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Abstract

We construct bounded polynomial operators, similar to the classical de la Valleé
Poussin operators in Fourier series, which preserve polynomials of a certain de-
gree, but are defined in terms of the values of the function rather than its Fourier
coeflicients.
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1 Introduction

Let f be a continuous 2m-periodic function, and for integer m > 1, s,(f) be the m-th
partial sum of its trigonometric Fourier series. It is well known (see e.g. [10]) that the de
la Valleé Poussin operators

Un(f)3:g Z si(f), n=12...,
k=n+1

are linear operators with the following interesting properties, where for integer n > 0,
IH,, denotes the class of all trigonometric polynomials of order not exceeding n. For all
integer n > 1, and continuous 27-periodic functions f,
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va(f) € Hanot, (1.1)

v(T)=T, T, (1.2)
and
_max |on(f,2)] <6 _max |f(x)] (1.3)

These operators are naturally of great importance in the study of trigonometric poly-
nomial approximation. Namely, it follows immediately from (1.2) that

max |f(x) —vi(f, @) < TEL(f),

—n<r<lnr

where F,(f) denotes the best approximation in the sup-norm by trigonometric poly-
nomials of degree at most n. Let us finally mention here a sharper result for strong
approximation proved by Leindler (see [8] and the literature cited there)

—n<r<lnr n, 1
=n

max (l Zn: |f(x)_5};(f7x)|) STE.(S) - (1.4)

Operators similar to these are also studied in the context of algebraic polynomial
approximation, where, instead of the trigonometric Fourier series, one studies the Fourier
series with respect to suitable orthogonal polynomials [2]. Such operators proved to be
indispensable in the theory of weighted polynomial approximation (cf. [3], [4], [5], [6],
[14]). We observe that the operators v’ are defined in terms of the Fourier coefficients of
f, which in turn, involve the evaluation of integrals. In many applications (e.g. [15]), it is
more desirable to have operators which have properties similar to (1.1), (1.2), and (1.3),
but which are defined in terms of the values of the function f.

In the case of periodic functions, such quasi-interpolatory operators were defined by
Bernstein [1] where also the boundedness result analogous to (1.3) is proved. In [20],
Szabados proved similar results for certain operators based on the zeros of Chebyshev
polynomials. In this paper, we generalize the results in two ways. First, we study op-
erators based on the values of the function at the zeros of certain generalized Jacobi
polynomials. Second, we study similar operators also in the case of certain Freud-type
weight functions, supported on the whole real axis. In this paper, we have focused our
attention on the L* behavior of the operators. The L? behavior is studied in [16].

In Section 2, we give the preliminary definitions and estimates. These are applied
to the case of generalized Jacobi weights in Section 3 and the case of Freud-type weight
functions in Section 4. We are grateful to Doron Lubinsky for his generous help in
improving the first draft of this paper.

2 Preliminaries

In this paper, for every real number > 0, we denote the class of all algebraic polynomials
of degree at most = by Il,. This somewhat unusual convention will actually simplify our



notations later when we need to discuss polynomials of degree not exceeding e¢n for some
constant ¢ and integer n. Let a be a positive Borel measure on IR having finite moments;
le.,

/HV&M)<@5 r=0,1,2,... .

If « has at least N points of increase, then there exists a unique system of polynomials

po(do; ) = v, (da)a™ 4 - - -, Yo(da) >0, n=0,1,...,N —1,
such that
1, ifk=m,
[ potdostipi(dostidat) = {7 Lp S (2:)

If f is Borel measurable function on IR, we write

):/f@mMMQMﬁ% k=0,1,2,... N—1,

whenever these integrals are well defined. The partial sum of the Fourier-orthonormal
expansion of f is then given by

Z FHipk(da), m=1,2,...,N.
Using (2.1), we obtain the integral representation

Sm(do; fra) = /f(t)Km(doz; x,1)da(t), m=1,2,...,N,

where it is known [2] that the Christoffel-Darboux kernel K, can be expressed as

m—1
Kn(dosa,t) = ) pr(dosa)pp(dest)
k=0
_ Yw-i1(da) puldas2)pn-i(dait) — pu(dast)pm—i(da; o) (2.2)
Yu(da) x—t ST

It is well known [2] that for each n = 1,2,..., N — 1 the polynomial p,(da) has n
distinct zeros, all in the smallest interval S(«) contammg the support of da. We denote
these zeros by xy ,(da), with the ordering

Tpp(da) < xp_1,(da) < - < ap,(da).

