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A particular class of orthogonal trigonometric Schauder bases for Ca, is given by
periodic wavelet packet functions. These bases are of minimal growth of the polynomial
degree. The focus of attention is their construction and the estimation of the Lebesgue
constant. The corresponding approximation error is asymptotically optimal.

1. Introduction

The Fourier series of a continuous function does not converge, in general, in the
supremum norm. Faber [Fa] proved for Cs, that any polynomial set {¢, : p € IN}
with degt, < u/2 cannot be a basis. So, a long standing question was which
minimal degree does one need in order to preserve pointwise convergence? Privalov
gave a conclusive answer by two results [Pril, Pri2]. First, he showed that, for any
basis {t, : u € IN} in Cs, there exists an ¢ > 0 such that for sufficiently large
one has degt, > (14 ¢)p/2. Second, for any such ¢ > 0 he verified the existence
of a Schauder basis satisfying degt, < (1 +¢&)u/2.

Lorentz and Sahakian showed in [LS] that the additional condition on the basis
to be orthogonal does not affect the growth of the degree. Their proof was based
on Meyer wavelets and corresponding wavelet packets on the real line which then
were periodized.

We were studying de la Vallée Poussin means and related polynomial wavelets
in [PS1, PS2, Sel, Se2] which led us to a similar basis with optimal growth of the
degree. Our construction by means of periodic wavelet and wavelet packet spaces
allows an asymptotically optimal estimation of the norm of the corresponding
partial sum operator.

For our basis {t; : k € IN}, we will consider its partial sum operator

(1.1) Suf = Y (f te) ta
k=1

and verify the Schauder basis property

If=Sufllee = 0 (u—o0)
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for all f € Cy;. In this paper, we prove it in the form
||f - Su f”oo < (1 + ||Su||0—>0) EL%U*E)J (f) >

where the best approximation of f € Cs,; by trigonometric polynomials of degree
at most n,

En(f) = nirelgl’n Ilf — palloo »
tends to zero as n — oo. Here and in the sequel, T}, denotes the set of trigono-
metric polynomials of degree at most n, and we set [r] := min{k € Z : k > r}
and |r| :==max{k € Z : k <r}, for r € R. In fact, we construct the functions
ty, depending on € € (0,2/3] such that

(1.2) FL%(lfs)J C span{ty : k=1,...,u},

and
degt, < %(1 +e).

Our estimation of the uniform boundedness of the partial sum operator in the
sup-norm,

4 1
(1.3) ISullcsc = sup [|Su flle < 15+ — In—
I lleo=1 ™ ¢

is asymptotically optimal as € — 0 (cf. [Pril]).

In Section 2, we define the orthonormal Schauder basis of optimal degree and
state the main theorem. Then, Section 3 shall explain the constructive aspects of
our trigonometric wavelet packets. Section 4 is exclusively devoted to the proof of
the estimation of the operator norm. We emphasize here that the essential point
of our construction to obtain (1.3) is the combination of the ideas of a periodic
multiresolution analysis with the explicite determination of frequencies as given in
Lemma 3.4.

Let us mention that our polynomial system {¢,} is also a basis in some separable
Holder spaces. The investigation of approximation in Holder spaces was initiated
by Siegfried Profidorf in [Prd]. To describe a particular case let, for 0 < a < 1,

C* ={f € Cor || flloo,a == Il fllo0 +St;p |z —y|~*|f(z) — f(y)] < oo}
Ay

With the help of the results in [Pre] and [PP] one can easily prove that our or-
thonormal system of polynomials {¢,} is a basis in the subspace

C*={f€C: lim |z —y|™*|f(x) = f(y)| =0 for all z}.
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2. Orthogonal bases of optimal degree

We are going to define the Schauder basis polynomials ¢, depending on the
number £ to which the degree of the polynomials must be tuned.
Let € > 0 be given and fix A € IV,

1 ife >
A= 4 )
[logs 3| ife <
ie., 4 < 3¢-2) < 8for e <2/3. For any € > 2/3, we get by definition the same
A and therewith the same Schauder basis as for ¢ = 2/3. Hence, we can restrict

ourselves to € < 2/3 in the rest of the paper.
We denote dimension numbers

wWiN wiNy

N; = 3-20  (jelV),
and, for our fixed A\ € IV,
NM o= Nia@+p) G2N p=0,...,2Y).

Then, for all 4 € IN, u > 2N there is a one-to-one correspondence of p and the
triple (j,p,s), with j > X, p € {0,...,2* — 1} and s € {1,...,2N;_,}, by the
equality

p o= 2N; A2 +p)+s = 2N]f\’p-|-s.

We define the shift operator T} : Car — Car of level j € INg by

T; f = f<—Nl>
J

We denote the bit-reversed number of p € {0,...,2* — 1} with respect to X digits
by

A—1
(2.1) b(Ap) = > ex—e-i(p) 2",
=0

where ¢;(p) are the bits (or binary digits) of p in its binary decomposition

A—1
p = Zeg(p) 2, ie., ef(p) = [%J mod 2.
=0

Further, let

_ 1 if j <A,
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and
) o ] forp:O’...,Q)‘_Q,
(2.3) i) = {j+1 forp=2"—1.

