
1On a constructive representation of an orthogonal trigono-metric Schauder basis for C2�J�urgen Prestin, Kathi K. SeligDedicated to the memory of Professor Dr. Siegfried Pr�o�dorfA particular class of orthogonal trigonometric Schauder bases for C2� is given byperiodic wavelet packet functions. These bases are of minimal growth of the polynomialdegree. The focus of attention is their construction and the estimation of the Lebesgueconstant. The corresponding approximation error is asymptotically optimal.1. IntroductionThe Fourier series of a continuous function does not converge, in general, in thesupremum norm. Faber [Fa] proved for C2� that any polynomial set ft� : � 2 INgwith deg t� � �=2 cannot be a basis. So, a long standing question was whichminimal degree does one need in order to preserve pointwise convergence? Privalovgave a conclusive answer by two results [Pri1, Pri2]. First, he showed that, for anybasis ft� : � 2 INg in C2� , there exists an " > 0 such that for su�ciently large � ,one has deg t� � (1 + ")�=2. Second, for any such " > 0 he veri�ed the existenceof a Schauder basis satisfying deg t� � (1 + ")�=2.Lorentz and Sahakian showed in [LS] that the additional condition on the basisto be orthogonal does not a�ect the growth of the degree. Their proof was basedon Meyer wavelets and corresponding wavelet packets on the real line which thenwere periodized.We were studying de la Vall�ee Poussin means and related polynomial waveletsin [PS1, PS2, Se1, Se2] which led us to a similar basis with optimal growth of thedegree. Our construction by means of periodic wavelet and wavelet packet spacesallows an asymptotically optimal estimation of the norm of the correspondingpartial sum operator.For our basis ftk : k 2 INg, we will consider its partial sum operatorS� f = �Xk=1hf ; tki tk(1.1)and verify the Schauder basis propertykf � S� fk1 ! 0 (�!1)



2 J. Prestin, K. K. Seligfor all f 2 C2� . In this paper, we prove it in the formkf � S� fk1 � (1 + kS�kC!C)Eb�2 (1�")c(f) ;where the best approximation of f 2 C2� by trigonometric polynomials of degreeat most n, En(f) := infpn2TTn kf � pnk1 ;tends to zero as n ! 1. Here and in the sequel, TTn denotes the set of trigono-metric polynomials of degree at most n, and we set dre := minfk 2 ZZ : k � rgand brc := maxfk 2 ZZ : k � rg, for r 2 IR. In fact, we construct the functionstk depending on " 2 (0; 2=3] such thatTTb�2 (1�")c � spanftk : k = 1; : : : ; �g ;(1.2)and deg t� � �2 (1 + ") :Our estimation of the uniform boundedness of the partial sum operator in thesup-norm, kS�kC!C = supkfk1=1 kS� fk1 < 15 + 4�2 ln 1"(1.3)is asymptotically optimal as "! 0 (cf. [Pri1]).In Section 2, we de�ne the orthonormal Schauder basis of optimal degree andstate the main theorem. Then, Section 3 shall explain the constructive aspects ofour trigonometric wavelet packets. Section 4 is exclusively devoted to the proof ofthe estimation of the operator norm. We emphasize here that the essential pointof our construction to obtain (1.3) is the combination of the ideas of a periodicmultiresolution analysis with the explicite determination of frequencies as given inLemma 3.4.Let us mention that our polynomial system ft�g is also a basis in some separableH�older spaces. The investigation of approximation in H�older spaces was initiatedby Siegfried Pr�o�dorf in [Pr�o]. To describe a particular case let, for 0 < � < 1,C� = ff 2 C2� : kfk1;� := kfk1 + supx 6=y jx� yj��jf(x)� f(y)j <1g:With the help of the results in [Pre] and [PP] one can easily prove that our or-thonormal system of polynomials ft�g is a basis in the subspace~C� = ff 2 C� : limy!x jx� yj��jf(x)� f(y)j = 0 for all xg:



Orthonormal trigonometric Schauder basis 32. Orthogonal bases of optimal degreeWe are going to de�ne the Schauder basis polynomials t� depending on thenumber " to which the degree of the polynomials must be tuned.Let " > 0 be given and �x � 2 IN ,� := ( 1 if " � 23 ;dlog2 43"e if " < 23 ;i.e., 4 � 3" � 2� < 8 for " � 2=3. For any " > 2=3, we get by de�nition the same� and therewith the same Schauder basis as for " = 2=3. Hence, we can restrictourselves to " � 2=3 in the rest of the paper.We denote dimension numbersNj := 3 � 2j (j 2 IN0) ;and, for our �xed � 2 IN ,N�;pj := Nj��(2� + p) (j � �; p = 0; : : : ; 2�) :Then, for all � 2 IN , � > 2N� there is a one-to-one correspondence of � and thetriple (j; p; s), with j � � ; p 2 f0; : : : ; 2� � 1g and s 2 f1; : : : ; 2Nj��g, by theequality � = 2Nj��(2� + p) + s = 2N�;pj + s :We de�ne the shift operator Tj : C2� ! C2� of level j 2 IN0 byTj f := f �� � �Nj� :We denote the bit-reversed number of p 2 f0; : : : ; 2�� 1g with respect to � digitsby b(�; p) := ��1X̀=0 ���`�1(p) 2` ;(2.1)where �`(p) are the bits (or binary digits) of p in its binary decompositionp = ��1X̀=0 �`(p) 2` ; i.e., �`(p) = j p2`k mod 2 :Further, let Mj := � 1 if j < � ;2j�� if j � � ;(2.2)



