1.

A function f : C? — C is entire if it has an absolutely convergent Taylor series, cf. e.g. [18]. An
entire function f(z), z € C? is said to have an exponential type o, o > 0, if for each ¢ > 0 we can
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Introduction

find a constant A., independent of z, such that for all z € C2,

where z := (21, 22), cf. e.g. [10, p. 98]. A two variable Paley-Wiener theorem, [10, p. 109], states that
a function f(z) is entire of exponential type o, which belongs to L?(R?) when z is restricted to R? if
its two variable Fourier transform vanishes outside A, := {X eR?: |zj| <o,j=1, 2}, where x :=
(w1, 2). Such a space is called a Paley-Wiener space and will be denoted by B2(R?). Many authors
have investigated multivariate analogues of the Whittaker-Kotel'nikov-Shannon (WKS) sampling

7(@)] < Ax oI il

theorem, see e.g. [2,9,11,12]. In particular, it is proved that if f € B2(R?), then

- 5 1 (5) e 1),

kez?



where k := (k1, ko) and the series (1.1) converges uniformly on R? and uniformly on any compact
subset of C2. Here the sinc function is defined by
sint
—), t#0
sinc (t) := t’ 70,
1, t=0.

In [6], the authors established a derivative sampling theorem of the type (1.1) on R2. Tt is easy to
check that this theorem also holds on C2. Therefore, we can rewrite it on the complex domain as

follows. Let, here and throughout the paper, o := (a1, a2), a1,a2 € Ny and D* := SULCSRC I (7

02110252
f € B2(R?), then for z € C? we have

Df(z)= Y f (k”> D~ Hsmc (02 — k), (1.2)

keZ?

which converges uniformly on R? and uniformly on any compact subset of C2. The authors of [6]
studied (1.2) to approximate partial derivatives of real-valued functions f € B2(R?), using only a
finite number of samples from the function itself. Unfortunately, the convergence of the series (1.2)
is slow unless | f(Rz1, Rz2)| decays rapidly as Rz1, Rz — +oo. To increase the rate of convergence,
a modification of series (1.1) is established in [8] using a Gaussian multiplier. Let us briefly describe
this modification since it helps us to figure out the general series (1.2). Denote E2(¢), o > 0, to be
the class of entire functions of two variables satisfying the following growth condition

2
|f(2)] < @ (|Rz1], |R22|) exp O'Z 1S2] |, z:= (21,22) € C% (1.3)
j=1

where @ is a non-negative function on Ri and non-decreasing for each of the variables |Rz;|, j = 1,2.
For h € (0,7/a], set B := (m — oh)/2 and let E? be the class of all entire functions on C2. For the
class E%(y), in [8] we defined a localization operator Gp, n : E2(¢) — E? N LP(R?) via

2
Gnnlf Z f(kh) H sinc 7rh P — k‘ﬂr) exp <—W> , (1.4)

keZ? (z)
where N is a positive integer, k := (k1, ko), z € C? and
72(2) = {k €72 ||h Rz +1/2] —kj| < N, j= 1,2}.

There, we studied estimates for |f(z) — Gn n[f](z)| where f € E2(p) and bounds of exponential
order were found. In other words, if f € E2(yp), then for all z € C?, |Sz;| < N, j = 1,2 we
have [8, Theorem 3.3]

exp(=BN)
VN
Moreover, in [8] another class A%(¢) of complex functions is introduced. This class includes all

analytic functions f : 8 — C? which satisfy the condition (1.3) with o = 0 where 83, d > 0, is the
bivariate strip

@)~ Grwls1(2)] = O (1 (N, N) ). w Moo

S;:={zeC?: |9z <d, j=1,2}.
If f € A%(¢), then for all z € Sd/4 we have, [8, Theorem 3.6],
exp

_ (=iN)
f(z) _g%,N[f](Z)‘ =0 (W) , as N —oo.



The sampling operator G, y is called a two-dimensional sinc-Gauss sampling, see [8]. In [3], the
first-named author has established a generalized two-dimensional Hermite-Gauss sampling operator
involving samples from the function and its mixed and non-mixed partial derivatives. The one-
dimensional sinc-Gauss sampling was studied by many authors, see e.g. Qian and his co-authors
[13-15], Schmeisser and Stenger [16], Tanaka et al. [17] and Asharabi [5]. Moreover, the one-
dimensional Hermite-Gauss sampling is established in [7].