Definition 2.1. Let £ > 0 be given. The set of polynomials {¢t, : u € IN} is
defined as follows. Let

t1 = 1,
tor = V2 cosk- fork=1,...,Ny,
tokr1 = V2 sink - fork=1,...,Ny—1,
and forall j >\, p=0,...,2 =1, s=1,...,2N;_,, let
M;—1
1 - b(/\+12)‘+)( . M; +k A
tynr = A ——L—— cos(N;"P + k) -
NYP4s - +1
NP M) Mg =1 4 r &
+Vv2 Z cosk -+ Z ];p) cos(NMPT 4 k) )
2
k=N"P+M; k=—M;;y+1 Mj(p) +k

Note that, for > 2Ny, the polynomials ¢, are shifted cosine sums which obvi-
ously satisfy

t e Iy and ¢

A,p41 1 T .x, .
T M) 1 N3* =M

2N?‘p+s 2N;’p+s
Theorem 2.2. For given ¢ > 0, the polynomial system {t, : p € IN} from
Definition 2.1 is an orthonormal Schauder basis in Cs, of optimal degree, i.e., for

all w,v € IN , it holds that

(2.4) (tusty) = uw,
and
(2.5) degt, < %(1 +e).

In particular, for all f € Cor we have

(2.6) < (16+% 1n§> By ()

I
F= (o tk)
k=1

oo

Proof. First, we prove the degree inequality (2.5) which is trivial for u < 2N,.
For yu > 2Ny, we deduce for p=0,...,2* — 2

degt2NjA,p+s B N;\,P-l-l + M] -1 - NJ_}HP + N],_}\ + M]

AN + s AN + s 2N P

! 1+ 4-277 <! 1+ 4 < 1(1+5)
2 3-2 220 +p)) — 2 3.28) = 2 ’
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since A > log234—5. For p =2* — 1, we have

deg t2N;’p+s _ Njp1+ M, -1 Njj1 + M
2NN + s NN 4 2(Nj+1 = Nj-»)
_ 1 14 5.2i—> _ 1 14 )
2 32072 (2M1 - 1) ) 3. (2M1 —1) )
Since \ > 1,

26 A+ _11+ 1 <11+1_2<4
A+ 1 T 22l 1) T 2 2+ 1) = 2 3) 3 5

Hence, (2.5) follows analogously for p = 2* — 1.

The orthonormality (2.4) can be deduced from the construction of {t,, : p € IV}
which we will explain in Section 3. It could also be proved straightforward.

The estimation in (2.6) is a consequence of the results in (1.2) and (1.3), which
are given in Lemma 3.4 and Theorem 4.4, respectively. O

3. Construction methods

3.1. General theory

In this section, let us focus on Hilbert space theory in L3, . Our construction is
strongly based upon multiresolution, wavelet and wavelet packet spaces in L3, be-
ing shift-invariant spaces spanned by one function and its translates. The wavelet
spaces and the wavelet packet spaces, respectively, ought to be mutually orthogo-
nal. Finally, the translates of the wavelet packets have to be orthonormalized and
will be orthonormal translates of another wavelet packet of the same space.

A periodic multiresolution analysis (PMRA) shall be, as usual, a chain of spaces
of the following kind.

Definition 3.1. A periodic multiresolution analysis (PMRA) in L3, is a sequence
of subspaces {V;};em, of L3, with the properties:

(MR1) For all j € INy there exists a function ¢; € V;, such that
{T7¢j: s=0,...,2N; — 1} is a basis for Vj.
(MRQ) For 3,11] € INy it holds V} C V}'+1 .

(MR3) Tt holds closyz (Ujem, Vi) = Lix-

While sticking to shift-invariance, we have to give up dilation invariance for the
case of periodic functions, simply due to the fact that ¢ € L3, = ¢(5) € L], .
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So, in each level j, ¢; can be any function that belongs to the superior space
Vi+1 and has linearly independent translates with respect to the shift operator
T; . Hence, such a scaling function ¢; has to satisfy a two-scale relation

Njt2—1
¢ = Y s Thdjn -
s=0
In terms of Fourier coefficients
, 1 ™ ,
cr(f) = (fre™) == [ flz) e ™ d
2r J_,
it means
(31) Ck+mN; 4o (¢]) = dj7k Ck+mN; 4o (¢j+1) )
forall £ =0,...,Nj42 —1, m € Z, where (aj,s)i\zgrl is a vector of complex
numbers, and (dj,k)kNigrl is its discrete Fourier transform. The linear indepen-

dence of the 2N; translates of ¢;, i.e. (MR1), is equivalent to

(32) Z |Ck+mNJ-+1 (¢J)|2 > 0 (k =0,... 7Nj+1 - 1) )
meEZ

and then (MR2) holds iff there exist (&M)i\zgrl such that (3.1) is satisfied for
all j € INy .
The wavelet spaces contain what is remaining when cutting V; out of V44 .

Definition 3.2. Let {V;};em, in L3, be a given PMRA. For all j € INy, the
wavelet space W; of level j is the orthogonal complement of V; in Vj4, i.e.,

Wiy = Vinol;.