If o has exactly N points of increase, these points themselves will be denoted by x; n, k =
1,...,N.
The Cotes numbers are defined by

—1
A (dar) := {Kn(da; xk7n(doz),xk7n(doz))} \ k=1,....n,n=1,2,...,N.
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One of the most important properties of these is the (Gauss) quadrature formula:

S Apn(da) P(zgn(da)) /P da(t), Pellyy, n=01,....N.  (23)
k=1

In this paper, we sometimes find it convenient to express the left hand side of (2.3) as
a Stieltjes integral Thus, let a, be the measure that associates the mass Ay, (da) with
rpn(da), k=1,...n. Then (2.3) can be written in the form

/P Vo (1 /P 1)daft Pelly 1, n=0,...,N. (2.4)

In the remainder of this section, we assume that « is a mass distribution; i.e., it is a
positive Borel measure, all of whose moments are finite, and « has infinitely many points
of increase. Thus, the orthonormal polynomials pi(da) are defined for all non-negative
integers k.

We now proceed to define the operators which will be the discrete analogues of the
de la Valleé Poussin means. For any integer m > 1, and Borel measurable function
f defined on the smallest interval containing the support of o, we define the discrete
Fourier coefficients of f by

agm(do; f Z)\]m da) f(xjm(da))pe(do; @, (da))

/ FOpedaitydan (), k=0,1,... .

The operators analogous to the de la Valleé Poussin operators are now defined by

Tan da Zakm dOé pk(dOé)
2n—1
+ > ( )akm(da;f)pk(doz), (=0,....2n—1;n,m=1,2,... .
k=(+1 —4

The cases £ =0, { = n, and { = 2n — 1 can be seen as the discretized versions of the
Fejér means, de la Vallée Poussin means, and Fourier sums, respectively. In particular,
Ton—1n2n(da; ) is the classical Lagrange interpolation operator based on the zeros of
pan(da). Our main interest in this paper is in the cases when [ = 0 and [ = n. The
proofs will also show the uniform boundedness of the operators (multiplied by suitable
weight functions) in the case £ = [kn] for 0 < k < 2. The results deteriorate quickly as
approaches 2.

The following Theorem 2.1 lists some basic properties of the operators 7, ,,. In the
sequel, if f is a function defined on a Borel set A C IR, we write

[[flloo,4 = sup [F(£)].
teA



During the proof of Theorem 2.1, we will point out that when m > 2n,

1 2n
Tf,n,m(da; f) = Z Sk(dam; f)
2n — 4 Raryi
Motivated by (1.4), we define the sublinear operator
& 1 2n
Tf,n,m(da; f) =5 3 Z |Sk(dam7 f)| (25)

2n — 0,57,

Theorem 2.1 Let a be a mass distribution, n > 1, 0 </ < 2n — 1, m > 2n be integers,
and Z, be the set of zeros {ag ,(da) ;. Then

Tf,n,m(da; P) = P, P e Hg.

If f: 7, = IR, then 7y, (f) € Uy, Let G2 Z,, — [0,00), v € S(a), I C S(a) be an
interval containing x, and J be an interval such that f(xp.,(da)) = 0 if g .(da) € J.
Then the following estimate holds :

o m(des )] < 7, (das ) <Gl zg v Kan(des 2, @)
(2.6)

1 o0, (da) 1
. JI\J el R — J ( )/ e = em

where

_1(d
['sn(der) :== max M.
1<is2n 7;(da)

PROOF. Let m > 2n. If 5,k <2n —1 then 5+ k <4n —2 <2m — 1, and the quadrature
formula (2.4) yields

[ pitda, e)pi(do,2)don(2) = [ p;(da,w)pelda,z)dale) = {(1) if k=,

otherwise.

In view of the uniqueness of orthogonal polynomial systems (cf. [2]), we obtain
pr(da) = pp(day,), E=0,...,2n—1.

Therefore,

akm(do; f) = ap(doy,; f) .

A simple computation then leads to

Té,n,m(da; f) = % Z Sk(dam’f) .