In this paper, we investigate the approximation of partial derivatives D“f of arbitrary order «
using the partial derivatives of the operator (1.4), i.e

2
D*Gy, N Z f(kh)D Hsmc (mh™'z; — kjm) exp (—W) , (1.5)

kEZ?\,(z)

where D® is defined above. We assume that f lies in one of the classes E2(¢) and A%(¢). Bounds
of the error |D“ f(z) — D*Gy, n[f](z)] will be given for all functions from these classes. As we see in
the sequel of the paper, the convergence rate of this formula is of an exponential order.

Unfortunately, we have not yet found a meaningful way to transfer the bivariate kernel IC,(w)
in (2.1) to the general multidimensional case, so we can only present the bivariate case as we have
done in [8].

The paper is organized as follows: In the next section, we introduce some preliminary results
which will be used in the proof of the main estimates. The main results of this paper will be
presented in Sections 3 and 4. Section 3 is devoted to present a bound for the absolute error
|D*f(z) — D*Gp [ f](z)| when f belongs to the class EZ(¢). Some further useful results are shown.
In Section 4, we extend this approach to functions from the class Afl(go). Illustrative examples are
given in Section 5 to demonstrate the accuracy of the proposed method. Finally, Section 6 concludes
the paper.

2. Auxiliary results

This section is devoted to introduce two auxiliary results which will be used in the proof of the main
results of the paper. The following kernel function is considered in [8]

exp< fB(ZJ*wJ) )

2
Ka(w H

J:1

2.1
51n(7rh lw;)’ 1)
where 8, h are defined above, w := (w1, ws), z := (21, 22) and
sin(rh~twy)  sin(rh~tws) 1
sin(mh=1z1) = sin(wh~1zy) '

S, (w) :=sin(rh~'z;) sin(rh ™! 29) {

We consider z7, zo to be arbitrary fixed complex parameters and regard the kernel K, as a function
of the variables wy,ws. This kernel has a singularity of order one at all the points of the sets

{(Zl,(C) s ((C,ZQ) 121,72 € (C} U {(k‘lh,(C) s ((C,kgh) : kl,kg S Z}

These sets are subsets of C? and understood as the Cartesian product of the w;-planes for j = 1,2.
On wj-plane, let R; be the positively oriented rectangle with vertices at +h (N + %) + hNp-1,, +
i(Szj £hN) where N, := |Rz; 4+ 1]. When (ki, ko) € Z% (z), the rectangle R; contains the singular
points w; = z; and w; = k;h of the kernel K in its interior. In the following result, we show that
the error of approximation of partial derivatives of functions from EZ(p) by partial derivatives of
the operator G, y can be written as the integral of the partial derivatives of the kernel K over the
rectangles R; and Rs.



Lemma 2.1. Let f € E2(¢) and a := (a1, a0) € N3. Then we have for all z € C?

1

D*1(2) = D*Ge.wlf1(2) = (o ﬁ b D3 ) () dundun, (2.2)

where DFK,(w) = %. The operator DGy, n and the kernel K, are given in (1.5) and
1 9% ’

(2.1), respectively.
Proof. Since f € E%(y), we have [8, Lemma 3.2

f( ) gh N[ 27_“ f;{ - ]C ( ) dwldwg. (23)

Taking partial derivatives to both sides of (2.3) and noting that the differentiation under the integral
sign is allowed, we find (2.2). O

Remark 2.2. As we have mentioned in the introduction, we do not know of a kernel which also gen-
erally provides the desired error estimate in the n-dimensional case. Here we show that a straightfor-
ward generalization does not lead to the desired estimate (2.3). If we take the general n-dimensional
kernel as

B (zj—w;)®
ool
K, (w
1;[ ;) sin(rh~tw;)’
where z = (z1,...,2,) and w = (w1, ..., w,) and

T . “ sin(whtwy)
_ —1
j1;[1 sin(rh ™" { H 7rh 1zk + kEIQ sin(mh=12y) ’

then we do not have the desired result

2
Z f(kh) Hsmc Th™ z; — k-’]‘r) exp <_B(ZjN_h]§jh)>

keZ} (z)

(W) f(w) dw; ... dw,, (2.4)

where f € E?(p) and
Z%(z)::{kGZ”:\Lh*1%Zj+1/2J—kj|§N, j:1,...,n}.