4 J. Prestin, K. K. Seligand j(p) := � j for p = 0; : : : ; 2� � 2 ;j + 1 for p = 2� � 1 :(2.3)De�nition 2.1. Let " > 0 be given. The set of polynomials ft� : � 2 INg isde�ned as follows. Lett1 := 1 ;t2k := p2 cos k � for k = 1; : : : ; N� ;t2k+1 := p2 sin k � for k = 1; : : : ; N� � 1 ;and for all j � �; p = 0; : : : ; 2� � 1; s = 1; : : : ; 2Nj�� , lett2N�;pj +s := 1pNj�� T s�1j�� T b(�+1;2�+p)j+1  Mj�1Xk=�Mj+1 Mj + kqM2j + k2 cos(N�;pj + k) �+ p2N�;p+1j �Mj(p)Xk=N�;pj +Mj cos k �+ Mj(p)�1Xk=�Mj(p)+1 Mj(p) � kqM2j(p) + k2 cos(N�;p+1j + k) �! :Note that, for � > 2N�, the polynomials t� are shifted cosine sums which obvi-ously satisfyt2N�;pj +s 2 TTN�;p+1j +Mj(p)�1 and t2N�;pj +s ? TTN�;pj �Mj :Theorem 2.2. For given " > 0, the polynomial system ft� : � 2 INg fromDe�nition 2.1 is an orthonormal Schauder basis in C2� of optimal degree, i.e., forall �; � 2 IN , it holds that ht� ; t�i = ��;� ;(2.4)and deg t� � �2 (1 + ") :(2.5)In particular, for all f 2 C2� we have




f � �Xk=1hf ; tki tk




1 < �16 + 4�2 ln 1"� Eb�2 (1�")c(f) :(2.6)Proof. First, we prove the degree inequality (2.5) which is trivial for � � 2N�.For � > 2N�, we deduce for p = 0; : : : ; 2� � 2deg t2N�;pj +s2N�;pj + s = N�;p+1j +Mj � 12N�;pj + s < N�;pj +Nj�� +Mj2N�;pj= 12 �1 + 4 � 2j��3 � 2j��(2� + p)� � 12 �1 + 43 � 2�� � 12(1 + ") ;



Orthonormal trigonometric Schauder basis 5since � � log2 43" . For p = 2� � 1 ; we havedeg t2N�;pj +s2N�;pj + s = Nj+1 +Mj+1 � 12N�;2��1j + s < Nj+1 +Mj+12(Nj+1 �Nj��)= 12 �1 + 5 � 2j��3 � 2j��(2�+1 � 1)� = 12 �1 + 53 � (2�+1 � 1)� :Since � � 1,2�2�+1 � 1 = 2�+12(2�+1 � 1) = 12 �1 + 12�+1 � 1� � 12 �1 + 13� = 23 < 45 :Hence, (2.5) follows analogously for p = 2� � 1.The orthonormality (2.4) can be deduced from the construction of ft� : � 2 INgwhich we will explain in Section 3. It could also be proved straightforward.The estimation in (2.6) is a consequence of the results in (1.2) and (1.3), whichare given in Lemma 3.4 and Theorem 4.4, respectively. 23. Construction methods3.1. General theoryIn this section, let us focus on Hilbert space theory in L22�. Our construction isstrongly based upon multiresolution, wavelet and wavelet packet spaces in L22� be-ing shift-invariant spaces spanned by one function and its translates. The waveletspaces and the wavelet packet spaces, respectively, ought to be mutually orthogo-nal. Finally, the translates of the wavelet packets have to be orthonormalized andwill be orthonormal translates of another wavelet packet of the same space.A periodic multiresolution analysis (PMRA) shall be, as usual, a chain of spacesof the following kind.De�nition 3.1. A periodic multiresolution analysis (PMRA) in L22� is a sequenceof subspaces fVjgj2IN0 of L22� with the properties:(MR1) For all j 2 IN0 there exists a function �j 2 Vj ; such thatfT sj �j : s = 0; : : : ; 2Nj � 1g is a basis for Vj .(MR2) For all j 2 IN0 it holds Vj � Vj+1 :(MR3) It holds closL22�(Sj2IN0 Vj) = L22� :While sticking to shift-invariance, we have to give up dilation invariance for thecase of periodic functions, simply due to the fact that � 2 L22� =) �( �2 ) 2 L24� .



6 J. Prestin, K. K. SeligSo, in each level j , �j can be any function that belongs to the superior spaceVj+1 and has linearly independent translates with respect to the shift operatorTj . Hence, such a scaling function �j has to satisfy a two-scale relation�j = Nj+2�1Xs=0 �j;s T sj+1�j+1 :In terms of Fourier coe�cientsck(f) := hf; eik�i := 12� Z ��� f(x) e�ikx dxit means ck+mNj+2(�j) = �̂j;k ck+mNj+2(�j+1) ;(3.1)for all k = 0; : : : ; Nj+2 � 1 ; m 2 ZZ , where (�j;s)Nj+2�1s=0 is a vector of complexnumbers, and (�̂j;k)Nj+2�1k=0 is its discrete Fourier transform. The linear indepen-dence of the 2Nj translates of �j , i.e. (MR1), is equivalent toXm2ZZ jck+mNj+1(�j)j2 > 0 (k = 0; : : : ; Nj+1 � 1) ;(3.2)and then (MR2) holds i� there exist (�̂j;k)Nj+2�1k=0 such that (3.1) is satis�ed forall j 2 IN0 .The wavelet spaces contain what is remaining when cutting Vj out of Vj+1 .De�nition 3.2. Let fVjgj2IN0 in L22� be a given PMRA. For all j 2 IN0 , thewavelet space Wj of level j is the orthogonal complement of Vj in Vj+1 ; i.e.,Wj = Vj+1 	 Vj :From this de�nition it follows thatWj is invariant with respect to the shift Tj andthat there exists a function  j such that Wj = spanfT sj  j : s = 0; : : : ; 2Nj � 1g.Such a function  j shall be called wavelet, and again, no dilation property isrequired.Given any PMRA and, in particular, coe�cient vectors (�̂j;k)Nj+2�1k=0 for which(3.1) holds,  j 2 L22� is a wavelet i� we have(W) The Fourier coe�cients of  j satisfyck( j) = �j;(k mod Nj+2) �̂j;((k+Nj+1) mod Nj+2)P`2ZZ jck+`Nj+2(�j+1)j2 ck(�j+1) (k 2 ZZ)with some numbers �j;k 2 C= nf0g, k = 0; : : : ; Nj+2 � 1; for which