The operator 7, ,, 1s thus a discretization of the de la Valleé Poussin-type operator for
the orthonormal polynomial expansions. The first inequality in (2.6) is now clear. Since
sk(dayy,; P) = P for every P € Il;, and k = +1,...,2n, we obtain that 7, ,(da; P) =
P for all P € II,. Also, it is clear that for any function f defined on 7, we have
Té,n,m(da§ f) € Iy

The estimate (2.6) is obtained using an argument similar to the one in [3], [18]. Let [
be a neighbourhood of . Then we define

Aﬁﬁ%:{fg% i el

otherwise,
and
0, if tel,
B, f(t) := { w7 otherwise,
to obtain

f(t) = Axf(t) + (x - t)Bxf(t) .

For & < 2n we have

2

/ FOK(da; 2, 1) dan (1)

nNJ

{/|Ak(da 2, )2 dan (1 }{ /|f (1) da (1 )}

nNJ

|Sk(dam; Al’fv l’)|2

IA

< Kip(dojx,x) || f- GHooZm\J/ (1 dam
nJ

Hence,

i (das Af,2) < \[Kon(das; 2,2 J/Gz Fdan(®) I Gl (27

nNJ

Next, applying the Christoffel-Darboux-formula (2.2), we write

Sk(dam; f —A fvx) = Sk(dam; (l‘ - O)Bl’fvx)

f;if/mkumﬂmﬁai_Tﬂﬁmwmwmw@—ﬂ&ﬂwmwﬁ
— 7%_1@@ (pr(des x)ag—1(day, B f) — pr-1(de; x)ay(doy,, B.f))
Y (da) ; - my P - ' e



Since

|sk(devms; f=Auf, @) < Tan(de) (|pr(de; )ar—(dam, Bof)| + [pr-1(de; 2)ax(dam, B:f)])
we get using Bessel’s inequality that
ngu_n,m(da' f —A f? )

= Z |5k damaf Af7 )|

Zn— 0,20,
20, (d
< M\/[(Qn(dﬂ'l' ) Z|ak doy; By f)|?
2n —{
219, (da)
< Buldo) i o) W'B P10 dor (1)
2n —
2I's,, (do
g ol J | e don I Gl
Zm\(JUJ)
(2.8)
Since
ngu_n,m(da; f7 $) S ngu_n,m(da; Al’f7 $) + Tg,in,m(da; f - Al’f7 l’),
the second estimate in (2.6) is proved in view of (2.7) and (2.8). O

3 Generalized Jacobi weights

A generalized Jacobi weight is a function of the form

— { ﬁ(l‘ - fk)ﬁkv S [_171]7 (31)

0, otherwise,

where p > 1 is an integer, —1 =: {, < --- <& :=1,and By > =1 for k= 1,...,p. The
class of generalized Jacobi weights will denoted by G.J; orthonormal polynomials with
respect to a weight in GJ will be called GGJ polynomials. These polynomials are studied
extensively by Nevai in [19]. Following [19], if w € G/J is of the form (3.1), and m > 1 is
an integer, we write for = € [—1, 1],

woe (7 2 e 1) (e )
k=2

If w is the Legendre weight, gy =0, k = 1,..., p, then it is easy to see that

T () ~ Ap() = VI = 2% 4 —

m



In the sequel, we adopt the following convention regarding constants. The letters
¢, ¢y, ... will denote positive constants depending only on the weight function and other
fixed parameters of the problem, but their value may be different in different occurences,
even within the same formula. The notation A ~ B denotes the fact that cA < B < ¢ A.

Theorem 3.1 Let w € GJ, do(z) := w(z)dz, and
G(z) == (1 — 22)%Jw(x), -1l <vy< L

IfL>2,n>1,2n<m < Lnand 0 <0 < 2n — 1 are integers, and f : Z,, — IR, then

cn

(o DAYV e < Nl DAY Ao € o G
(3.2)
PROOF. We recall from [19] a few facts about the GJ polynomials. Writing
zjm(da) =: cos 0 =2 Tjm, j=1,....m,
we have
1 .
0<(9]‘7m <m, (9]‘7m—(9]‘_17m ~—, 7= 1,...,m, (33)
m
where 0y, := 0, 0,41, := 7. Further, I',(da) ~ 1,
Ky (dayz,x) ~ _L, e [—1,1], (3.4)
Wn ()
and
1 5 .
Ajom ™~ Ew(:pmm) 1 —a3,, jg=1,...,m. (3.5)

Theorem 2.1 now implies that for € [—1,1], and any interval I containing z,

n
ngu_n,m(da; f7 $) S c||fG||OO,ZmQ / m

><{¢/I G=2(t)da, (t) + 2n1—€¢/[_171]\1(G(t)(x — t))_Qdozm(t)}.

