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Abstract. Let SP be the set of upper strongly porous at 0 subsets of R™ and let I(SP)
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1. INTRODUCTION

The basic ideas concerning the notion of set porosity for the first time appeared in
some early works of Denjoy [2], [3] and Khintchine [1] and then arose independently
in the study of cluster sets in 1967 (Dolzenko [4]). A useful collection of facts related
to the notion of porosity can be found, for example, in [7], [8], [15] and [16]. The
porosity appears naturally in many problems and plays an implicit role in various
arias of analysis (e. g., the cluster sets [18], the Julia sets [12], the quasisymmetric
maps [17], the differential theory [9], the theory of generalized subharmonic functions
[6] and so on). The reader can also consult [19] and [20] for more information.

The porosity found interesting applications in connection with ideals of sets. Well-
known results for ideals of compact sets can be found, for example, in [10] and
[11]. In many papers the authors investigate different characteristics (set-theoretic,
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descriptive, analytic) of the ideals of porous sets (see, e. g., [13], [21], [22]). Some
questions related to the order isomorphism between the principal ideals of porous
sets of R were studied in [14]. Our paper is also a contribution to this line of research,
in particular, we investigate two ideals, whose elements are upper strongly porous at
0 subsets of RT.

2. RIGHT UPPER POROSITY AT A POINT

Let us recall the definition of the right upper porosity at a point. Let E be a
subset of RT = [0, c0).

Definition 2.1. The right upper porosity of E at 0 is the number

E
(2.1) pT(E,0) := limsup ME, 0, h)
h—0+t h

where A(E, 0, h) is the length of the largest open subinterval of (0, h), which could
be the empty set &, that contains no point of E. The set E is porous on the right
at 0 if p™(E,0) > 0 and E is strongly porous on the right at 0 if p*(FE,0) = 1.

For the remaining of the paper, when the porosity is considered, this will always
be assumed to be the right upper porosity at 0.

For E C Rt define the subsets E and H(E) of the set of sequences h = {hy, }nen
with h, | 0 by the rules:

(2.2) (h € E) < (h, € E\ {0} for alln € N),
and
(2.3) (he H(E)) & (A(Ehoh") —1 with n— oo> ,

where the number A(E, 0, h,,) is the same as in Definition 2.1.

Define also an equivalence relation =< on the set of sequences of positive numbers
as follows. Let @ = {an}neny and ¥ = {vp}nen. Then @ < 7 if there are positive
constants ¢; and ¢ such that

c1ap < Yy < C2ay

for all n € N.

Definition 2.2. Let E C R*. The set E is completely strongly porous on the
right at 0 if for every 7 = {7, }nen € E there is h = {hy}neny € H(E) such that
7= h.



In what follows we denote by SP and CSP the collection (i.e., the set) of sets
E C R* which are strongly porous on the right at 0 and completely strongly porous
on the right at 0 respectively. The set CSP was introduced and studied in [5] with
slightly different, but equivalent definition.

Definition 2.3. Let E C R" and q > 1. The ¢-blow up of E is the set

E(q) == |J (¢ 'z, q2).
z€E
The goal of the paper is to find some blow up characterizations for the intersection

of maximal ideals I C SP and for the ideal generated by CSP.

3. IDEALS AND SETS CLOSED UNDER SUBSETS

Let A be a collection of sets. We shall say that A is closed under subsets if the

implication

(3.1) (BEANCCB)=(CeA)
holds for all sets C' and B. If I' is an arbitrary collection of sets, we write

V=v(I):= ] A
Aer’

Definition 3.1. A collection I of subsets of a set X is an ideal on X if the following
conditions hold:
(1) I is closed under subsets;
(i) BUC € I for all B,C € I,
(iii) X ¢ Tand @ € I
We include the condition @ € I to guarantee that I is nonempty.
Let I" be nonempty and closed under subsets. Define a set I(I") C 2V by the rule

(3.2) (BEII) < (3neN3 A, A, el:B= CJAj).

j=1
If V ¢ I(T'), then I(I') is an ideal on V such that I' C I(I") and the implication
)

holds for every ideal J on V. In what follows we shall say that I(I") is the ideal
generated by I.