Orthonormal trigonometric Schauder basis 7�j;k = ��j;k+Nj+1 (k = 0; : : : ; Nj+1 � 1):So we have exactly 2Nj degrees of freedom for the choice of  j .For the concept of periodic wavelet packets, we do not simply adopt the decompo-sition algorithms from the scaling spaces as done in L2(IR) (see e.g. [CMW, CW]),but we persist on splitting any Tj-invariant subspace into two (orthogonal) Tj�1-invariant subspaces.De�nition 3.3. For a given wavelet space Wj =W 0;0j of level j ; j 2 IN ; and forany number � 2 IN with � � j, the wavelet packet spaces of level j and depth �are the subspaces fW �;pj g2��1p=0 of L22� satisfying the following properties:(WP1) For all p = 0; : : : ; 2� � 1 ; there exists a function  �;pj 2W �;pj such thatfT sj��  �;pj : s = 0; : : : ; 2Nj�� � 1g is a basis for W �;pj .(WP2) For all ` = 0; : : : ; �� 1 and p = 0; : : : ; 2` � 1 ; we haveW `;pj = W `+1;2pj �W `+1;2p+1j :The functions  �;pj are called wavelet packets.The properties (WP1) and (WP2) can be written equivalently in the followingform:(WP) There exist vectors (�̂`;pj;k)Nj�`+2�1k=0 2 C= Nj�`+2 ; for all ` = 1; : : : ; �and p = 0; : : : ; 2` � 1 ; such thatck( `;pj ) = �̂`;pj;(k mod Nj�`+2) ck( `�1;bp2 cj ) (k 2 ZZ);with �̂`;2b p2 cj;k �̂`;2bp2 c+1j;k Xm2ZZ jck+mNj�`+2( `�1;b p2cj )j2= � �̂`;2b p2 cj;k+2Nj�` �̂`;2b p2c+1j;k+2Nj�` Xm2ZZ jck+2Nj�`+mNj�`+2( `�1;bp2 cj )j2and ����̂`;pj;k���2 + ����̂`;pj;k+2Nj�` ���2 > 0 ;for all k = 0; : : : ; 2Nj�` � 1:



8 J. Prestin, K. K. SeligLast but not least we need to know how to orthonormalize the translates of afunction without loosing the translation invariance property of the basis. Givenf 2 L22� for which the translates fT sj f : s = 0; : : : ; 2Nj � 1g are linearly in-dependent, i.e., (3.2) is satis�ed by f = �j , we obtain orthonormal translatesfT sj g : s = 0; : : : ; 2Nj � 1g by choosingck+2Nj`(g) = ck+2Nj`(f)� Pm2ZZ jck+2Njm(f)j2�� 12 ;(3.3)for all k = 0; : : : ; 2Nj � 1 and ` 2 ZZ .3.2. Particular polynomial functionsNow, let us de�ne special scaling functions that will lead us to our polynomialsin De�nition 2.1. A de la Vall�ee Poussin mean is given, for any N;M 2 IN withN �M , by'MN (x) = 1 + 2N�MXk=1 cos kx+ M�1Xk=�M+1 M � kM cos(N + k)x :(3.4)Its interpolating property 'MN ( s�N ) = 2N �s;0 ; for s = 0; : : : ; 2N � 1 ; is clear from'MN (x) = 8<: sinNx sinMx2M sin2 x2 if x =2 2�ZZ ;2N if x 2 2�ZZ(3.5)and yields also the linear independence of its translates f'MN (� � s�N ) : s =0; : : : ; 2N � 1g.With the numbers Nj = 3 � 2j ; the �j = 'MjNj are scaling functions of a PMRAi� Mj +Mj+1 � Nj +1 for all j 2 IN0 (see [Se3]) which is satis�ed byMj as givenin (2.2). Indeed, sinceck('MjNj ) = 8<: 1 if 0 � jkj � Nj �Mj ;Mj�(jkj�Nj)2Mj if Nj �Mj < jkj < Nj +Mj ;0 if Nj +Mj � jkj ;condition (3.2) holds, and with�̂j;k = 8>>>>><>>>>>: 1 if 0 � k � Nj �Mj ;Mj�(k�Nj)2Mj if Nj �Mj < k < Nj +Mj ;0 if Nj +Mj � k � 3Nj �Mj ;Mj+(k�3Nj)2Mj if 3Nj �Mj < k < 3Nj +Mj ;1 if 3Nj +Mj � k < 4Nj ;



Orthonormal trigonometric Schauder basis 9(3.1) is true, for all j 2 IN0 . Moreover, one easily veri�esTTNj�Mj � Vj � TTNj+Mj�1 :Due to Nj �Mj � 2Nj=3 and the Weierstrass theorem, (MR3) is valid, too.Based on the PMRA generated by de la Vall�ee Poussin means, we further de�nefunctions  j = Tj+1 �'Mj+1Nj+1 � 'MjNj �(3.6)for all j 2 IN0 and  �;pj = T b(�+1;2�+p)j+1 �'Mj(p)N�;p+1j � 'MjN�;pj �(3.7)for all j � � and p = 0; : : : ; 2� � 1, where b(�; p) is the bit-reversed number (2.1).Using the above theory, we now show that the functions  j and  �;pj are waveletsand wavelet packets, respectively.The functions  j in (3.6) are wavelets since they satisfy property (W) if wechoose�j;(k mod Nj+2) = e� ik�Nj+1 �8><>: P`2ZZ jck+`Nj+2('Mj+1Nj+1 )j2 if Nj � k < 3Nj ;P`2ZZjck+Nj+1+`Nj+2('Mj+1Nj+1 )j2 if �Nj � k < Nj :These functions  j have already been used, e.g. in [Pri3]. For the functions  �;pjin (3.7), we have property (WP) in form ofck( �;pj ) = e� i(p mod 2)k�Nj��+1 �̂�;2b p2 cj;((k+(p mod 2)Nj��+1) mod Nj��+2) ck � ��1;b p2cj �with the factors�̂�;2b p2cj;k = 8>>>>><>>>>>: 1 if 0 � k � Nj�� �Mj ;Mj�(k�Nj��)2Mj if Nj�� �Mj < k < Nj�� +Mj ;0 if Nj�� +Mj � k � 3Nj�� �Mj ;Mj+(k�3Nj��)2Mj if 3Nj�� �Mj < k < 3Nj�� +Mj ;1 if 3Nj�� �Mj � k < 4Nj�� :If we compute the Fourier coe�cients of each  �;pj explicitely, then we see thattheir absolute value is equal to the Fourier coe�cients of 'Mj(p)N�;p+1j � 'MjN�;pj ; andthe modulation that is multiplied in the iteration step from  ��1;b p2 cj to  �;pj isexactly e� i(p mod 2)k�Nj��+1 : Sinceck(Tjf) = e� ik�Nj ck(f) ;