Using (3.5), we obtain for @ € [—1, 1]

VT, s f.2) < Gz, (V31 + 5——/52), (36)

where, with ¢ := 1 — 2+,




Sl = Z (1 - x?,m)é/zv

wjm€l

Sy = Z

l’],me[—l,l]\l (x o xjvm)2

(1 — 42 )5/2

j7m

(3.7)

We will estimate 57 and 53 for # > 0; the case when o < 0 is similar. In the remainder

of the proof x =: cos ¢ is a fixed number, with 0 < ¢ < /2.
Case 1. (0 < ¢ <2//m)

We write 1°:=[0,¢ + 2/y/m], and
I:={x=cosh : 6l
In view of (3.3) and the fact that 6 > —1,

43 1
> 0 < Pt < e )

jam €1° 0 m

1 1 . c
—5 = — Z sin’ 0;m < —
m mog e m,

1 1
Since ¢ + —— ~ ——, we deduce that

vVmo m
1 -1 . 1 —27 —27
St < (o + ﬁ)é < c(sin ¢ + ﬁ) = cA ().

It is easy to check that sin@ ~ @ if § € [0,37 /4], and hence, that

)
sin® 0
Sy <e > —2
e (e

(3.10)

(3.11)

If 0;,, € [7/2,7], then 0%  — ¢* > c. Using (3.3), and the fact that § > —1, we obtain

)
G‘m ] 3r/4
Z % <e Z sm5(7r —0;m) < cm/ Bdt < em.
0; m€[n/2,7] (07 — ¢%) 0; m€[n/2,7] 0

1
Since § < 3 and qb—l—ﬁ ~1/vm,

Hence,

in’ §—1
sin® 0, ,,, 2( 1 )
s Sam o+ —] .
€J7m§/27w] (eyz,m - ¢2)2 \/ﬁ

(3.12)

2
If ¢+ —= <., <m/2, then (9]27m — P > c@im and siné,,, ~ 0;.,. Hence, using (3.3)

and the fact that ¢ < 3, we get



sin® @, 1 _
S )

8; mel0,m/2\I° (07 — & Mg, melom/2\I0
< ecm - 1=1dt < em (qb + L) o < em? (qb + L) 5_1.
b+ vm vm
Along with (3.11) and (3.12), this gives
1 5—1
Sy < em? (qb + ﬁ) < cmZA\_/in—W(x). (3.13)

The estimates (3.6), (3.10), (3.13) yield that when 0 < ¢ < 2/,/m, we have

Al fma (@), (das fox) < el 4 o)l Clluuz, < 5

. (3.14)

Case 2. (2//m < ¢ <7/2)
In this case, we take [°:=[¢ — 1/(me), ¢ + 1/(me)], and [ := {cos@ : § € [°}. The

following estimates will be used in the remainder of this proof often, sometimes without
an explicit reference:

1 1 1 1 1 1 1
- )<= )< << bt — <t ——. 1
ZA¢+¢E)_2@+WW)_¢ W SOSot <ot oo (3.15)
1 \-1
Also, in view of (3.3), the number of 6, ,,’s in [° is at most ¢/¢ < c(qb + —) . Hence,
NG
1 5—1
Si<e Y 0, < c(qb + —) < AT (x). (3.16)
=k Vi v

As in Case 1, we deduce easﬂy that
T sin’ 0., <
T g S O
0;,m€E[37/4,7] ( dm ¢2)2

If 1 <4 < 3 then

i < m—(é—l)/? < Cqbé_l
m — — b
and if =1 < § < 1 then it is clear that 1/m < e¢#*~!. Thus, in either case, m <

1 5—1
m? (qb + ﬁ) , and we get

0: .. _
Z smi]z < cmzA\/znl(x). (3.17)
05 m€[3n/4,x] ( B Qb )

Next, we write

10



1 1 1 1 1

Iy, =10, §(¢ — m—¢)]a Iy = [§(¢ - m—¢)7¢ — m—¢]7
1 1 1
L _[¢+m—¢72(¢+m—¢)]7 Iz4: —[(ﬁb‘l'—qb) ,3m /4],
8
Saj == > 20# 7 =1,2,3.4.