(3R]
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Definition 3.2. Let I' be an arbitrary nonempty collection of sets. An ideal 1
on'V =V(I') is I''maximal if I C I" and the implication

(3.3) (IC3CI) = (I=73)

holds for every ideal J on V.
Write M (I") for the set of I'-maximal ideals and define an ideal I(I") as
(3.4) Iry= (\ I,
IeM(I)

i. e., I(I') is the intersection of I'-maximal ideals.
The paper contains the following main results.

e A characteristic property of sets which belong to the intersection f(F) of I'-mazximal
ideals with closed under subsets I'. (See Theorem 4.4).

e The blow up characterizations of the ideals I(SP) and I( CSP). (See theorems 6.6
and 7.6).

e The proper inclusion I(CSP) C I(SP). (See Corollary 7.7 and Example 7.8).

Remark 3.3. The sets SP and CSP are closed under subsets and no one from
these sets is an ideal on RT.

Remark 3.4. The I'maximal ideals are a generalization of the prime ideals.
Indeed, if I' = 2V and I is an ideal on V, then it may be proved that I is a prime
ideal on V if and only if I is I'-maximal.

4. A PROPERTY OF THE INTERSECTION OF I'-MAXIMAL IDEALS
We start with a useful property of an arbitrary I'-maximal ideal.

Lemma 4.1. Let I' be a nonempty collection of sets. The following two state-

ments are equivalent:

(i) T is closed under subsets and V(I') € T’
(ii) For every A € T there exists a I'-mazimal ideal I such that A € L

Proof. (i) = (i). Assume that (ii) holds. Let A € I'. Using (ii), we can find a
I'maximal ideal I 3 A. Then 24 C I C I" holds. Hence I' is closed under subsets.
Suppose now that V' € I'. By (ii), there is a I'-maximal ideal I such that

(4.1) Vel



The ideal I is an ideal on V. Hence V' ¢ I, contrary to (4.1).

(i) = (ii). Suppose that (i) holds. Let A € I'. Then 24 C I" and 24 is an ideal
on V. Using Zorn’s Lemma, we can find a I'-maximal ideal I such that I D 24 Tt is
clear that A € I holds. The implication (i) = (ii) follows. O

Let I' be a collection of sets. We shall denote by I*(I") the collection of sets S
satisfying the condition

(4.2) SUBeT

for every B e I'.

Remark 4.2. It is clear that I*(I") is closed under subsets, if I' is closed under
subsets.

Lemma 4.3. If I' is a nonempty collection of sets, then
(V) eI« (V(I') e I"(I))

holds.

Proof. Let V € I'. Then we have BUV =V € I for every B € I'. Hence V € I*(I').
Let now V € I*(I') and B € I'. The inclusion B C V holds. Thus,

V=BUVel.

Theorem 4.4. Let I' be nonempty closed under subsets and let
(4.3) vV ¢r.
Then the equality
(4.4) "(r) = I(T)

holds where I(I") is defined by (3.4).

Proof. Let us prove the inclusion
(4.5) () C I(I).
Using (3.4), we can see that (4.5) holds if and only if

(4.6) A eI forevery I''maximal ideal I and every A € I*(I").



Let A be an arbitrary element of I*(I") and let I be a I'maximal ideal. Define a
set I(A) as

(4.7) I(A):={BUK:BCAand K € I}.

The trivial inclusion @ C A implies that I C I(A). It follows from Definition 3.2
that I C I'. Since I*(I') is closed under subsets (see Remark 4.2), the relations

BCAeI*(I') and KeICT

yield

(4.8) BUK eI
Hence

(4.9) I(A)CT.

Moreover, (4.8), (4.7) and (4.3) imply that V' ¢ I(A). Since I and I" are closed under
subsets, the definition of I*(I") and (4.7) imply that I(A) is closed under subsets.
If, for i = 1,2, B, UK,; € I(A) with B; C A and K; € I, then, by the definition of
ideals, K1 U K5 € I and, moreover, By U By C A. Consequently, from the equality

(B1 U Kl) U (BQ U K2) = (Bl U Bz) U (Kl U Kg)

we obtain

(B1UK;)U(BaUK>) € I(A).
Hence I(A) is an ideal on V. Since I C I(A) and I is I'-maximal, from (4.9) and
(3.3) we obtain the equality

(4.10) I(A)=1.

