of a, 3 and s we divide the integral in (45) as
follows:

foﬁ + f for a,ﬁ>_%736[0aﬁ]7
3 = T 1 1 us
s eass et
/ _ foa”_|_f for o = -4, 8> —3,5€0,5],
0 foﬁij fora>—-,ﬁ——§ s €0, ﬁ]
3
\fon + f;w_|—f fora>—-,ﬁ——% € [% %]
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First case: The summand on the left can be estimated by (32), the summand on the right
by (34). Second case: the summand on the left can be estimated by (32), the summand
in the middle by (35) and the summand on the right by (33). Third case: The summand
on the left can be estimated by (36), the summand on the right by (37). Fourth case: The
summand on the left can be estimated by (32), the summand on the right by (39). Fifth
case: The summand on the left can be estimated by (32), the summand in the middle by
(35) and the summand on the right by (38). In case s € [7, 7] we reduce the integral (45)
with the help of (31) to one of the foregoing cases. |

3 Estimates for inequality (6)

With the following lemma we divide the left-hand side of (6) into two summands which
we will evaluate separately.

Lemma 3.1 Let a, 5 > —%, N, M € N with N > 3M and g be a function fulfilling (2),
(3),(4). Then

N

Z (cos s) ) (cost)

<|®(a 6NM,3,1&|+’<I> BNMst)‘ <W))2, (46)
k=

where we defined

M
M4k
O(o, B, N, M,s,t) = Z g( ) ( i )pgv+,3(coss)p§\,ﬁk)(cost),

k

N

—M
N
(o, B,N, M, s,t) = Z (g ( )) m(coss)pl(f’ﬁ)(cost) and
-1

9(0) for0 <z <1-2
g'(z) = g(%@—l)%—l) for:v>1—%,
g (—x) for x <0.

Proof: The proof is obtained from an easy calculation, taking into account that with g
the function g* also fulfills the properties (2), (3), (4). |

Now, we prove

Theorem 3.2 Let g € C7(R) with r > 2, supp g C [-2,2] and N, M € N with N > 4M.
Then
1. fora,B > —%

3

2M
sup
s€f0,5]J0

2c+1
O(a, B, N, M, s,t)|wap(cost)sintdt < ¢ (M) , (47)



2. for a, B8 > —%

14

™ 2a+1
sup / O(a, B, N, M, s,t)|wa g(cost)sintdt < ¢ <—> ) (48)
1 m )3 ’ M
s€ly7:5] Y 58
3. for a, 8 > —%
m 2a+1
sup O(a, B, N, M, s,t)|wapg(cost)sintdt < c (—) , (49)
173 ’ M
56[07]\4} 2M
4. fora, B> —3
3s
sup O(a, B, N, M, s,t)|waps(cost)sintdt < c, (50)
selar 317 aar
5 fora=—3,6>—3
sup /6 D (v, B, N, M, s,t)| wap(cost)sintdt < c, (51)
s€[0,5]J0
6. fora=—3,8>—1
s 28+1
sup / O(a, 5, N, M, s,t)|wag(cost)sintdt < c (—) , (52)
s€0,7] gﬂ' M
7. fora> -1 p=-1
™ 2a+1
sup / Q(a, B, N, M, s,t)|wapg(cost)sintdt < c (—) , (53)
1 = )3 ’ M
s€laro 5]/ 28
8 fora>—3, f=—3
™ 2a+1
sup / O(a, 5, N, M, s,t)|wapg(cost)sintdt < c (—) : (54)
17/)3 ’ M
s€[0,57] Y 337

Proof: From (40) we immediately conclude (47).
Proof of (48): Here, we apply the same strategies as in the proofs of (11) and (12) or (13)

or (14) to get at first

|<I>(oz,5,N,M,s,t)]Sc(l—coss)_a(l—i-cost)_ﬁ/ / )lﬂfﬁ)(ﬁj:qb)
t Jo

(cos ¢ — coss)*z

(1 + cos qﬁ)#

( _1
(cost—cos Ga)iBQ dgbd‘g
(1—cos9) 2~

_1
(1 — cos t)*awdqbdﬁ for a > 0,

o

(1—cos @) 2

for —%<oz<07

(cost—cos )
«

J’B:7 1—c036d¢d0

for « =0,

\ (1—cos@) 2 I—cost
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where we define
M . .