From this definition it follows that W is invariant with respect to the shift T; and
that there exists a function ¢; such that W; = span{T7; : s =0,...,2N; — 1}.
Such a function t; shall be called wavelet, and again, no dilation property is
required.

Given any PMRA and, in particular, coefficient vectors (&)
(3.1) holds, ¥; € L3, is a wavelet iff we have

Njyo—1 .
weo’ for which

(W) The Fourier coefficients of v; satisfy

_ 04,(k mod Nji2) %j,((k+Njt1) mod Njio)

cr(¥j) = > ki tN 2 (Dia1)?

leZ

ck(pjr1) (k€ Z)

with some numbers o, € ¢ \{0}, k=0,...,Nj1» — 1, for which
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Tk = TO5k+Nj (k=0,...,Njp1 —1).

So we have exactly 2IV; degrees of freedom for the choice of ;.

For the concept of periodic wavelet packets, we do not simply adopt the decompo-
sition algorithms from the scaling spaces as done in L?(IR) (see e.g. [CMW, CW]),
but we persist on splitting any T-invariant subspace into two (orthogonal) T}_1-
invariant subspaces.

Definition 3.3. For a given wavelet space W; = WJQ’O of level j, j € IN, and for
any number A € IV with /\A < j, the wavelet packet spaces of level j and depth A
are the subspaces {W].’\”’ 12):51 of L3 satisfying the following properties:

(WP1) For all p=0,...,2* — 1, there exists a function w;-\’p € Wj)"p such that
{T3 ¢} : s=0,...,2N;_\ — 1} is a basis for W** .
(WP2) For all £=0,...,A—1andp=0,...,2° — 1, we have

l £+1,2 £+1,2p+1
Wj,p — Wj+,p€BWj+’p+ )

The functions w;-\’p are called wavelet packets.
The properties (WP1) and (WP2) can be written equivalently in the following
form:

(WP) There exist vectors (ﬁé’g),ivfo“rl € @Ni—ev2 forall0=1,... )
and p=0,...,2" =1, such that

P
2

ck(d]]li’p) = B]l:f)k mod Nj_p42) Ck(wfil’L J) (k € Z)a

with

ﬁf,it ZQL J+1 Z |ck+m e+2( - 1L J)|

MmEZ
_ AEQL%J p2|_ J+1 Z |C (wp 1|_ J)|2
- J,k+2N;_¢ ]k+2N] ¢ k+2N;_¢+mN;_pq2
mEZ
and
2
‘ ‘ﬂ] k+2N;_, > 0,

forallk=0,...,2N;_, — 1.
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Last but not least we need to know how to orthonormalize the translates of a
function without loosing the translation invariance property of the basis. Given
f € L3, for which the translates {T7f : s = 0,...,2N; — 1} are linearly in-
dependent, i.e., (3.2) is satisfied by f = ¢;, we obtain orthonormal translates
{T7g: s=0,...,2N; — 1} by choosing

N

(3.3) chpon,e(g) = ck+2N,.z(f>( 5 |ck+m,.m(f>|2) ,

mEZ

forall k=0,...,2N; —land € Z .

3.2. Particular polynomial functions

Now, let us define special scaling functions that will lead us to our polynomials
in Definition 2.1. A de la Vallée Poussin mean is given, for any N, M € IN with
N > M, by

N-—M M—1 _
(3.4) oNM(z) = 142 Z cos kx + Z cos(N + k)z.
k=1 k=—M+1

Its interpolating property @%(%) =2Nds0,for s =0,...,2N — 1, is clear from

sin Nx sin M x

if 2nZ
(3.5) o (z) = 2M sin® £ ifo ¢ 2
2N ifee2rZz
and yields also the linear independence of its translates {@N (- — %) : s =
0,...,2N —1}.
M]

With the numbers N; = 327 the ¢; = gon‘ are scaling functions of a PMRA
iff M; 4+ M;1 < Nj+1forall j € INg (see [Se3]) which is satisfied by M; as given
in (2.2). Indeed, since

1 if 0< [k < N — M,
M; M, —(Jk|=N; .
clpn’) = { MEEND e N - M < k] < Ny + M,
0 if N;j+M;<|kl,

condition (3.2) holds, and with

1 if OSkSNJ'_Mj7

%J—N:) if Nj—M;<k<N;+M,,

Gk = 0 if N+ M <k<3N;— M,
MA(T3ND i 3N; — M; < k < 3N; +M;,

1 if 3Nj+Mj§k<4Nj,
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(3.1) is true, for all j € INy . Moreover, one easily verifies
Tn;-m; C Vy C TNjymy—1-

Due to N; — M; > 2N;/3 and the Weierstrass theorem, (MR3) is valid, too.
Based on the PMRA generated by de la Vallée Poussin means, we further define
functions

(3.6) o = T (oNin —on))
for all j € INy and

b(A+1,2* M M;
(37) w;.\’l’ = Tj-g-1+1 ) (‘pN}Ep)Jrl - cpN}.:v>

forall j > XA and p =0,...,2* — 1, where b(), p) is the bit-reversed number (2.1).
Using the above theory, we now show that the functions v; and @ZJ;"” are wavelets
and wavelet packets, respectively.