10 J. Prestin, K. K. Seligit follows that the total shift of 'Mj(p)N�;p+1j � 'MjN�;pj to gain  �;pj is indeedT p mod 2j��+1 : : : T b p2��1 c mod 2j Tj+1 = T b(�;p)j Tj+1 = T b(�+1;2�+p)j+1 :So, our functions in (3.7) are wavelet packet functions.Now, we want to orthonormalize fT sj�� �;pj : s = 0; : : : ; 2Nj�� � 1g. TheirFourier coe�cients are changed following the rule in (3.3), i.e., they are dividedby the square root ofPm2ZZ jck+2Nj��m( �;pj )j2 = 8>><>>: M2j(p)+k22M2j(p) 0 � jkj < Mj(p) ;1 Mj(p) � jkj � Nj�� �Mj ;M2j+(k�Nj��)22M2j Nj�� �Mj < k < Nj�� +Mj ;for k = �Nj��+Mj ; : : : ; Nj��+Mj�1 mod 2Nj��. Thus we obtain the functionsin De�nition 2.1 for � > 2N� via their Fourier coe�cientsck(t2N�;pj +1) = ck( �;pj )� Pm2ZZ jck+2Nj��m( �;pj )j2�� 12 (k 2 ZZ) :So, for any j � �, we have by wavelet and wavelet packet decompositionVj = V� � j�1Mh=�Wh= V� � j�1Mh=� 2��1Mq=0 W �;qh(3.8) = spanftk : k = 1; : : : ; 2Njg ;and, for any p 2 f1; : : : ; 2� � 1g,p�1Mq=0W �;qj = spanftk : k = 2Nj + 1; : : : ; 2N�;pj g :(3.9)Finally, we determine the trigonometric polynomials which are included in ourpolynomial spaces. As pointed out in the introduction, the change of basis fromwavelet packets to polynomials consisting of one or two frequencies is the mainingredient to obtain optimal Lebesgue constants.Lemma 3.4. For given " > 0, the span of the �rst � polynomials tk from De�ni-tion 2.1 contains all trigonometric polynomials of degree less or equal to (1�")�=2,i.e., TTb�2 (1�")c � spanftk : k = 1; : : : ; �g :(3.10)



Orthonormal trigonometric Schauder basis 11Moreover, for j � � ,spanftk : k = 1; : : : ; 2Njg= TTNj�Mj � spanf��;2��1j�1;Nj���1+k : k = �Mj + 1; : : : ;Mj � 1g ;(3.11)and for j � � , p 2 f1; : : : ; 2� � 1g,spanftk : k = 1; : : : ; 2N�;pj g= TTN�;pj �Mj � spanf��;p�1j;Nj��+k : k = �Mj + 1; : : : ;Mj � 1g ;(3.12)with ��;pj;Nj�� = p2 T b(�+1;2�+p)j+1 cosN�;p+1j � ;��;pj;Nj���k =T b(�+1;2�+p)j+1 � Mj(p)+kpM2j(p)+k2 cos(N�;p+1j � k)�+ Mj(p)�kpM2j(p)+k2 cos(N�;p+1j + k)��;��;pj;Nj��+k =T b(�+1;2�+p)j+1 � Mj(p)+kpM2j(p)+k2 sin(N�;p+1j � k)� � Mj(p)�kpM2j(p)+k2 sin(N�;p+1j + k)��for k = 1; : : : ;Mj(p) � 1, where the shift operator in ��;2��1j;Nj��+k can be omitted.Proof. Here and in the proof of Lemma 4.3 we need coe�cient functions given inthe interval [��3 ; 2� � �3 ] bygp(x) = 8>>>><>>>>: 1+ 3x�p1+( 3x� )2 if ��3 � x < �3 ;p2 if �3 � x < � � �3 ;1�3( x��1)p1+(3( x��1))2 if � � �3 � x < � + �3 ;0 if � + �3 � x � 2� � �3 ;(3.13)for p = 0; : : : ; 2� � 2, andg2��1(x) = 8>>>><>>>>: 1+ 3x�p1+( 3x� )2 if ��3 � x < �3 ;p2 if �3 � x < � � 2�3 ;2�3( x��1)p4+(3( x��1))2 if � � 2�3 � x < � + 2�3 ;0 if � + 2�3 � x � 2� � �3 :(3.14)Hence, we can rewrite our basis functionst2N�;pj +s = 1pNj�� T s�1j�� T b(�+1;2�+p)j+1 Nj��+Mj(p)�1Pk=�Mj+1 gp �k�N � cos(N�;pj + k)� :