For a simple counter-example, let n = 3 and f(z) = sinc (21 + 22 + 23), then f € Ef(¢). For N =1,
h = and Rz € [—7/2,7/2)3, the left-hand side of (2.4) equals

3
sinc (21 + 29 + 23) — Z H sinc (z; — k;m),

k14+ko+k3=0j=1

while the right-hand side equals

3
sinc (21 + 22 + 23) + Z H sinc (z; — k;m) .

k14+ko+k3=0j=1



We compute the integrals in the right-hand side of (2.4) using the process of the Cauchy integral
formula that is described in the proof of [8, Lemma 3.2]. We apply this process three times to get

1 1 1

ﬁﬁ ]{2 : K, (w)f(w) dwydwadws = Res (Kz,z)+ » Y Y Res(Ky k)

k3=—1ko=—1k;=—1

3
= sinc (21 + 22 + 23) + Z H sinc (z; — k;m) .
k1+ko+k3=0j=1

For f € E%(y), we define Ss ,, to be

&m:ffwMM%%mGﬂ%yw}
R

(wl _ Zl)m+1

dwh

where z; lies inside the rectangle Rj, ws is a fixed point and s,m € Ny. This integral will appear
in the proof of Theorem 3.1, which is the main result of the next section. The following lemma is
devoted to estimate this integral.

Lemma 2.3. Let f € E2(¢) and let 21 be inside the rectangle Ry. Then we have

m s+m—k
s s 1 VB \F
o(|Sz1|+h) jo|Swa|
(Sum| < @ (IRz1] + by [Rug]) 21971140 go1Sws szo — <\/Nh> \Hoom il (25)

where s,m € Ny, H,, is the Hermite number
0, if n is odd,
H, = . (2.6)
(=D)z(n—1)1, if nis even,
and n!! is the double factorial of n.
Proof. Using Cauchy’s integral formula and Leibniz rule, we obtain

271 Ui m (k) (s m_k) /8 (21 _w1)2
Som =T 2\ ) fo7 (rowe) | D Pexp | ==

k=0

|w1=z1

The n-th degree Hermite polynomial is given by H,(t) = (71)”e3E2 % e’zz, which yields
zZ]—w 2 S+l _ 21 —w 2
D@ o~ RS = (—1)° (‘/B ) Hyy <\/B(Z1 “’1)) o H (2.7)
’ VNh VNI
Using the monomial representation of the n-th degree Hermite polynomial
Ln/2] ¢ n—20
(=1)n!(2)
Hﬂ, = 7 a1
(© ; (n —20)!

we obtain I
_(=Df2mi g (M L VBT
Som = T kZ:O i fa (21, w2) vk Herm—k, (2.8)

where H,, is defined in (2.6). The derivatives Fik )(zl, wsy) can be represented, using Cauchy’s integral
formula, as follows

k! f(wy, ws)
(k) — _ S\ R
[ (21, w2) o %Rl (w1 — 1)1 dwy, (2.9)



where z; lies inside the rectangle R; and ws is a fixed point. We use the deformation theo-
rem, cf. e.g. [1], to replace the rectangle R; in (2.9) by the positively oriented circle y(z1,h) =
{z1 € C: |wy — 21| = h}. Since f € E%(yp), inequality (1.3) holds. Using Cauchy estimates for (2.9)
and applying inequality (1.3), we get

FU (21, ws)| < Rl (R + B [Ruwg]) (321 #0500k, (2.10)

Combining (2.10) and (2.8) implies (2.5). O

3. Sinc-Gauss approximation for D*f, f € E2(;p)

This section is devoted to provide an error bound for partial derivatives of any order of f, f € E2(y)
using the sampling operator D“G, n. In the following theorem, we study how well the operator
DGy, n approximates the corresponding derivative of the function f which belongs to the class
E2(¢p) and a € N3.