T «, -] .] (e f1e i
Ki570) = Y~ g(1— 391+ i) (Wpies) (1)e”.
j=—M

Similar to the proof of [14, Lemmas 2.2., 2.3.] we show again

_ N atp+1 MatB+2

KSDo£0) <cl

wifexoze(y) -y

for all 0 < ¢,6 < m. From this, taking into account | — ¢| =9 — ¢ > 2 and (43) and
arguing along the same lines as in the corresponding parts of the proof of [14, Theorem
2.1.] we get (48).

Proof of (49): Inequality (42) is fulfilled by the choice of the limits of the integration so

that we can take over the proof of (48).
Proof of (50): With m =1, n =1 and gy = § we conclude from (27), (28), (29) and (30)

cago(t?)cos (N —j+Nt—(a+3) %)t

P (cost) = + e ()t
) (cost) o 10
and ) )
capgo(s?)cos ((N+j74+A)s—(a+32)Z)s™@
P](Vajr’?)(cos 5) = oo(%) os (N + ‘ Js—(a+3)3) + €2(s)s™ 7,
(N+j+A)s
where

and  |ea(s)] < e (55)

1 1
€1(t)] < cey——r—= S —
()] < * Ntv/Nt Nsv/Ns

for all s € [57,%], t € (557, 27). From this, taking into account trigonometric addition

theorems, the asymptotic representation

(W) VAN T2 = /N = VN + 0()

J

(which is an immediate consequence of (8)) and

i g(l—l)g(l—i—i) %_%)5 (%"’"ﬁ)i Qli0£0) | < .. M
N G (L+ 6= ol

for all 0|, |¢| < 7 (which is again proved as in [14, Lemmas 2.2., 2.3.]) we finally conclude

Dla, BN, M) <2 LTS (1 ; 1) ~ag-a
«, O, ) y Sy =5 C\ —— —F ]S
2(14 Mls—t])" \/s\/t sv/st  ty/st

and after integration we obtain (50).
Proof of (51): We argue similarly to the proof of (50). Since a = —% we have £ = 0 in
(29). Thus we can improve (55) to

(56)

! 4 Jeals)] < et
an €Eol S C
NNt 2 =NV Ns

(@) <c
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such that we get in contrast to (56)

M
o N, M, s,t)| <
’ (Oé7ﬁ7 Y 787 )‘ — 2(1—'—M|S—t|>r +

and by integration we obtain (51).

Proof of (52): In case 3 > 1 we apply (23) to pg\o,‘f])(cos s) and (20) to p(a m(cos t). From

trigonometric addition theorems and the identities in (23) we conclude

B(a, B, N, M, s, 1) <cM// (RSP 0+ 0)| + KD 0+ )

(cos ¢ — coss)**2 (cost — cos )z

x (1 —coss)™* (1 +cost)™ — ~——depdd,
(14 coss) = (1 —cosf) = 5
where we set
M . N+4o+4B
Jy(Nta At () (5:2) (1) 6is0
1—— (1 N R T 1 1)e¥
M M
or
IV (N I\ SEt B.0) (1147
= 3 = (54 ) i RS 00

J
M -+‘M

Again as in the proof of [14, Lemmas 2.2., 2.3.|, we show for i = 3,4

MatB+2

for all |0 <.
1+_A4“9__¢Dr or a | L|¢|—-W

a+p+2
KSP(0£0) <c|
@, M — M (

From this, taking into account (43), 6 — ¢ > % and

i t —cosf
sup / (1+cost)™ (cost — cos ) df < oo,
te[Z,m Ji (1 — cos 6)