12 J. Prestin, K. K. SeligRewriting the shift by T s�1j�� and regrouping the frequencies, we obtain, now fors = 0; : : : ; 2Nj�� � 1 ,pNj�� T�b(�+1;2�+p)j+1 t2N�;pj +s+1= Nj��+Mj(p)�1Pk=�Mj+1 gp(k�N ) cos(Nj��(2� + p) + k)�� � s�Nj���=(�1)psNj��+Mj(p)�1Pk=�Mj+1 gp(k�N )�cos ks�Nj�� cos(N�;pj + k)�+sin ks�Nj�� sin(N�;pj + k)��= (�1)ps�Mj�1Pk=1 cos ks�Nj�� �gp(k�N ) cos(N�;pj + k)�+gp(�k�N ) cos(N�;pj � k)��+Mj�1Pk=1 sin ks�Nj�� �gp(k�N ) sin(N�;pj + k)� �gp(�k�N ) sin(N�;pj � k)��+ p2Nj���Mj(p)Pk=Mj �cos ks�Nj�� cos(N�;pj + k)�+sin ks�Nj�� sin(N�;pj + k)��+ p2 cosN�;pj � + p2(�1)s cosN�;p+1j �+Mj(p)�1Pk=1cos (Nj���k)s�Nj�� �gp(�� k�N ) cos(N�;p+1j �k)�+gp(�+ k�N ) cos(N�;p+1j +k)��+Mj(p)�1Pk=1 sin (Nj���k)s�Nj�� �gp(� � k�N ) sin(N�;p+1j � k)�� gp(� + k�N ) sin(N�;p+1j + k)��� :Here, we observe a change of basis in W �;pj from ft2N�;pj +s : s = 1; : : : ; 2Nj��g toanother orthonormal, more frequency-localized basis, f��;pj;k : k = 0; : : : ; 2Nj�� �1g , by means of the cosine and sine transform in form oft2N�;pj +s+1 = (�1)pspNj��  Nj��Pk=0 cos ks�Nj�� ��;pj;k + Nj���1Pk=1 sin ks�Nj�� ��;pj;2Nj���k! :Hence, the union of the smallest PMRA space V� and the wavelet packet spaces,as given in (3.8) and (3.9), provides us with a basis of the cosine and sine functionsftk : k = 1; : : : ; 2N�g andfcos(N�;qh + k)� ; sin(N�;qh + k)� ; : k =Mh; : : : ; Nh�� �Mh(q)g � W �;qhfor all indices h; q which are included. Here, the meaning of h(q) is the same as ofj(p) in (2.3). Moreover, in the overlapping ranges of frequencies, we have basesS�;qh := f��;qh;Nh��+k : k = �Mh(q) + 1; : : : ;Mh(q) � 1g;T �;qh := f��;qh;k : k = 0; : : : ;Mh � 1g [ f��;qh;2Nh���k : k = 1; : : : ;Mh � 1g



Orthonormal trigonometric Schauder basis 13for which S�;q�1h ; T �;qh � TTN�;qh +Mh�1 	 TTN�;qh �Mh+1 and S�;q�1h ? T �;qh hold,where for q = 0, we have to write S�;2��1h�1 . From the dimensions, we see that, forh � � and q = 0; : : : ; 2� � 1 ;span(S�;q�1h [ T �;qh ) = TTN�;qh +Mh�1 	 TTN�;qh �Mh+1 :The shift operator in the de�nition of ��;2��1j�1;Nj��+k , for k = �Mj +1; : : : ;Mj � 1 ,can be omitted because T b(�+1;2�+2��1)j = T 2�+1�1j ; and a shift of ��;2��1j�1;Nj��+k bya multiple of Tj yields a linear combination of f��;2��1j�1;Nj��+` : j`j = kg.Inclusion (3.10) is trivial for � � 2N� . For � > 2N� , it follows from (3.11) and(3.12) due to N�;pj �Mj � �2 (1� ") � j�2 (1� ")k ;which can be shown similar to the proof of the inequality (2.5) for the degree. 24. Norm of the Fourier sum operatorFirst, we prove some auxiliary results.Lemma 4.1. For any N;M 2 IN N �M ; the functions 'MN in (3.4) satisfy

'2M2N 

1 = 

'MN 

1and 

'1N

1 < 1:6 + 4�2 lnN :(4.1)Proof. From (3.5) it follows'2M2N (x) = sin 2Nx sin 2Mx4M sin2 x2 = sinN(2x) sinM(2x)M sin2 2x2 cos2 x2= 'MN (2x) (1 + cosx) :Since 'MN and '2M2N are even and 2�-periodic, and cos y2 = � cos 2��y2 , we have

'2M2N 

1 = 1� �R0 j'MN (2x)j (1 + cosx) dx = 1� �R0 j'MN (y)j (1 + cos y2 ) dy= 

'MN 

1 + 14� 2�R0 j'MN (y)j�cos y2 � cos 2� � y2 � dy = 

'MN 

1 :



14 J. Prestin, K. K. SeligConcerning (4.1), we follow [Zy], Chap. II.12, and obtain

'1N

1 = 1� �R0 ����sinNx sinx2 sin2 x=2 ���� dx= 2� �R0 j sinNxjx dx� 2� �R0 j sinNxj� 1x � 12 cot x2� dx< 2� N�1Pk=0 �=NR0 j sinNxjx+ k�=N dx< 2� �=NR0 sinNxx dx+ 2N�2 N�1Pk=1 1k �=NR0 sinNxdx= 2� Si(�) + 4�2 N�1Xk=1 1k < 1:6 + 4�2 lnN : 2Lemma 4.2. For any M 2 IN it holds that12M 




2M�1Xs=0 �����1 + 2M�1Xk=1 M2 � k2M2 + k2 cos k �� � s�M ������ 




1 < 2:1 :Proof. The function to be estimated in the supremum norm is obviously �M -periodic, so it su�ces to consider its supremum over the interval [0; �M ). De�ninga 2�-periodic absolutely continuous (coe�cient) function byg(x) = 1� ( x� )21 + ( x� )2 (x 2 [��; �]) ;we can write