Theorem 3.1. Let f € E2(p) and a = (a1, as) € N&. Then we have

e AN

VBN’

where a(zj) = |Rz;| + h(N + 1) and z = (21, 22) € C? such that |3z;| < N, j = 1,2. The function
By N« @5 given by

D f(2) — DG w[f]()] < 2™ 19211419220 (a(21), a(22)) Bi,v,a(32) (3.1)

aplas!
Bh n,o(Sz) = Z kl'k;'sf'SQ{ UhZMhN (8¢)Ln,N(83—e:l3—0)0n (R 'Szg) /N
kj+ljjsj:a1 =1
_ 2
H N(s:)0n (h719z,) /le}, (3.2)
o 2 (il (VBT /s
Ly n(s,m) = ,;)m k'hk(\/ﬁh) =O0(N"*%), as N — o0, (3.3)
208 t2/N 1 028t =281
On(t) := cosh(28 t) + + = [ — + 5
m(l—(t/]\fﬁ) 2 | e2m(N=t) _1q e2m(N+t) _ 1
= cosh(28t)+ O (N_1/2> , as N — oo,
and )
s/2 s—2m
o g2 s! (6v/B) _ —1)\$ 1
My n(s) = o 2 ils — am)INT (681" +O(N™"), as N — oc. (3.4)

Proof. Since f € E%(y), the representation (2.2) holds. With the use of the generalized Leibniz rule,



the integral in (2.2) may be expanded to obtain the representation

D% f(z) — DG n[/](2) (3.5)

B (zg—wy)?

aqlas! Z sin (mh ™'z + k1 /2) j{ ?{ w) [T, o3t {exp (_4( NRE 0) )} o
= . wirdwz

(2mi)? kj+lj+s;=a; szl kelse! Ry JRy  sin(mh~'wy) H?:1(wf — zg)le

j=1,2
.y . 1 H ex _ B(ze—we)?

oqlos! sin (7rh 2o + 7Tk2/2 =102 P Nh?
+ 2 Z dwidws

(27i) Ry JR,  sin(mh~lws) szl(wg — zp)let1

2
| | ls,!
kj+lj+3j=0¢j (=1 k,@.S@.
j=1,2

dw; dws.

arlas! 2 sin (wh~ 2 + ke /2) i1 05 {exn (-2l |
+ >, 1 ]i .

v .
(2mi) kj+lj+s;=a; =1 kels,! He 1 (we — z¢)let sin (mh = wy)

7j=1,2

Since f € E2(), we have from (1.3) for all points w in the bivariate rectangle Ry x Ry
[f(W)] < @ (b(21), b(22)) H e7ISwil, (3.6)

where a(z;) = |Rz;| + h(N + 1). Aside from that, for all w; € R; we have
max (¢ (|Sz1] + h, [R22), ¢ (R21], [S22] + 1)) < @ (al21), a(22)) (3.7)

because ¢ is non-decreasing for both of the variables. In view of (2.7) with [ = 0, we have

w2 55 w2
07 efﬁ( ?wﬂj) < (\/B) max |H,, (VB(ZJ Wi )H -& §Vh2]) . (3.8)
7 VNh w; ER; ! VNh
The maximum of the Hermite polynomial on the rectangle R; is estimated in [4] as follows
. lsj/2] 1 (6 s;—2m
o P CLC I | P i O RS (3.9)
b AL i 2 (s, - 2m)
Applying the triangle inequality and using (2.5) and (3.5)—(3.9), we obtain
lag! S ) _
[D°(2) = D°Gu.n[F)(2)] < 55 (ale), alz2)) €712 40 [sin (wh "2y + mhy /2)]
ex U| Sw | _ Blzi—wi)?
Lp,n (52, 12) Ma,n (1) P o
X Z 2 Is,! (w1 — z1) 1 sin (mh=1w;) [deor |
bty = [To—1 Ke'se! Ry | (w1 =21 1
j=1,2
lavo! -~
a12.a2. o (a(z1), a(zs)) o (IS21]+h) ‘sin (7Th_122 + 7Tk2/2)|
T
exp (o|Sws| — Blz2—wa)”
L n(s1,11)Mp n(s2) P 2 Nn?
X Z 2 i1 h-1 |duws|
iy TTo_, Ke'se! R, | (W2 — 22) sin (mh~lws)
j=1,2
aqlas! sm ’7Th L2g + mwhe/2
e I Sl 1 £ )
47 kg!Sg.
kj+lj+sj=a; =1
5=1,2
2 exp (U\C\?we| — Bl (zfﬁgﬁ
M d 3.10
X g n,N(8¢) 7{%[ (we — zo)let sin (rh=wy) | dwyl, ( )



where Ly, n(s,m, k) and M}, n are defined in (3.3) and (3.4), respectively. In [16, pp. 203-205] the
integral in the right-hand side of (3.10) is estimated for I, = 0. Using the same technique, all the
integrals in (3.10) can be estimated as