6, ek, (62, — ¢?)2’
Then

> e sin” i cZ S (3.18)

9; m€[0,3m/4\I° - ¢2

We estimate S35 and Ss 4; the estimates for S35 and Sy are similar. Using (3.3),

1 \?¢ 1
So,3 < —
sz <¢ + mqb) Z;/(m@ (ej,m - ¢)2
< cd®*m (t—¢)2dt < em?¢* ™! < em? <¢ + L)5_1' (3.19)
= $+1/(me) - - Vm

If 0 € I54, then § — ¢ > 0/2. Using (3.3) and the fact that § < 3, we get

Sou<ec 05-1 < em 194t
€J,rnZ€:I2,4 " o+1/(me)

<em (qb + miqb) T < em? <¢ + %) 5_1. (3.20)

From (3.18), (3.19), (3.20), and similar estimates for S3; and Ss 9, we obtain

sin’ b, 1\
Z — I < em? (qb + —) < szA_:(w).
(07, — &%) Vm vm

0;,m€[0,3m/4]\I°

Along with (3.17), this yields

Sy < cmZA\_/zn—W(x). (3.21)
From (3.6), (3.16), and (3.21), we conclude that

_ — m
AW T £.2) < 14 Gz € 50 322
The estimates (3.14), (3.22), and analogous estimates for # € [—1,0) yield (3.2). O

We end this section by observing the “continuous analogue” of Theorem 3.1. It is
probably not new, but we are unable to locate a precise reference. The proof of the
following theorem is similar to that of Theorem 3.1, but simpler.

11



Theorem 3.2 Let w € GJ, do(z) := w(x)dx, and G, L, m, n, { be as in Theorem 3.1.
Let [ :[=1,1] = IR be a measurable function such that fG is essentially bounded on
[—1,1]. Then for x € [—1,1],

)\ W ( Z |sk(dey; f,x |<

k 41

— Gl (3.23)

In [16], we have examined the L? versions of Theorems 3.1 and 3.2 (with ¢ = n) using
certain analogues of the so called Marcinkiewicz-Zygmund type inequalities. In the case
of the weights in GJ, such inequalities have been studied by Mastroianni, Totik, Vértesi,
and Xu [23], [24], [11], [12], [13], among others.

4 Freud-type weight functions

Let w: IR — (0,00), and @ := log(1/w). The function w is called a Freud-type weight
function if each of the following conditions is satisfied. The function () is an even, convex
function on IR, @ is twice continuously differentiable on (0,00) and there are constants
c; and ¢y such that

xQ//(x)
Q'(x)
The most commonly discussed examples include exp(—|z|*), o > 1. In the remainder
of this section, w will denote a fixed Freud-type weight function, {pz} will denote the

0<e < < < 00, 0<z<oo. (4.1)

sequence of polynomials orthonormal on IR with respect to the measure w?(z)dx. From
all notations, we will omit the mention of this measure; thus zy ,, will be the k-th zero of
Pr, etc.

Our main theorem in this section is the following.

Theorem 4.1 Lel w be a Freud-type weight function. If f: Z,, — IR, and L,§ > 0, then
for each integer n > 1 and (24 d)n < m < Ln,

cn

e o (42)

where Z, = {xpm i, and ¢ is a positive constant depending only on w, L, and §.

e (F)0lloo e < N (F)0llco e <

In order to prove this theorem, we summarize some of the important, relevant facts
regarding Freud polynomials. Associated with the weight function w are two sets of
numbers: The Freud-number ¢, is the least positive solution of the equation

7:.Q'(q:) = x, x> 0.