2M�1Ps=0 ����1 + 2M�1Pk=1 M2�k2M2+k2 cos k �� � s�M �����



1= supx2[0; �M ) 2M�1Ps=0 ����� MPk=�M+1 g �k�M � cos k(x� s�M )�����= sup�2[0;1) 2M�1Ps=0 ����� MPk=�M+1 �f� �k�M � cos ks�M + h� �k�M � sin ks�M ������ ;where the functionsf�(x) = g(x) cos �x ; h�(x) = g(x) sin �x (x 2 (��; �])are even and odd, respectively, and are extended 2�-periodically. Expanding themin Fourier series,f�(x) = 12a0(f�) + 1Pn=1 an(f�) cosnx ; h�(x) = 1Pn=1 bn(h�) sinnx



Orthonormal trigonometric Schauder basis 15and using the well-known identitiesMPk=�M+1 cosmk�M = 2M �0;m mod 2M ; MPk=�M+1 sinmk�M = 0 ; (m 2 ZZ) ;we obtain, for arbitrary � 2 [0; 1) ;12M 2M�1Ps=0 ���� MPk=�M+1 �f� �k�M � cos ks�M + h� �k�M � sin ks�M � ����=2M�1Ps=0 ���� 12 1Pm=0�a2Mm+s(f�) + a2M(m+1)�s(f�) + b2Mm+s(h�)� b2M(m+1)�s(h�)�����= 2M�1Ps=0 ���� 1Pm=0 12� �R�� g(x) (cos(2Mm+ s� �)x + cos(2M(m+ 1)� s+ �)x) dx���� ;with b0(h�) := 0. These integrals can be estimated by means of the total variation.Since g is a 2�-periodic function having a �rst derivative in [��; �] of �nite totalvariation V [g0], it holds that���� 1� �R�� g(x) cos rx dx���� � V [g0]�r2 ; (r 2 IR n f0g) :(4.2)Note that (4.2) is well-known for r 2 IN , see e.g. [Fi], Chap. 19. As g(��) =g(�) = 0, the result can be extended to all r 2 IR n f0g. From the �rst and secondderivative,g0(x) = � 4x�2 �1 + ( x� )2�2 ; g00(x) = � 4 �1� 3( x� )2��2 �1 + ( x� )2�3 ;we see that g0 is monotonously increasing in [��;� �p3 ] and [ �p3 ; �] and monoto-nously decreasing in [� �p3 ; �p3 ]. Further, the extrema are at � �p3 and �p3 wheresupx jg0(x)j = g0�� �p3� = � g0� �p3� = 3p34� :Hence, by g0(��) > 0 and g0(�) < 0 ; we obtainV [g0] = 4 supx jg0(x)j = 3p3� :For �1 � r � 1, instead of (4.2), we estimate the integral by the zeroth Fouriercoe�cient, a0(g) = 2� �R0 g(x) dx = 2 1R0 1� y21 + y2 dy = � � 2 :



16 J. Prestin, K. K. SeligSo we can summarize12M 



2M�1Ps=0 ����1 + 2M�1Pk=1 M2�k2M2+k2 cos k �� � s�M �����



1� � � 2 + V [g0]� 1Pk=1 1k2 = � � 2 + p32 < 2:1 : 2By similar techniques we prove the following estimate.Lemma 4.3. For the functions tk given in De�nition 2.1, it holds that





2Nj��Xs=1 ���t2N�;pj +s���





1 < 2:8p2Nj�� :Proof. By de�nition of the functions tk we have




2Nj��Ps=1 ���t2N�;pj +s���




1 = 




2Nj��Ps=1 ���T�b(�+1;2�+p)j+1 t2N�;pj +s���




1= supx2[0;2�) 1pNj�� 2Nj���1Ps=0 ����� Mj�1Pk=�Mj+1 Mj+kpM2j+k2 cos(N�;pj + k)(x � s�Nj�� )+ p2N�;p+1j �Mj(p)Pk=N�;pj +Mj cos k(x� s�Nj�� )+ Mj(p)�1Pk=�Mj(p)+1 Mj(p)�kpM2j(p)+k2 cos(N�;p+1j + k)(x� s�Nj�� )����� :Hence, we have to estimate the supremum of a �Nj�� -periodic function which canbe done on an interval of length �Nj�� . Because of 2Mj � Mj +Mj+1 � Nj�� ,the degree of the cosine terms is less than N�;pj +Nj��+Mj(p) � Nj��(2�+ p) +2Nj�� �Mj : For simplicity we set N = Nj�� and M = Mj . So, using the 2�-periodic absolutely continuous coe�cient functions gp de�ned in (3.13) and (3.14),for all p = 0; : : : ; 2� � 1, we can write analogously to the proof of the previouslemma,




 2Nj���1Ps=0 ���t2N�;pj +s��� 




1= supx2[0; �N ) 1pN 2N�1Ps=0 ����� 2N�MPk=�M+1 gp �k�N � cos(N(2� + p) + k)(x� s�N )�����



Orthonormal trigonometric Schauder basis 17= sup�2[0;1) 1pN 2N�1Ps=0 ����� 2N�MPk=�M+1 gp �k�N � cos �(2� + p)� + k�N �(� � s)�����= sup�2[0;1) 1pN 2N�1Ps=0 ����� 2N�MPk=�M+1 �f�p �k�N � cos sk�N + h�p �k�N � sin sk�N ������ ;with f�p (x) = gp(x) cos((2� + p)�� + �x) ;h�p(x) = gp(x) sin((2� + p)�� + �x) :Note that the gp as de�ned in (3.13) and (3.14) are given in [��3 ; 2� � �3 ] withgp(��3 ) = gp(2� � �3 ) = 0. Extending gp 2�-periodically, the functions f�p and h�pare absolutely continuous functions with �rst derivative of bounded variation onan interval of length 2�. We expand these functions in Fourier series,f�p (x) = 12a0(f�p ) + 1Pn=1 an(f�p ) cosnx+ 1Pn=1 bn(f�p ) sinnx ;h�p(x) = 12a0(h�p) + 1Pn=1 an(h�p) cosnx+ 1Pn=1 bn(h�p) sinnx ;and use2N�MPk=�M+1 cosmk�N = 2N �0;m mod 2N ; 2N�MPk=�M+1 sinmk�N = 0 (m 2 ZZ);to rewrite, for any � 2 [0; 1)2N�1Ps=0 ���� 2N�MPk=�M+1 �f�p �k�N � cos sk�N + h�p �k�N � sin sk�N � ����= N2N�1Ps=0 ���� 1Pm=0�a2Nm+s(f�p ) + a2N(m+1)�s(f�p ) + b2Nm+s(h�p)� b2N(m+1)�s(h�p)�����= N2N�1Ps=0 ���� 1Pm=0 12� �R�� gp(x) (cos(2Nm+ s� �)x + cos(2N(m+ 1)� s+ �)x) dx����:Again, we estimate the Fourier coe�cients by means of the total variation of the�rst derivative of gp. Here we consider the closed interval [��3 ; 2� � �3 ] . Forp = 0; : : : ; 2��2, we observe that g0p is monotonously increasing in [��3 ; 3�p174 �3 ]and [� � 3�p174 �3 ; � + �3 ] and monotonously decreasing in [ 3�p174 �3 ; �3 ] and in[�� �3 ; �� 3�p174 �3 ]. Further, the extrema are at 3�p174 �3 and �� 3�p174 �3 wheresupx jg0p(x)j = g0p � 3�p174 �3� = � g0p �� � 3�p174 �3� = 1+p17(42�6p17)3=2 48� :Since g0p(��3 ) > 0 and g0p(� + �3 ) < 0 ; the total variation of g0p isV [g0p] = 4g0p � 3�p174 �3� = 1+p17(42�6p17)3=2 192� :



18 J. Prestin, K. K. SeligFor p = 2� � 1, we have analogously the local minimumg02��1 �� � 3�p172 �3� = � 1+p17(42�6p17)3=2 24� :Hence, V [g02��1] = 2g02��1 � 3�p174 �3�� 2g02��1 �� � 3�p172 �3�= 1+p17(42�6p17)3=2 144� :The zeroth coe�cient can be computed explicitely. For p = 0; : : : ; 2� � 2 ,ja0(gp)j = 1� 2���3R��3 gp(x) dx = p2(1� 23) + 23 1R�1 1 + yp1 + y2 dy= p23 + 23 ln p2 + 1p2� 1 :Analogously,ja0(g2��1)j = 1� 2���3R��3 g2��1(x) dx 1 + yp1 + y2 dy = ln p2 + 1p2� 1 :Finally, we get the estimates




2Nj���1Ps=0 ���t2N�;pj +s���




1 � pNj�� �ja0(gp)j+ V [g0p]� 1Pk=1 1k2�� 8<: p2Nj�� � 13 + p23 ln p2+1p2�1 + 16p2(1+p17)(42�6p17)3=2� for p = 0; : : : ; 2� � 2 ;p2Nj�� �p22 ln p2+1p2�1 + 12p2(1+p17)(42�6p17)3=2� for p = 2� � 1 :A simple calculation proves the Lemma. 2Now, let us estimate the norm of the partial sum operator with respect to ourbasis of De�nition 2.1.Theorem 4.4. Let " > 0 be given. The orthogonal projection operator S� in (1.1)for the functions ft� : � 2 INg from De�nition 2.1, acting as an operator fromC2� to C2�, is uniformly bounded for all � 2 IN . For " � 23 ; it holds thatkS�kC!C < 15 + 4�2 ln 1" :Proof. With the kernel functionK�(x; �) := �Xk=1 tk(�) tk(x)



Orthonormal trigonometric Schauder basis 19we have the well-known representationkS�kC!C = supkfk1=1 supx2[0;2�) ���� �Pk=1hf ; tki tk(x)����= supkfk1=1 supx2[0;2�) ���� 12� 2�R0 f(�)K�(x; �)d�����= supx2[0;2�) 12� 2�R0 jK�(x; �)j d�= supx2[0;2�)kK�(x; �)k1 :(4.3)Now we distinguish 3 cases.Case I. Let � � 2N� : For � 2 f1; 2g; it is trivial that kK�(x; �)k1 = 1 . Fork = 2; : : : ; N� , one easily obtains with (3.4) and (4.1)kK2k�1(x; �)k1 = 12� 2�R0 ����1 + 2 k�1Pm=1 cosm(� � x)���� d�= k'1k�1(� � x)� cos k(� � x)k1� k'1k�1k1 + 2�< 2:3 + 4�2 ln kand analogouslykK2k(x; �)k1 = 12� 2�R0 ����1 + 2 k�1Pm=1 cosm(� � x) + 2 cosk� cos kx���� d�= k'1k�1(� � x) + cos k(�+ x)k1� k'1k�1k1 + 2�< 2:3 + 4�2 ln k:Hence, the projection operator is bounded for all indices � � 2N� = 3 � 2�+1 . As� < log2 83" , we havesupx2[0;2�) kK�(x; �)k1 � 2:3 + 4�2 ln �2 � 2:3 + 4�2 ln(3 � 2�)< 2:3 + 4�2 ln 8" < 3:2 + 4�2 ln 1" :Therewith, the assertion is proved for � � 2N�.Case II. Let � = 2N�;pj : We consider the projection operator S2N�;pj : Sincethe range of the orthogonal projection operator is independent of the choice of its



20 J. Prestin, K. K. Seligbasis, for every real orthonormal basis fs�;pj;k : k = 0; : : : ; 2N�;pj � 1g of the rangeof S2N�;pj it holds thatK2N�;pj (x; �) = 2N�;pj �1Pk=0 sk(�) sk(x) :By (4.3), we have thatkS2N�;pj kC!C = supx2[0;2�) kK2N�;pj (x; �)k1 = supx2[0;2�)