B (ze—we)?
exp (U\%wd - g o—BN
dwy| < 4nby (RIS 3.11
»%;ﬁ (wp — z¢)tet sin (mh=1wy) | duwe| < 4 (™ S2) Nl\/nBN’ (3:11)

where the function 0y is defined in (3.4). Using the estimate ’sin (TFh_lZ)‘ < em™ 1197 and substi-
tuting from (3.11) into (3.10), we finally get (3.1). O

The estimate (3.1) depends on the growth of the function ¢. In the following, we introduce two
advantageous special cases of Theorem 3.1. The first result is assigned to ¢ := || f||co. In this case
the class EZ (|| f|ls) will be the Bernstein space B3° (R?). The Bernstein space B3 (R?) is the class
of all entire functions of exponential type o satisfying the growth condition

2
@] < flee [T, 2= (21,22) € C2 (3.12)
j=1

Corollary 3.2. If f € B3° (R?), we have for z € C?, [Sz;| < N, j =1,2

D f(2) — DG v [f1(2)] < 2||flloce™ (321113220 B,y (Sa) (3.13)
78 N
Moreover, this bound is uniform on R?, i.e.,
e AN
[D*f(x) = DG N [f](x)] < 2] flloc Bn,n,a(0) x € R, (3.14)

where By, n,q is defined in (3.2).
Proof. Since f € B (R?), inequality (3.12) is valid. If we choose ¢ as || f||o, We get (3.13). O
In the second result, ¢ has an exponential growth on the two axes of R2.
Corollary 3.3. Let f be an entire function satisfying
2
|f(z)] <M He"mz”*‘”‘%z”, z€C? M >0,
j=1

where o, k are non-negative numbers and ¢ + k # 0. Then we have for |Jz;| < N

e “~ —(B—hk)N
D f(z) — DGy n[f](2)| < 2Me™ 1<\ozl\+|m|>en<h+mzl|+mzZ|}>Bh’N,a(gz)em ., (3.15)
where h € (0,7/(c + 2k)) and By, n, is given by
o~ 011!052! oh 2 PN 1

B, N,a(Sz) = Z Tlals el e ZM}LN(Sg)Lh,N(Sg_g,lg_g)ejv (h \SZg) /N
k~+lj+5j:aj 1:R2:81:82: —
AR
< ON o TT On (h~'S2,) /N 3.16
+ ® T - T e :

< LLM(on)ow (171 / } 310



Proof. In this case, we have
|f(w)| < exlSzlratz))eo(Sal+ISwal) =y e Ry,

|f(w)] < e"é(a(zlﬂgzzl))ea(\%wl\+|322|)’ wy € Ry.

Using these estimates in the proof of Theorem 3.1, we get (3.15) after we restrict h to be in the
interval (0,7/(c 4 2k)). O

Denote the expansion (1.2) by £¢[f](z) such that £ : B2 (R?) — B2 (R?). In the following
result, we show that the operator £ is a limit case for the the sinc-Gauss operator DGy, .

Lemma 3.4. Let ¢ be a constant function and h := 7/o. Then we have
Jim DGy nf =L3f =Df, forallfe B2 (R?) C E2(y).
—00

Proof. Since h := 7/o, we have 8 = 0. Letting 8 = 0 in the operator DG, v and taking N — oo
implies the expansion (1.2). O

4. Sinc-Gauss approximation for Df, f € A%(yp)

This section is devoted to extend the results of the last section to the class A%() of analytic functions
defined in Section 1. For functions of this class A%(y), we estimate the error |D® f(z) — D*Gp, n[f](z)|

in the special case h := % and § = m/2.

Theorem 4.1. Let f € Aj(p). Then we have forz € S,

‘Daf(z) — DG yIfl(z) < 2v/2¢ (b(21), b(22)) Z aqlas!

ki kolsqlso!
[T e kl.k2.81.82.
j=1,2
2 7M(17 ‘ [‘)
. (mNz 7ky Sze\ e ? !
DMy n(s0)Lyg n(sst,ls-0) ( i +2)\ﬁN (d T ANuVN

£=1

. (TNz | 7k, 9 Sz \ o2 (1-25) »
s —o— N\"d ) an-vN )’ (4.1)

where b(z;) = |Rz;| + 2d, La n and Ma y are defined in (3.3), (3.4) and Yy is given by

In(t) ! ( ! + 2v2 ) ! (1—1—0(]\7_1/2))7 as N — oc.