M\»—‘

we get the inequality (52) in case § > %
Now, let —% <pB< % From (27) for m = 2 and ¢ = %, the identities J%(z) = ,/% sin z,
J_1(2) = \/ = cos z (see [2, Chap. 4.6]) and (27) we get first

1 * 2 2

(-1.8) s\3 [ V2cos(N*s) ( o a1o(s )) 1 1 b1.o(s?)
P, 2" (cos s :(—) —— 2 | ago(s*)+—= + cos(N*s)—

N+ ( ) 2 ( TIN*s 00(5") N* N*\/7mN*s ( )

2s T bio(s?
— WN*COS(N*S—E)%—F&Q),

(57)
where we set N* := N + j + %BH and notice that

1 1
QV/__

le2(s)] < e (58)
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because of %N < N* < 2N and the choice of N*.
From this together with (57), trigonometric addition theorems and applying (20) to

1
P]E[_'f'j’ﬂ) (cost) we get

(cost — cos)P2
(1 — cos 19)[3%

®(, B, N, M, st <cl/ Mz (ﬁ[%)(siﬁ)](l—l—cost)’ﬁ

+ CQMN5—3/2,

where we set for i = 5,6,7
M . . . a4
~(—1.8) J JV(N+EA T (=38 =38\ 72 p(B—3) 1y
Kint (0):= Zg(l_ﬁ)g(1+ﬁ)( M _M) <hN—2j hn i ) Pry;® (1)8]6-
j=—M

Again, as in the proof of [14, Lemmas 2.2., 2.3.|, we prove

~ (15 B+5.5—1 NB+2
Ko sxo)|o<e( for all |s], [9] < .
‘ oM (S ) —C<M> (1+M|S—19|)T or a |S|7’ |—7T
From this together with (57) and (58), and taking into account ¥ — s > % as in (33), we
get the inequality (52) in case —% < B < %
Proof of (53): From (24), (12) or (13) or (14) respectively and (11), applying trigonometric
addition theorems, we conclude

-

™ (cos ¢ — cos )2
(1 + cos gb)aTW

t S
®(a, B, N, M, 5,t)| < C(1+COS§)O‘(1—COSS)O‘/ /
0 /3

—@05(3*;’;;& d6de for —1<a<0,
i t
X| K (9 £ 20)] 4 (1 —cos i)~ %d@d(ﬁ for a > 0,
—a—1 (cos t_cosh) 3
(1 —cos?) 1((12(2072d0d¢ for a =0,
where we set
~(avfl) il j j (avfl) (avfl) 19
K&M 2(0) = Z g(l— M)g(l + M)pN+j2 (1)pN—j2 (1)eV”.
j=M

Again, as in the proof of [14, Lemmas 2.2., 2.3.|, we show

(o, N 2a+1 M 20+2
‘KW (ei@‘ <M> (1+ MO —g|)r

for all |0], |¢| < m. Taking into account that [20 — ¢| > -0, we argue analogously to (33)
in case o = ( and (53) is proved. |

With exactly the same arguments from the proof of Theorem 2.5 and taking into account
equations analogous to (31), we get as the first main result of this section:
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Theorem 3.3 Let o, > —1 with max{a,} > —3, N,M € N with N > 4M and

N > a+p+1 as well as g € CT(R) with r > 2max{a, B} +3 and supp g C [—2,2]. Then

sup /
s€l0,m] JO

Now, we evaluate the second summand of (46). As usually, we define the difference
operator A for a given sequence (a,),en, or function a : R — R by

2max{a,f}+1
D(av, B, N, M, s,t)|wq p(cost)sintdt < ¢ (M) : (59)

Aa, = A'a, = a,4q —a, and  AFa, = A(Ak_lay) or

1 k k-1 (60)
Aa(u) = Aa(u) = a(u+1) — a(u) and A%a(u) = A(A" a(u))
for k € N with k£ > 2. Obviously, we have for all m € Nand [ € Ny with m+1{ <r
suppAmgM(N)g[N M —m,N + M], (61)
u 1 N m+l
S Am ke - (m+1)
A" gy (ol < e (B7) 16l (62)

We formulate the second main result of this section.