 2N�;pj �1Pk=0 sk(�) sk(x)



1:Using Lemma 3.4 and the functions ��;pj;k de�ned therein, we choose s0 = 1 ; andsk = p2 cos k� (k = 1; : : : ; Nj �Mj) ;sNj+k = ��;2��1j�1;Nj���1+k (k = �Mj + 1; : : : ;Mj � 1) ;s2Nj�k = p2 sin k� (k = 1; : : : ; Nj �Mj) ;if p = 0, orsk = p2 T b(�+1;2�+p�1)j+1 (cos k�) (k = 1; : : : ; N�;pj �Mj) ;sN�;pj +k = ��;p�1j;Nj��+k (k = �Mj + 1; : : : ;Mj � 1) ;s2N�;pj �k = p2 T b(�+1;2�+p�1)j+1 (sin k�) (k = 1; : : : ; N�;pj �Mj) ;if p 2 f1; : : : ; 2� � 1g . Since all summands in the kernel K2N�;pj (x; �) have thesame shift, we can take both of the shift operators T b(�+1;2�+p�1)j+1 , acting on �and x, respectively, in front of the sum and �nally neglect them totally when weintegrate over � and take the supremum over x . Hence, for p = 1; : : : ; 2� � 1, weinsert the inverse shift operators and consider suitablykS2N�;pj kC!C = supx2[0;2�)



 2N�;pj �1Pk=0 T�b(�+1;2�+p�1)j+1 sk(�) T�b(�+1;2�+p�1)j+1 sk(x)



1:For the sake of simplicity, we set N = N�;pj and M = Mj . Using trigonometricformulas we obtain, for all p = 0; : : : ; 2� � 1 ;kS2NkC!C = supx2[0;2�) 12� 2�R0 ����1 + 2N�MPk=1 cos k(� � x) + 2 cosN� cosNx+M�1Pk=1 � (M+k)2M2+k2 cos(N � k)(� � x) + (M�k)2M2+k2 cos(N + k)(� � x)�+M�1Pk=1 M2�k2M2+k2 rk(x; �)���� d�



Orthonormal trigonometric Schauder basis 21with remainder termsrk(x; �) = cos(N(� + x)� k(� � x)) + cos(N(� + x) + k(� � x))= 2 cosN(� + x) cos k(� � x) :Decomposing 2 cosN� cosNx = cosN(� � x) + cosN(� + x), we can writekS2NkC!C = supx2[0;2�) kQMN (� � x) + cosN(�+ x) RM (� � x)k1� supx2[0;2�) kQMN (� � x)k1 + supx2[0;2�)kRM (� � x)k1= kQMN k1 + kRMk1 ;with QMN (x) := 1 + 2N�MPk=1 cos kx+ M�1Pk=�M+1 (M�k)2M2+k2 cos(N + k)xand RM (x) := 1 + 2M�1Pk=1 M2�k2M2+k2 cos kx :For the L12� norm of a polynomial pn 2 TTn ; we use an inequality from [Ti], Chap.4, 12� 2�R0 jpn(�)j d� � supx 1m m�1Ps=0 ��pn �x� 2�sm ��� (m 2 IN) :(4.4)Applying this estimate to RM of degree M � 1 with m = 2M we obtain fromLemma 4.2, kRMk1 � 12M 



2M�1Ps=0 ��RM (� � s�M )��



1 � 2:1 :(4.5)From the form (3.4) of the de la Vall�ee Poussin mean we deduceQMN = 'MN + %MNwith %MN (x) := M�1Pk=�M+1 � (M�k)2M2+k2 � M�kM � cos(N + k)x= 2M sinNxM�1Pk=1 k M2�k2M2+k2 sin kx= � 1M sinNx R0M (x) :



22 J. Prestin, K. K. SeligBy Bernstein's inequality, kp0nk1 � nkpnk1 , for all pn 2 TTn , we further getk%MN k1 � 1M kR0Mk1 � kRMk1 < 2:1 :The L12� norm of 'MN = 'MjN�;pj comes by iteration of Lemma 4.1,k'MjN�;pj k1 = k'1N�;pj =Mjk1 = k'13(2�+p)k1 < 1:6+ 4�2 ln(3�2�+1) < 2:8+ 4�2 ln 1" :Altogether, we obtainkS2N�;pj kC!C � kQMjN�;pj k1 + kRMjk1� k'MjN�;pj k1 + 2kRMjk1 < 4�2 ln 1" + 2:8 + 4:2 :(4.6)Case III. Let � > 2N� be arbitrary: For every � > 2N� we have exactly onetriple (j; p; s) of numbers j � � ; p 2 f0; : : : ; 2� � 1g and s 2 f1; : : : ; 2Nj��gsuch that � = 2N�;pj + s : We decompose the orthogonal projection S� into theoperator S2N�;pj and a remainder,S� f = S2N�;pj f + �Pk=2N�;pj +1hf ; tki tk :Estimating the norm of the remainder operator we obtainsupkfk1=1 supx2[0;2�) ���� �Pk=2N�;pj +1hf ; tki tk(x)���� = supx2[0;2�) 12� 2�R0 ���� �Pk=2N�;pj +1 tk(�) tk(x)����d�� supx2[0;2�) 2N�;p+1jPk=2N�;pj +1 jtk(x)j ktkk1= 


t2N�;pj +1


1 



 2Nj��Ps=1 ���t2N�;pj +s��� 



1� 12Nj�� 



 2Nj��Ps=1 ���t2N�;pj +s��� 



21 ;where the last inequality is obtained from (4.4) with m = 2Nj�� . ApplyingLemma 4.3 and adding together with (4.6) we �nally get, for all � > 2N� ;kS�kC!C � kS2N�;pj kC!C + supkfk1=1 supx2[0;2�) ������ �Pk=2N�;pj +1hf ; tki tk(x)������< 7 + 4�2 ln 1" + (2:8)2 ;
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