2
+2\/§ H M%,N(ST)
T=1

Tl—t\1—e2N T UN(I+t))  1-t

Proof. Let R; be the rectangle which has vertices at +h (N + %) + N, /n +id and £h (N + %) +
hN. /n —i(d—Sz;). The Lemma 2.1 is also valid for the special operator Dag%w, which is defined
on the class A2(p), with the rectangle R;. Applying the generalized Leibniz rule to (2.2) gives us
(3.5) with h := & and R; := R;. Since f € A2(p), we have for all points w on the bivariate
rectangle Ry X Ro

[F (W) < ¢(b(21), b(22)). (4.2)



Applying the triangle inequality to (3.5) and using (2.5), (4.2), (3.8) and (3.9), we obtain

aqlas! sin wN 2z n Lkl
d 2

2w

D° f(z) = DGy y[)(2)] < “L22 0 (b(z1), b))

N2
Ly n(s2,12)My n(s1) exp (-~ NGl )
X Z N 3 N % . 1T 7TNU)1 |dw1|
kj+lj+sj=a; Hz:l ke!sg! R1 (wl 721) 1+ sin (T)
=12
lag! N k
P o) b [sin (T 4+ )
TN (29 —ws)?
o Z LJ‘\i,,N(Shll)MJ‘\i,,N(SZ)f exp <_ G ) |
N 2
kj+li+s;=a; H?:l kelse! Re (w2722)12+1 Sln( Ail 2)
=12
2 . 7Nz 7k
aqlas! |sm( 4 T TZ>|
P CCI D D | e s
kj+lj+8j=04j =1
=12
2
2 exp (_ WN(Z;d;wl) )
<[1Mg a0 § . | du (43)
e=H1 M TR, | (we = 2g)teH sin (25

where L g n and Mg , are defined in (3.3) and (3.4), respectively. The integral in the right-hand

side of (4.3) is estimated in [16, pp. 209-211] for I, = 0. Using the same technique, the integral in
(4.3) can be estimated as follows:

—N (20 —we)? )

f exp ( 2d2
Re (wg - Zg)lﬁ'l sin (%)

N Q‘SZZI
Sz P (_T (1 -7 ))
< _
|dwy| < 4V2 9 ( y > Nt T : (4.4)

where ¥ is defined in (4.2). Combining (4.3) and (4.4) yields (4.1). O

Remark 4.2. The function ¢ does not affect the convergence rate of the error bound (4.1) because

it is independent on N while the factor

. Nz,
sin (Tr dZJ + "Tlﬂf)‘ affects the convergence because

i wNz; o TN|Sz;]
in xp| —— ).
da )|="P\ " d

Then the decisive factor in the error bound (4.1) becomes exp (f% (1 — %)), which guarantees

convergence to zero as long as [3z;| < d/4, j = 1,2. Moreover, the functions La yand My y have
the following asymptotic behaviour

L%_’N(s,l):O(NS/QH) as N — oo,

M%N(s) =O(N?®) as N — oo.

Those functions also affect the convergence rate of the bound (4.1). Therefore, when a becomes
large we need to select N to be large, too.

In the following result, we introduce a special case of the last theorem for the real domain.

10



Corollary 4.3. Let f € A% (|| f|ls). Then we have the following uniform bound
ele'N/2 )
[0 () = DGy WA1G0)| < 42w o™, X € R,

where Cq, n,q is given by

C . Z 01!042! { 22: M%vN(SZ)L%yN(ng‘Z’lg*Z) +2\/§ e_% ﬁ M%’N(ST) }
aNd == Ky Vkeolse so! l I, .
oy —a; kilkolsilso! = Nt ﬂ\/N i N
j=1,2
Proof. The result follows directly from Theorem 4.1. O

Let us mention, that there exist absolute constants ¢1 (@), c2(«) depending only on « such that

aytaz
Cang < ci(a)+ ca(a) (d) .