The functions ; in (3.6) are wavelets since they satisfy property (W) if we
choose
Y lersen,p (on TP if Ny <k < 3N,
leZ

M; .
ZZZ|Ck+Nj+1+£Nj+2 (pni 7P if =N; <k < Nj.
€

ik

j— N
0j,(k mod Njp) — € "7+ X

These functions ; have already been used, e.g. in [Pri3]. For the functions glz;”p
in (3.7), we have property (WP) in form of

_ilp mod Bk 3 9) | A1,z
A,p _ — L3 )5
ck(P;™) = e it B mod 2)N,_xs1) mod N;_xya) Ok <¢j

with the factors

! if 0<k<Njx— M,
M;—(k—N;_ .
A}\72L2J W lf N]’—A - M]' <k< Nj_>\ —|—M]',
ﬂng 2 = 0 if Nj—>\+Mj§kS3N]’_}\—M]"
%ﬁmd) if 3N; »— M; <k <3N, \+ M,
1 if 3Nj7/\_Mj§k<4Nj,,\.

If we compute the Fourier coefficients of each @ZJ;"” explicitely, then we see that

My  M;

N et T P
J

their absolute value is equal to the Fourier coefficients of ¢ and

J
L8 to Y7 is
j

A—
the modulation that is multiplied in the iteration step from Y;
__i(p mod 2)kx

exactly e  Ni-x+1 | Since

a(Tif) = ¢ ™ alf),
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it follows that the total shift of @%ffﬂrl — @AN4§,I, to gain ¢J)."p is indeed
J )

d2 | 7] mod 2 b(A.p) B(A+1,2> +p)
TN LT T = TN Ty = T :
So, our functions in (3.7) are wavelet packet functions.
Now, we want to orthonormalize {Tjsﬂ\zpj."p : s=0,...,2N;_5 — 1}. Their
Fourier coefficients are changed following the rule in (3.3), i.e., they are divided
by the square root of

M2
e 0< 1K < Mgy,
}\7 1(p
Zz |ckran; _ym(P;7)* = o1 . M) < k| < Nj_x — Mj,
me M2 4(k=N;_

%jgx) Nj,,\—Mj < k <Nj7,\+Mj,
fork = —N;_x+Mj,...,Nj_x+M;—1mod 2N;_,. Thus we obtain the functions
in Definition 2.1 for y > 2N, via their Fourier coefficients

-}
A, A,
ck(tQN.*’PH) = Ck(¢j ") < > |ck+2Nj,Am(¢j p)|2> (ke Z).
7 meZ
So, for any j > A, we have by wavelet and wavelet packet decomposition
j—1
Vv, = WhoPw
h=X
j—12*—1
(3.8) = e Pwm
h=X ¢=0

= span{ty : k=1,...,2N;},
and, for any p € {1,...,2 — 1},
p—1
(3.9) Pwr? = span{ty : k=2N;+1,...,2N}""}.
q=0
Finally, we determine the trigonometric polynomials which are included in our
polynomial spaces. As pointed out in the introduction, the change of basis from

wavelet packets to polynomials consisting of one or two frequencies is the main
ingredient to obtain optimal Lebesgue constants.

Lemma 3.4. For given € > 0, the span of the first p polynomials ti, from Defini-
tion 2.1 contains all trigonometric polynomials of degree less or equal to (1—¢e)u/2,
i.e.,

(3.10) TL%(l—s)J C span{ty : k=1,...,u}.
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Moreover, for j > X,
span{ty : k=1,...,2N;}

1) ph2 -1 ke M M
= N;—M; @span{ F—1,N;_s_1+k ° = - j+17--'7 j_1}7
and for j > X, pe {1,...,2* — 1},

span{ty : k=1,...,2N>P
(3.12) e i

_ Ap—1 . _ . .
= TN?,prj @ span{0j7Nj7A+k s k=-M;+1,...,M; -1},
with ( rip)
\,p _ b(A+1,2"+p Ap+1,
0%, , = V2T, cos NPHL.
A,p _
BHNj_x—=k
b(A+1,2* M; () +k 1 M —k 1
T~(1+ +p) i(p) COS(N')\’ZH_ _ k) + i(p) COS(N.)\’ZH_ + k) ,
J+ M2 + k2 ] M2 + k2 ]
V i) V i)
Ap _
LN a+k T

N 4 -
TPO+1.2>+p) ( M;p)+k sin(Njf\’pH —k)- _ Miwy kR sin(Njf\’p+1 + k))

Jj+1 2 > 3 >
V Myt V Myt

A
for k=1,...,Mjq) — 1, where the shift operator in 0;;%,j;§+k can be omitted.

Proof. Here and in the proof of Lemma 4.3 we need coefficient functions given in

the interval [—Z,2m — Z] by

1422 . P P
7\/@ if —§S$<§,
2 if Il < —1%,
R S :
TG it r—s<z<nm+3,
0 if m+5<o<2r-3%,
forp=0,...,2* — 2, and
1_;,_732 s yis
7\/@ if —§S$<§,
2 f I<e<m—2&,
A I I A S LN
eEoyy L T STSTES
0 if T+23 <z<2m—1%.