Theorem 3.4 Let o, 8 > —3 with max{a, 3} > —3 and N, M € N giwen with N > 4M
and N > 2max{a, 8} + 3. Then

T 2max{a,B}+1
sup / |P(cv, B, N, M, s,t)|wag(cost)sintdt < ¢ (M) : (63)

s€[0,7] JO

Proof: We use [10, Theorem 5.1]

] Z hkpk (cos®)p m(cos ©)|
(64)

S
. 1 max{c,B}+S5+3 max{a l_StmiAm
SCE in{(k+1), 5=} DY (keSS Ay
=0

m=1

where A is defined by (60), «, 8 > —%, S € N and (hg)ken, is a sequence of real numbers
with hx = 0 for all sufficiently large k.
In case @ = max{a, 8} > 0 we set s =0, S := |+ 2] + 1. Taking into account that

gl
min{(j + 1), %}‘”SJF% < C%’ we get from (64), (61) and (62) first

N2a+2

1 + Nt)a+5+%7

S—1
op N a0l e(3)

and after integration we obtain (63).
Now let —3 < max{a,} = a < 0. For 0 < ¢ < - we choose S =1 and from (64) with
s = 0 we conclude

Nets

- 1
P 2a+1 ~
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For ; <t < 7 we choose S = 2 and from (64) again with s = 0 we conclude

M2 N2 N 2a+1 M2e+2
<c|— _—
( ) (14 Mt)o+s

L
M

N N 20+1
) N, M,s,t)| < —
dos N0l <e ()

—— 66
1+ Nt)ats — (66)

M

Dividing the integral in (63) by foﬂ = foﬁ + fi + [+ and applying (65) and (66), the
M 2

inequality (63) is proved in case —% < max{a, f} = a < 0. The case 5 > « is immediately
clear from PP (—z) = (=1)"P2<(z).
The needed assertion now follows from Lemma 4.6. in [9], i.e.,

sup ||thpk Was <c||Zh Py Do,

ze[—1,1]

where again o, 8 > —% and (hy)ren, is a sequence of real numbers such that hy = 0 for

all sufficiently large k. [

4 Proof of the main result

Here, we give the main result of our paper.

Theorem 4.1 Let o, f > —1 with max{a,3} > —1, >0 andn € N with & <e,n>3
and 2" > a+ B+ 1. Let g, g be functions with

g:R—=TR, geven, geC:R) with s> 2max{a, B} + 3, (67)
supp g C [-2,2], ¢(0) =1, (68)
F(1+2)+¢*(1—2) =1 for all z € [0,1], (69)
and
0 for x < —=3/2,
i) g2x+1) for —3/2<x<-1/2,
x) =
g | for —1/2 <z <0,
g(x) for x> 0.
Forn € N with n > 2" choose the uniquely given numbers
1eNy, re{l,...,277'} andkc{0,..,2"" — 1} (70)
such that
n=(2"4+2r —2)2" + 14k, (71)
set
2k +1
M =2, N:=(2"+2r)2! = 2
, (274 2r) and 6y, " (72)
and define the sequence of polynomials (pa.gn)nen, 0Y
Papn = PP for alln € N withn < 27, (73)

2M .
> (L) eos(@M + 0 forr =1 (7
j=—2M

2M

1
VM
Dafn = \/LM Z g (]\]4) cos((3M +j)9k)pN Ay forr > 1. (75)

j=—2M

Papn =



20

Then

1

/ Pay,i(@)Pasi(@) (1 — 2)*(1 + ) dw = 6y, for all i, j € Ny, (76)
-1

deg pasn <n(l+¢e) foralln € Ny, (77)