The membership A € I(A) and (4.10) yield (4.6).
Consider now the inclusion

(4.11) I(ryc r«(n).
If (4.11) does not hold, then we can find A € I(I") and B € I" so that
(4.12) AUB¢T.

By Lemma 4.1, there is a I'-maximal ideal I such that B € I. The membership
A e I(I") yields that A € I. Since I is an ideal, from A € T and B € I it follows
that AUB € I C I', contrary to (4.12). O



Corollary 4.5. Let I' be nonempty and closed under subsets. Then the collection
I*(I') is an ideal on V if and only if V ¢ I

Proof. The intersection of an arbitrary nonempty set of ideals is an ideal. The set
of I'-maximal ideals is nonempty, because I" # @. Consequently, I (I') is an ideal on
V = V(I'). Hence, by Theorem 4.4, I*(I") is an ideal on V.

Conversely, if I*(I") is an ideal on V, then condition (iii) from the definition of
ideals implies that V' ¢ I*(I"). Using Lemma 4.3, we obtain that V & I'. |

Remark 4.6. If I' is closed under subsets and V (I') € I'', then, as is easily seen,
the equality f(l") = {@} holds, so that, in this case, the question about the structure
of I(I) is trivial.

5. BLOW UP OF SETS

Recall that for ¢ > 1 and £ C RT we define the ¢-blow up of E as

(5.1) E(q) = |J (¢ "2, q).

el

Remark 5.1. For all E C R* and ¢ > 1, we have
(5.2) (0¢ E) < (E(q) 2 E).

Indeed, the implication (0 ¢ E) = (E(q) D E) is evident. Conversely, suppose that
0 € E. Since 0 € (¢ 'z, qz) for every nonzero x and (¢~10,¢0) = (0,0) = @, we
obtain 0 € E(q). Thus (5.2) follows.

Lemma 5.2. Let 0 < a < b < co. The following statements hold.

(i) If ¢ > 2 and @ # E C (a,b), then the set E(q) is an open interval such that
E(q) 2 (a,b).
(ii) If E = (a,b), then E(q) = (¢ ta,qb) for every ¢ > 1.

The proof is simple and omitted here.

Lemma 5.3. Let A and B be subsets of Rt let t > 0 and let
(5.3) 0,t)NBC (0,t)N A
hold. Then the inclusion
(5.4) (0,t¢") N B(g) C (0,tg~") N A(q)

holds for every q > 1.



Proof. Let ¢ > 1 and let z € (0,t¢~*) N B(q). Then we have
(5.5) 0<x<tqg?

and there is y € B such that

(5.6) ¢ ly <z <qy.

It follows from (5.5) and (5.6), that ¢~ 'y < x < tg~'. Consequently, y < t holds.
The last inequality, y € B and (5.3) imply

y € (0,1)N B C(0,t)NA,
so that y € (0,t) and y € A. These relations yield
(a"'y.qy) € (0,tq) and (¢7'y,qy) C A(g).
Consequently we have
(5.7) (0,t~") N B(q) C (0,g) N A(q).
The inclusion (0,tq~!) C (0,tq) and (5.7) imply that
(0,tg™") N B(g) € (0,t¢~") N (0,tq) N A(q) S (0,t¢~") N A(q).

Inclusion (5.4) follows. (]

Lemma 5.4. Let E CRT and E € SP. Then there are ¢ > 1 and t > 0 such that
the equality

(5.8) E(q)n(0,t) = (0,¢t)

holds.

Proof. Equality (5.8) evidently holds for every ¢ > 1 if (0,¢#) C E. Hence we can
assume that (0,t) \ E # & for every t > 0. Since F is not strongly porous on the
right at 0, there is s € (0,1) such that

: A(E,0,h)
limsup ———— < s,
h—0+ h



where A(F,0, h) is the length of the largest open subinterval of (0, h) that contains
no point of E (see Definition 2.1). Consequently, there exists ¢ > 0 such that, for
every y € (0,t) \ E, there exists x € E satisfying the inequalities

y—x

xr <y and < s.

These inequalities imply that

T
<<y < ——.
1-5

Hence, y € (¢~ 'z, qz) holds with ¢ = t1-. Thus, the inclusion (0,t)\ E C E(g) holds

P

for such ¢. Since £ N (0,t) C E(q) holds for all £ > 0 and ¢ > 1, we obtain
(0,8) = (EN(0,£)) U ((0,t) \ E) € E(q) U E(q) = E(q).
Thus, (0,t) C (0,t) N E(q) € (0,t), which implies (5.8). O
6. BLOW UP OF STRONGLY POROUS AT 0 SETS

Let us prove that the g-blow up preserves SP.