The number a, is the solution of the equation

2 (La,t ! =t
L= 2 at@at) o

mJo A1 —12

12



It is not difficult to see that a, ~ ¢, ~ g2, © > 0. One of the most important properties
of a, is the following: For every integer n > 1 and P € I, (cf. [17], [14]),

max | P(z)w(z)| = max |P(x)w(z)],

el jel<an

and, if 0 < p < 0o, N is the least integer not exceeding n + 2/p, then

/ | P(a)w(x)[Pde <2 | P(a)w(x)|Pd. (4.3)
R lz|<an
Lemma 4.1 Let n > 1 be an integer.
(a) Forx € IR,
- no_o
Ky(z,2) < e—w *(x) . (4.4)
n
(b) We have
L', ~q,. (4.5)
(c) For anyn >0 and |z| < (1 —n)a,,
Koz, 2) > eln)—w2(z). (4.6)
n

(d) For anyn >0 and &, Th—11, Chr1,n 0 [—(1 = n)an, (1 —n)as],

Gn
Th—1mn — Lhkn ™~ Thn — Lhk+in ™ ;

(e) If |x —t] < cqu/n, ||, ]t] < c1gn, then w(zx) ~w(t).
(f) Let b€ IR and 0 < p < 2. Then

C/C1qn wz_p(l')(l _I_xZ)bdx < Z)\]‘mw_p(l'jm)(l ‘|‘$§,n)b
0 a=1
(4.7)
< o[ w1+ de
0

PROOF. Parts (a) and (b) are proved in [6]. Parts (¢) and (d) are in the paper [9] by
Levin and Lubinsky. The most difficult part of the proof is a judicious discretization of
a certain logarithmic potential. A simpler construction is given in [14] (cf. [22]) under
slightly stronger conditions, which are also satisfied by exp(—|x|*), @ > 1. Using (4.1), it
is not difficult to verify (cf. [6]) that Q'(Ag¢,) ~ n/q, for any A > 0. Part (e) is then a
simple application of the mean value theorem. Part (f) was proved by Knopmacher and
Lubinsky [7] under slightly different conditions on the weight function. As stated, the
result is proved in [14] (Theorem 8.2.7) using their ideas. O

We are now in a position to prove Theorem 4.1.
PROOF OF THEOREM 4.1. In this proof, let = € [—az,, as,] be a fixed number, and v be
an integer such that © € [#,41m, ¥,m). The constants in this proof will generally depend
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upon ¢ and L. Necessarily, there exists n > 0 such that |2| < (1 — n)a,,. We use the
estimate (2.6) with [ = [ — ¢n/m,x + ¢ /m], with J equal to the empty interval, and
G = w. The set S(«) in this case is IR. In view of (4.4) and (4.5), we obtain the estimate

|w(@)Temm(fr2)] < el frolloo,z,,

nopo o ngn 1 .
’ an/wz(t)d 0+ (2”_@23{1 wz(t)(x_t)zd m(t) e - (4.8)

1

The number of points z;,, in I is bounded from above, independently of n and m. For
each such x;,, € I, (4.6) (with m in place of n and a different value of 7) shows that

_2 Gm

A0 (25m) < e
Hence,

-2 dm n

/I w2 (1)dan (1) < 2 < 2 (4.9)
Let
5= (== D, (14 Dan] \ 1
2 2

and

._ i n
L= (—o00,—(1 - §)am) U (1 - §)am, 00).

In view of (4.7) with b =0 and p = 2,
—2( . Y n
> W <cap? Y wH(@im)Ajm < g (4.10)

zjm€l (l’ - x],7m)2 j=1

If «;,, € I, then

T — fj,m| ~ o — J?J‘—l,m| ~ |r — Ljt+1,m

and

—2 m
w (x]7m))\]7m ~ E ~ x]7m - x]-l—Lm .

Therefore, taking into account the fact that m ~ n, we obtain

3 w (@ im)Aim Y Tim Tt

l’],mell (x - xj’m)z B l’]7m611 (x - xjvm)z
(4.11)
dt m n
/ <c— <c—.
R (=127 g~ qn
Substituting the estimates (4.11), (4.10) and (4.9) into (4.8), we arrive at (4.2). O
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We end this section by observing the following amusing inequality, obtained by using
Theorem 4.1 with a polynomial of degree n in place of f, and observing that 7, , ., (P) = P
for all P € 1II,,.

Corollary 4.1 Let w, L,6,n,m, Z,, be as in Theorem J.1. Then for any P € 11,
cifwPlloe,r < [[wPlloo 2, < wPlloo R (4.12)

In [16], we have shown how estimates such as (4.12) together with the uniform bound-
edness of the de la Vallée Poussin means of the Freud polynomial expansions lead to
estimates similar to (4.12) with an L? norm instead of the supremum norm. In turn, it is
well known that such estimates are important in the study of interpolatory processes at
the zeros of Freud polynomials.
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