Hence, we can rewrite our basis functions

1 o1 b()\_l'_l 2A+p) N]‘*A+M]‘(p)_1 . A
— - ’ iy ) .
tynrr g, = ~ T~y T, > gp (E2) cos(N;"P +k)- .
J Ji=A k=—M;+1
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Rewriting the shift by Tjs_’; and regrouping the frequencies, we obtain, now for
S=0 2N'_>\—1
—b(A+1,2*+p)
Ni- TJ+1 t Nf’p+s+1
Nj—x+Mjpy—1 .
LB a0
Nj—xt+Mjpy—1 R
:(—l)ps Z g (Wﬂ')(COS ]\I; COS(N sP + k) +Sln
k=—M;+1

™

sm(N)"p +k)- )

M;—
= (0] cos (5,8 cos() 7 + )+, () oV} — k)

M; -1
+ Z sin 7 ksm (gp(k”)sm(N)"p—}—k) —gp(—X )sm(N“’ k))

M;(p)

+ \/§cosN]7\’p- + ﬁ(—l)scosN;\’pH-

i) —1

+ Zcos (N’]‘V?%Ak)” (gp(w—kﬁ”) cos(NP T — k) +g,(r+52) cos(NjA’pH-Hg).)
k=

M)~

+ Z sin LN S (Ni—a—k)sm (gp(w—kwﬁ)sin(N;"pH—k)-

] PN

— gp(m + £y sin(Nj}”p+1 + k)) } .

Here, we observe a change of basis in W.)"p from {t2Nx,p+s :s=1,...,2N;_x} to
another orthonormal, more frequency-localized basis, {9)"p 1 k=0,...,2N;_» —
1}, by means of the cosine and sine transform in form of
C07 (N2 e g )
o = cos i - 050 + sin #8719 P .
2N; Pis+1 Nj—,\ kz::O N;— Z Nj_x "32Nj_x—k

Hence, the union of the smallest PMRA space V) and the wavelet packet spaces,
as given in (3.8) and (3.9), provides us with a basis of the cosine and sine functions
{tk k= 1,...,2N>\} and

{cos(N" +k)-, sin(Np? +k)-,: k=Mpy,..., Ny — My} C Wp*

for all indices h,q which are included. Here, the meaning of h(q) is the same as of
j(p) in (2.3). Moreover, in the overlapping ranges of frequencies, we have bases

A, — A, . —
Shq = {eh}lvh ik k——Mh(q)-l-l,... Mh(q) —1},
T = Oyl k=0, My —1} U {63y o k=1, M, —1}
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. Ag—1 A, Ag—1 A,
for which S, T, C TN@’HM;I—l o FNQ"’—M;LH and S;>" L T, hold,

A
where for ¢ = 0, we have to write S;}fl ~!. From the dimensions, we see that, for
h<Xand ¢=0,...,2" -1,

Ag—1 Agy
span(S} Ut = TN}?'q+Mh—1 S TN,f‘q—Mm-l .

A
The shift operator in the definition of 0;\7—21&}44-1@ yfor k=—-M;+1,...,M; -1,
A A A
can be omitted because ij()"H’Q +27-1) _ Tf“lfl , and a shift of 9;"—21,17\@1-4-1-19 by
A
a multiple of T} yields a linear combination of {0;\’—21&14% c ) =k}

Inclusion (3.10) is trivial for g < 2N, . For u > 2Ny, it follows from (3.11) and
(3.12) due to

NM —M; > E(1-¢) > {%(1_E)J,

which can be shown similar to the proof of the inequality (2.5) for the degree. O

4. Norm of the Fourier sum operator

First, we prove some auxiliary results.

Lemma 4.1. For any N,M € IN N > M, the functions ©% in (3.4) satisfy

oM M
leanll, = llexlly
and
1 4
(4.1) lenll, < 16+ —5mIN.
Proof. From (3.5) it follows
oM sin 2Nz sin 2M z sin N (2z) sin M (2z) 5z
) = —————— = cos® £
P (@) M sin® 2 M sin? 22 2

= oM(2z) (14 cosz).

Since ¢! and @3¥ are even and 27-periodic, and cos 4 = — cos 2”2_y, we have
2M 17 M 17 M y
SN, = — [leN @) @ +cosa)de = — [1o ()] (1+cos§)dy
0 0

1 2T 2m —
ol + = Sl (cos = cos 222 ) ay = ok,
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we follow [Zy], Chap. I1.12, and obtain
1 ™

—

T o

in N 2T 1 1
= —fMda:——ﬂsinN:d (———cot£> dx
T T T r 2 2

Concerning (4.1),

sin Nxsinz
2sin’ z/2

xr

el

< EN—“T}N |sin Nz| s
Tizo o +kr/N
2 "/Ngin Nz 2NN 11 /N
< - dx + — sin Nx dzx
™ of z k=1 k bf
N—
2 4 ' 4
= — — E - < 16+—=InN.
7r 7r — k w2

Lemma 4.2. For any M € IN it holds that

R M-l 4o 12
YV ZO 1+2Z e cosk( SMW) < 2.1.
s= 00

Proof. The function to be estimated in the supremum norm is obviously ;-
periodic, so it suffices to consider its supremum over the interval [0, 7). Defining
a 2m-periodic absolutely continuous (coefficient) function by