Nq

for each polynomial q there exists an n, € Ny with g = Z(q,pa,57n>paﬁ7n, (78)

n=0
lim ||f — Sufllo =0 forall f € C[—1,1], )
n—oo
1S llcme < ce™2maxtaft=1 (80)

where we set Sy, f(x) := Y7 ((f, Pa,sj)Pasi(T)-

Proof: Without loss of generality we assume 0 < & < min{m, 2} and take n € N
to be a uniquely determined number with 27 > max{2(« 4+ 8+ 1), 8} and

3 6

o <e< o (81)

For the proof of (76), (77) and (78) we can adopt nearly the same arguments which served
to solve the case of the Tchebysheff weights (see [5], [20, Chap. 3| or |7]). Taking into
account the reproduction condition from (78), i.e. the completeness of the polynomial
sequence and in view of a standard argument from approximation theory the convergence
result (79), consequently the whole theorem is proved, if we show the uniform boundedness
of the Lebesgue constants of (pa.g.n)neny, 1-€.

SUD, 1 1) metto || Y Pausin(@)Pagn ()|, 5 < 72 m =L, (82)
n=0

Proof of (82): For a given j € N there exist uniquely determined numbers [ € Ny and
r € Nwith 1 <7 <27 !such that j =1-271 +r. For j = 0 let ng := 27 and my = 1
and for j € N let

=(27+2r)2" and m, =2 (83)

Now, we look for certain polynomial subspaces V@) W) C C[-1,1] (j € N) and define
for j e N

VO = span{p\®” 1 k=0,...,n},
v o= yhum) .= Span{gol(€ ’8) = gpl(f A - 0, ...,N} and

E
<
i

W(nj,mj):: Span{ (Otﬁ) ’(gaﬁ)() kZO,,QM_l},

where we set N = n;, M = m; and

2M
wl(ca’ﬁ) = M7 Z gr(&)COS((3M + S)Gk)pN Mis fOr K =0,....2M — 1,
s=—2M
@p I g (B, for k=0, N — 1,

ok o pg\?’ﬁ) for k=N
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where 7 is the unique number from (70), ¢g* is the function defined in Lemma (3.1) and

_Jg forr>1,
= g forr=1.

Exactly in the same way as in [20, Lemma 3.12] we get
Vil g W@ =1V forall j € N.

First let n € N with n > ny. Then there exists a j € N with n;_1 < n < n;, that
means with n = n;_y + h+ 1 for an h = 0,...,2m; — 1. We divide the orthogonal
projection O, into the orthogonal projection onto the spaces span{po,...,pn,_,} = yu-1
and span{pn, ,11,...,Pn} C W) Considering the fact that the operator norm of an
orthogonal projection from VU= onto itself depends not on the special choice of the
orthonormal basis we get for the Lebesgue constant

sup HZW D Mlas

z€[—1,1]

=0
nj—1
a, a,f3 045
< sup D @)pl™? (Ve + sup Z P @)p P (] as
xe[ 11] i—0 a:E[—ll i=nj_1+1
nj—1 2mJ—1
« 1) 1 « a,B),(7
< sup 1YoV @) e + sup D 1O @) [ () o
z€[-1,1] =, z€[-1,1] .2,

Since ¢ fulfills (67), (68) and (69), we get from an easy calculation that g,g* g* €
C™[—1,1] fulfills (67), (68) and also (69). Applying Lemma 3.1 and Theorems 3.3 and
3.4 to the left and Theorem 2.5 to the right summand and taking into account that by
(81) and (83) we have 22 < 2"H! < ¢e for all j € N, we get (82).
Now let n < ng = 2": We use the fact (see |9, Lemma 4.6]) that

sup || thpk (Mlas < €| Zh P DPE ()]s

z€[—1,1]

for o, 8 > —% and sequences of real numbers (hy)gen, With hx = 0 for all sufficiently large
k. Combining this with (73), (81) and the fact (see [19]) that

rrlam{a,,é’}Jrl f ﬁ 1
a, n 2 Or maxiy, > )
HZPJ <>Ha5<c{ te,f} > =

logn foroz:ﬁ:—%

for all n € Ny and o, 8 > —%, we get

B
=0

for all n < ng = 27 and thereby (82). |
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