E.g., C(O,O),N,d <44, C(I,O),N,d = C(O,l),N,d <112+ 244N/d and

125.3N?2

C(l,l),N,d < 81.7+ pp

Remark 4.4. The univariate analogies of the results of Theorem 3.1 and Theorem 4.1 are investi-
gated in [4]. If we restrict the function f(z1,22) = g(z1) in Theorem 3.1 to a univariate function,

we obtain a bound of ‘g(’")(zl) - Q,(fgv [g](zl)’ analogous to [4, Theorem 2.3] with the same order of

convergence but somewhat different constants. The same applies to Theorem 4.1 and [4, Theorem
3.1].

5. Illustrative examples

This section is devoted to discuss three illustrative examples. The functions in Examples 1 and 2
are chosen from the space EZ(y) while in the last example f € A2%(p). We summarize the numerical
results in tables and illustrate the absolute and relative errors by figures. As predicted by the error
estimates, the accuracy increases when N is fixed but A decreases without any additional cost except
that the partial derivatives D f are approximated on a smaller domain.

Example 5.1. Consider the function
f(z) = cos(z1 + 22), z = (21,2) € C?,

which belongs to the Bernstein space Bf® (R2). In this example, we apply Corollary 3.2 with h = 0.3
and N = 12. The function ¢ is chosen to be constant and the bound is uniform. Let B} \ be the
uniform bound in (3.14), i.e.,

e AN

VBN’

where By, n,q is defined in (3.2). In Table 1, we display the maximum of the absolute errors on the
region [0, 4] x [0, 4] and the uniform bounds computed from the error estimates. Figures 1, 2 show
the graphs of the absolute error |D* f(z) — DGy n[f](2z)| on the region [0, 4] x [0, 4] for h = 0.3 and
N =12.

g,N = 2||fHoo Bh’N,a(O)
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‘ Absolute error for D*G), y with h = 0.3 and N =12, J = [0,4] x [0, 4] ‘

a=(1,0) a=(0,2)
max |D*f(x) — D*Gn,n[f](x)| N max | D*f(x) — D*Gr,n[f](x)| N
5.76849x 1078 6.261x10~7 1.01454x107° 1.680x10~°
a=(1,1) a=(1,2)
max |D*f(x) — D*Gn,n[f](x)| hN max | D% f(x) — D*Gn,n[f](x)| h.N
1.06403x10~" 4.731x107° 1.07863x107° 8.918x107°

Table 1: Approximation of partial derivatives of the cosine function.

h=0.3,N=12 h=0.3,N=12

Figure 1: DD f — DONG, \[f]. Figure 2: DU2) f — DU2)G, N[ f].

Example 5.2. In this example, we approximate the function
f(z) = sinh(z1 + 22), z = (21,2) € C2,

which satisfies the inequality | f(x)| < e/*tlel*2l on R2. Here we apply Corollary 3.3 with o = 0, k = 1,
M =1 and h = 0.5. Note that f has exponential growth on R? and the samples are exponentially
increasing with respect to the real axes x1,xs. Consequently, the absolute errors increase when the
samples are increasing but the relative errors are nearly constant for fixed N. Let Rj v, be the
relative bound associated with the real-valued bound in (3.15), i.e.,

o= (B—hm)N
W/D”‘f(w),

where B, n.q is given in (3.16). In Table 2, we show the numerical results with the relative errors
and the graphs of the relative errors, which we denote by

Ty 1) == (D f(x) = D*Gn n[f1(x)) / D* f(x),

are given in Figures 3 and 4 for some values of a. Note that Rj y[f](x) has not any poles in the
region (0, 00) x (0, 00) because, D f(x) is either cosh(z1 + x2) when a3 + az is odd or sinh(z; + x2)
when o + as is even.