1—(2)
g(x) = T(%)Q (z € [-m,7]),
we can write
oM —1
Z:o 142 Z Mszcosk( s) H
oM —1 M .
= sup Y > g (4) cosk(z — £2)
z€[0,7F) s=0 |k=—M+1
2M—1 M
= s Y |5 (F6(hF) cos kF 4 n€ (A7) sin )|
€€[0,1) s=0 |k=—M+1
where the functions
i) = g(z) coséx,  h(x) = g(z) sinéx  (z € (—m,7))

are even and odd, respectively, and are extended 2m-periodically. Expanding them

in Fourier series,

fi(x) = $ao

NgE

an(f¢) cosnz, h&(z) = b, (h¢) sin na

gt

(f4) +

n=1

3
Il
-
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and using the well-known identities

M M
> cosmM—QMéommodgM, > smm’ﬂzO, (meZ),
=M+ k=—M+1

we obtain, for arbitrary £ € [0,1),

| 2Mc M ¢ i ¢k .
7 > (F5 (57) cos BeF + hE (57) sin BF)
s=0 |k=—M+1
2M—1 e
= z é z (a2Mm+s(f£) + A2 M (m+1)— (fE) + b2Mm+s(h£) bQM(m+1)—s(h£))‘
s=0 m=0
2M—1 o T
=Y | 217rfg (cos(2Mm + s — &)z + cos(2M (m + 1) — s + £)z) dx
s=0 m=0

with by (h¢) := 0. These integrals can be estimated by means of the total variation.
Since g is a 2w-periodic function having a first derivative in [—7, 7] of finite total
variation V[g'], it holds that

™ V !
L [ g(z)cosrz dz| < 9]

—T

(4.2)

(re R\ {0}).

wr?

Note that (4.2) is well-known for r € IN, see e.g. [Fi], Chap. 19. As g(—7) =
g(m) = 0, the result can be extended to all » € IR\ {0}. From the first and second
derivative,

’ 4o " 4 (1 — 3(£)2)
@ = T g = G
’ earen w1+ (2

we see that ¢’ is monotonously increasing in [—, \ﬂf] and [\7/%,71'] and monoto-
iy
nously decreasing in [ \/—] Further, the extrema are at — 7= and 7= where

sgplg’(l’)l =9 <—%) = -4 <%> = i—\f-

Hence, by ¢'(—7) > 0 and ¢'(7) < 0, we obtain

Vgl = 481;p|g’(l’)| = 37\/3

For —1 < r < 1, instead of (4.2), we estimate the integral by the zeroth Fourier
coefficient,
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So we can summarize

RSS!
537 1l 2 1+2Z Muchosk(—%) H
s=0 [e%s)
Vgl & 1 V3
< -2 — = — 24— 2.1.
< 7 + - 1;:31 = T + 5

By similar techniques we prove the following estimate.

Lemma 4.3. For the functions ty, given in Definition 2.1, it holds that

2Nj_)\
> Jtaress|| < 28v2N
s=1 !

o0

Proof. By definition of the functions t; we have

2N;_x 2N;_x N
Z t — z Tﬁb(/\+1’2 +P) t
INMP g - j+1 INMP g
s=1 J s=1 J
o0 o0
QNJ',)\— M]' 1 M Tk N
— 4 _ _sm
= sup > o cos(N;"P + k) (x N -)
xE 0 27r) ] A s=0 =—M;+1 j
X.p+
Nj P i(p)
+ V2 > cosk(x — %)
X,
k=N;"" 4 M
M) M. k Aptl
+ > —2B) — cos(NPT 4+ k) (2 — 25)|.
M2 k2 J Nj-x
k=—Mjp)+1 i(p)

Hence, we have to estimate the supremum of a N —

be done on an interval of length ™. Because of 2M < Mj+ Mg < Nj_y,
Nj_x

the degree of the cosine terms is less than Nj}“p + Nj—x+ M) < N;—A(2* +p) +

2N;_x — M;j . For simplicity we set N = N;_x and M = M;. So, using the 27-

periodic absolutely continuous coefficient functions g, defined in (3.13) and (3.14),

for all p = 0,...,2» — 1, we can write analogously to the proof of the previous
lemma,
2N]',A
t ,
sz=:0 ‘ 2NjA Pis
o0
1 2N-1| 2N-M

gp (5Z) cos(N(2* + p) + k) (z — 2F)
k=—M+1

= sup

>
z€[0, % \/_ s=0
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1 2N-1| eN-M o \ .
= G VF B | o (R e (@ PR
= sup L 2%51 QNX_:M (fE (—”) cos skT + h5 (—”) sinsk—”) ,
ec0.) VN =0 |k="3r11 N N N N
with
fi@) = gp(x) cos((2 +p)ém + €x)

hy (2) gp(@) sin((2* + p)ém + &)
2] with

Note that the g, as defined in (3.13) and (3.14) are given in [~%,27 — %
9p(—%) = gp(2r — Z) = 0. Extending g, 27-periodically, the functions f§ and h§
are absolutely continuous functions with first derivative of bounded variation on
an interval of length 2. We expand these functions in Fourier series,

o0 o0
f5(x) = 3ao(f§) + Z an(f§) cosnz + Z bu(f5)sinna,
hf,(a:) = Lao(h}) + Z an(h§) cos nz + z b (h§) sinnz,
n=1
and use
aN—M aN—M
> cosmN = 2N 00,m mod 2N > smm’j\’;zo (m e Z),
=—M+1 k=—M-+1
to rewrite, for any £ € [0,1)
2N—1| 2N—M
> (f5(57) cossET + hE (A7) sin sET)
s=0 | k=—M+1
2N—1| o
=N Z—:[) Zo(a2Nm+s(f ) + A2N(m41)— (fE) + b2Nm+s(h ) - b2N(m+1) s(hg))‘

2N—1

=Ny

Oo 5 f gp(x) (cos(2Nm + s — )z 4+ cos(2N(m + 1) — s + &)z) dx

-7

Again, we estimate the Fourier coefficients by means of the total variation of the
first derivative of g,. Here we consider the closed interval [-%,27 — Z]. For

p=0,...,2"—2, we observe that g, is monotonously increasing in [—F, 37T‘/ﬁ§]
and [ — B’m” ,m + %] and monotonously decreasing in [m§ z] and in
[r—%,7— ”] Further, the extrema are at =Y T and 7 — 21T T where
7 3—/17 1417 48
sup, lgp(@)] = g (3=Y05) = — gy (- 2T5) = GG

Since g,(=%) > 0 and g, (7 + %) <0, the total variation of g, is

_ 317w _ 1+V17 192
Vil = 491’( 3) T (a2—evimE/z m
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For p = 2* — 1, we have analogously the local minimum

' 317 x _ 1417 24
Gor_1 \T 2 3) = (42—6/17)3/2 7
Hence,
Vigsn_]l = 295, (Sil/ﬁg) — 2955, (7r N 37§/ﬁ§)

— 1417 144
(42—6V/17)3/2 ™ °

The zeroth coefficient can be computed explicitely. For p=0,...,2* — 2,

1°7% 2.0 2L 14y
lao(gn)l = = [ gp@)dz = V2(1-9)+5 [ ——=dy
Tz 3730 1492
_ V2,2 V241

Analogously,

1
Q A_ = — A1\ T dmi d = —_— .
| 0(92 1)| - 7[ g2 1( ) \/W Yy \/5_1

Finally, we get the estimates

2N;_x—1 V[g’] o 1
S o] = v (lwtol + 22 £ )
5=0 i - T k=1

X 1 V2, V241 16V2(14V17) — X
V2N, (3+ / lnﬁ71+(4276\/ﬁ)3/2) forp=0,...,2* —2,

- V2. V241 12v2(14V17) — 9\ _
VENx (S 4 20T for p=2"—1.

A simple calculation proves the Lemma.

<

Now, let us estimate the norm of the partial sum operator with respect to our

basis of Definition 2.1.

Theorem 4.4. Let e > 0 be given. The orthogonal projection operator S, in (1.1)
for the functions {t, : p € IN} from Definition 2.1, acting as an operator from

Con to Cor, is uniformly bounded for all p € IN. For e < % , it holds that

4 1
ISullc—sc < 154 — In—.

Proof. With the kernel function

K, (z,§) == Ztk(f) tr ()
k=1
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we have the well-known representation

m
ISullcse = sup  sup | Y (f, tk) tr()
| £lleo=1 z€[0,27) k=1
1 2
= s | [ HOK 0]
Ifllcc=1 z€[0,27) | 4T 0
27
= sup o [ |[Ku(2,€)]d¢
z€[0,2m) 0
(43) = sup ||Ku($, )||1 .

z€[0,2m)

Now we distinguish 3 cases.
Case I. Let p < 2Ny : For p € {1,2}, it is trivial that ||K,(z,")|l1 = 1. For
k=2,...,Ny, one easily obtains with (3.4) and (4.1)

|1 Kaor—1(,-)|lx

1 27 k—1
— [114+2 > cosm(&—z)|dE
27T 0 m=1

lor 1 (- — 2) — cosk(- — z)|x

2
< ek =
< Jobill+ =
4
< 2.3+—2 Ink
™
and analogously
1 27 k=1
| Ko (z,)|l1 = o J11+2 Y cosm(€ — ) + 2cosk coskz | dE
™ 0 m=1

o1 (- — ) + cos k(- + )|

IN

2
1 J—
kil + =
4
™

Hence, the projection operator is bounded for all indices p < 2Ny = 3- 21, As
A < log, %, we have
4 4
sup [|Ku(e, )i < 23+ — InE < 234+ n@3-2Y)
z€[0,27) T 2 T

4 8 4 1
< 2.3+—21n— < 3.2-I-—21n—.
T € T €

Therewith, the assertion is proved for p < 2N,.
Case II. Let pu = 2N]f\’p: We consider the projection operator S,,».» . Since