& (%) 1= 2Mem T (S HSw (b HRe HRe D B, | (0)

Example 5.3. The function

1

— = C?
(Z% + 9) (Z% I 9)7 z (217 22) € )

f(z) =

12



Relative error for D*G), y with h = 0.5 and N = 15, J =|0, 5]x]0, 5]

o=
max | T v [f](x)]

(0,1)
max | Bj [ f](x)|

o =

max | T3 v [f](x)]

(0,2)
maux | R v[f](x)]

7.6886x10~10

2.28996x 106

5.55073x10~8

1.05042x10~%

o =
ma [T ]|

@D
masx |15 [£)(x)]

o =

s [0 L7100

12)
mase |5 v [)(x)]

1.10024x10~®

3.04538x10~4

1.200x1078

1.4837x10~*

Table 2: Approximation of partial derivatives of the hyperbolic sine function.

h=1/2,N=12

h=1/2,N=12

Figure 3: T}E?j\}) [f](x). Figure 4: T}(l}j\?) [f](x).

is analytic in the bivariate strip S3. Here we apply Theorems 4.1 with ¢ = || f|lco, d = 1 and N = 15.
Note that f decreases on R? and the sample values are decreasing in the two axes x;, 2. We denote
by R} n(z) to be the bound in (4.1). As we see in Corollary 4.3, the bound Rj y(x), x € R, will
be uniform when ¢ ia a constant function. First, we approximate the partial derivatives of f at real
domains using the operator G 4N The results are shown in Table 3 and the graphs of the absolute
error D*f — DG 4, ~1f], for some «, are shown in Figures 5 and 6. In the second test, we illustrate

the quality of the method in the complex domain (iy1, iy2), y1,y2 € [0,0.3]; see Table 4. As predicted
by the theory, the bound converges when |y;| < 3/4, j =1, 2.

Absolute error for DGy, y with d = 3 and N = 15, J =|0, 3] x]0, 3]
a=(1,0) a=(2,0)
max | D*f(x) = D°Gy yIA1G0| | Wy | max|DU() ~ DGy yIAIG0)| | Wy
4.41019x10712 1.820x 10711 3.50868x 10710 8.059x10~10
a=(1,1) a=(2,1)
max | D*f(x) = D°Gy yIA1GO| | Wy | max|DUf() ~ DGy yIAGO| | Wy
1.59599x 10~ 12 1.942x10~ 10 7.43024%x10~ 11 5.846x10°

Table 3: Approximation of partial derivatives of f.
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Absolute error for Dag%’N withd =3 and N =15
(Wes 1) a=(1,1) a=(2,1)
Do fliy) - DGy yIA1Gy)| | %% () | [Dry) = DGy NIAGY)| | %% Gy)
(0.1,0.1) 5.41969x 10~ 12 1.797x10°8 1.08364x10~10 8.196x10~7
(0.1,0.2) 6.01276x 10711 5.047x1078 7.12491x10~10 1.207x107¢
(0.1,0.3) 9.86083x 10719 8.262x1077 1.00695x 108 1.045%x107°
(0.2,0.1) 6.01274x10~ 11 4.134x1077 1.67355x 107 1.992x107°
(0.2,0.2) 2.20138x10719 4.459x1077 3.87395x 1077 2.031x107°
(0.2,0.3) 2.13569x10~° 1.222x1076 1.50460x 1078 2.955x107°
(0.3,0.1) 9.86069x 10710 9.852x10~¢ 3.12750x 1078 4.758x10*
(0.3,0.2) 2.13569x 1079 9.885x1076 6.34910x 1078 4.762x1074
(0.3,0.3) 5.97284x10~° 1.066x107° 1.05782x 1077 4.854x107*

Table 4: Approximation of mixed partial derivatives of f at imaginary points (iyk,iy;).

d=3,N=15

d=3,N=15

3

Figure 5: DD f — D(l’l)g%’N[f]. Figure 6: D2V f — D(Z’l)g%,N[f].

6. Conclusion

In this paper, we use the bivariate sinc-Gauss sampling formula to approximate the partial derivatives
of any order for entire and holomorphic functions on an infinite horizontal strip domain, using only
finitely many samples of the function itself. The theoretical error analysis is established via a
complex analytic approach and the convergence rate is of an exponential order. This formula has
a high accuracy in comparison with the accuracy of the bivariate classical sampling formula. The
numerical examples show a quite good agreement with our theoretical analysis. With the error
bound, this formula can be used for approximating the solutions of partial differential equations,
and we expect that it will provide a higher accuracy than the classical bivariate sampling formula.
This will be studied in a future work. We leave it as an open problem to extend the bivariate results
of this paper to the general multidimensional case.

Funding. The first author gratefully acknowledges the support by the Alexander von Humboldt
foundation under the grant 3.4-JEM/1142916. We thank the anonymous referees for their valuable
comiments.
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