2
the range of the orthogonal projection operator is independent of the choice of its
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basis, for every real orthonormal basis {s;‘,f tk=0,..., 2N].)"p — 1} of the range
of S, \a» it holds that
2N}P-1
K)o (@,6) = kE sk (§) sk(@).
i =0
By (4.3), we have that
2N}P—1
ISyprollene = sup [Kypaol@, )l = sup 51(2) si()
7 z€[0,27) 7 z€[0,27) k=0 1
Using Lemma 3.4 and the functions 9]).‘”,5 defined therein, we choose sp = 1, and
Sp = V2 cosk- (k=1,...,N; — Mj;),
)\ —
SNj+k = 9] 21 Nj r—1+k (k:_M +1 Mj_l)a
SON;—k = V2 sink- (k=1,...,N; — M;),
if p=0, or
s, = V2 Tb()‘+1 2p-1) (cos k-) (k= .,Nf\’p — M;),
SN}k T Ay (k=—-Mj+1,...,M; 1),
sonre_p = VETIATEHD (gin ) (k=1,... ,N].“’ - M;),

if pe {1,...,2* —1}. Since all summands in the kernel KQNA »(x, &) have the

same shift, we can take both of the shift operators Tb(A+1 2 “’ 1), acting on &

and z, respectively, in front of the sum and finally neglect them totally when we
integrate over ¢ and take the supremum over z. Hence, for p=1,...,2* — 1, we
insert the inverse shift operators and consider suitably

INMP_q
4 —b(A+1,2 +p—1 —b(A+1,2 +p—1
IS,prellese = sup || 3 TN P Vsi() T PV ()
7 z€[0,27) k=0 1

For the sake of simplicity, we set N = N J)‘ P and M = M;. Using trigonometric

formulas we obtain, for all p=0,...,2* — 1,
1 27 —
ISonllcse = sup — [[1+2 Y cosk({—x)+2cosNEcos N
z€[0,27) 2m =

/\

J;kQ cos(N — k)(é —x) + % cos(N + k) (€ — 93))

i

MX_: 1

2 1, 5)‘ ¢
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with remainder terms

ri(z,8) = cos(N(§+x) — k(£ —x)) + cos(N(§ +z) + k( — 7))
= 2 cosN({+xz) cosk({ —x).

Decomposing 2 cos N{ cos Nz = cos N(§ — x) + cos N(§ + x), we can write

ISenllose = sup IQN (- —2) +cos N(- +x) Rur(- — 2)|ls
z€[0,2m)
< sup IQNC =)+ sup [[Ru(-—2)lh
z€[0,2m) z€[0,2m)

1QX Il + IRall1

with
N-M M—1 )
M@E) == 142 3 coskz+ 3 %cos(N+k)x
k=1 k=—M+1
and
Mol
Ry(z) == 1+2 3 qmr=coskr.
k=1

For the L} norm of a polynomial p,, € T, , we use an inequality from [Ti], Chap.
4,

2 m—1
ad g (@l < s S (e -22)| me ).

Applying this estimate to Rps of degree M — 1 with m = 2M we obtain from
Lemma 4.2,

1 |2M—1
(43) il < g | Z lewe -] < 2
s=0 00

From the form (3.4) of the de la Vallée Poussin mean we deduce

QN = oN +oN
with
M—1 e
on (z) = > (—%+k,32 - —MA}'“) cos(N + k)z
k=—M+1
M—1

. 27 2 .
= 2 sinNz Y k %2—_‘_2251nkx
k=1

= —< sinNz R),(z).
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By Bernstein’s inequality, ||p),]|1 < nl|pal|1, for all p, € T, , we further get

1
leN i < M||R§w||1 < [|[Rm|i < 2.1.

The L}, norm of i = @AN/IQP comes by iteration of Lemma 4.1,
i

M, 4 4 1
||<pNjA‘p||1 = ||<p}vjw/Mj||1 = ||(p:13(2x+p)||1 < 1.6-|-F In(3-2+1) < 2'8+F lng.
Altogether, we obtain
M;
1S, n20llese < QLN + 1 Baglh

(4.6)

M; 4 1
||<pNjA,p||1 +2|Bag [ < 5 In— +28+42.

Case III. Let p > 2N, be arbitrary: For every u > 2N, we have exactly one
triple (j,p,s) of numbers j > X\, p € {0,...,2* — 1} and s € {1,...,2N;_,}
such that y = 2N ]?"p + 5. We decompose the orthogonal projection S, into the
operator S,a.» and a remainder,

J

Suf = S2NJ,*'P f+ ZM: (f t) t

k:2NJT\‘p+1

Estimating the norm of the remainder operator we obtain

sp s | Y (Fown@| = sw 2 F| 8 6 n)ae
[[flloc=1 z€[0,27) k=2N P41 z€f0,2m) 0 k=2NP 41
2N]f\’p+1
< sup > [te@)] lItellx
z€[0,2m) k=2N P41
2N;_x
= thN;"’HHl sZ::I t2N}"’+s .
1 2N;_x 2
< 2N, || & t2N}"’+s oo’

where the last inequality is obtained from (4.4) with m = 2N,_y. Applying
Lemma 4.3 and adding together with (4.6) we finally get, for all u > 2N, ,

I
ISullese < [ISyprwllcse + sup  sup > (f te) te(2)
7 [[f|leo=1z€[0,27) k=2N P41

4 1
< 74+ —=In-+(28)7,
™ g
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which concludes the proof. O
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