Lemma 6.1. Let E C R™ and ¢ > 1. Then E belongs to SP if and only if E(q)
belongs to SP.

Proof. Since E(q) = (E '\ {0})(¢) and
(E e SP)< (E\{0} € SP),

we may assume that 0 € E. In accordance with (5.2), this assumption implies the

inclusion
(6.1) E CE(g).

Since SP is a down set, the implication (E(q) € SP) = (E € SP) follows.
Let E € SP. Then there is a sequence {(an,byn)}nen such that 0 < a, < by,

a

bn 10, (an,bp,) NE = & and nlggo 3= = 0. It is easy to prove that qa,, < ¢~'b, and
(qan,q b,) N E(q) = @ for all sufficiently large n. Since

a a
lim An lim ¢>—= =0,
n—oo ¢~ b, n—oo’ b,

the set E(q) is strongly porous on the right at 0. The implication (E € SP) =
(E(q) € SP) follows. Thus,

(E € SP) < (E(q) € SP)

holds. O



Corollary 6.2. Let E C R" and ¢ > 1. Then E € I*(SP) holds if and only if
E(q) € I*(SP).

Proof. As in the proof of Lemma 6.1, we may suppose that E(q) 2 E. This yields
(E(q) € I*(SP)) = (E € I*(SP)). Let E € I*(SP). The relation E(q) € I*(SP)
holds if and only if

(6.2) E(q)UB € SP for every B € SP.

Using the relation

(Be SP) < (B\{0} € SP)
we may consider only the case where 0 ¢ B. The membership E € I*(SP) implies
FE U B € SP. Consequently, by Lemma 6.1, we obtain

(6.3) E(q)UB(q) € SP.

Since 0 ¢ B, the inclusion B C B(g) holds. The last inclusion and (6.3) yield
(6.2). O

Let A and B be nonempty subsets of R*T. We define A < B if b < a holds for
every b € B and a € A. Furthermore, we set

A<B if A=B or A<B.

The relation < is a partial order on the set of nonempty subsets of R™. A chain (i.e.,
a linearly ordered set) (P, <p) is said to be well-ordered if every nonempty subset X
of P contains a smallest element, i.e., an element x € X such that z <p y for every
yeX.

It is easy to prove, that for every nonempty A C RT, the set CcA of connected
components of A is a chain w. r. t. the partial order <. Define a set Cc' A by the
rule:

BeCc'A if BeCcA and B cC(0,1].

Lemma 6.3. Let @ # E C R* and let ¢ > 1. Then the chain (Cc'E(q), <) is
well-ordered.

Proof. If there is X C Cc'E (¢), which does not have a smallest element, then there
is a sequence {(a;, b;)}icn such that

(a1,bl) - (ag,bg) - ...(ai,bi) - (ai+17bi+1) ...

10



with (a;, b;) € X for every i € N. The equalities
Ina;* = (Ina; ' —Inbd; ') +Inb;?

=(Ina;' —Inb;y ") + (Inby* —Inay ') + (Inay ' —Inby ) +Inby*
i+1 i
=..=) (nag;' —Inb ")+ > (Inb,' —Inagly) +Inbd )
k=1 k=1
and the inequalities

-1 -1 -1 -1
Ina;” >Inb, " >Ina;, >Inb, >0,

k=1,...,i+ 1 imply that

i+1
(6.4) Ina;* > Z(lna;l —Inb. ).
k=1

Since X C Cc'E(q), the intersection (ay,by) N E is nonempty for every k = 1, ..., 4.
It follows directly from the definition of g-blow up, that the inclusion

(6.5) (¢ tx, qx) C (ay, by)

holds for every « € E N (ay, by). Conditions (6.4) and (6.5) yield the inequalities

- -

art >3 % =S gt — 24 1)1

naj _Zna_an =2(i+1)Ing.
k=1 k=1

Letting i — oo, we obtain the equality Ina; " = oo, contrary to (a;,b1) € Cc'E(q).
]

The proof of Lemma 6.3 shows, in particular, that for given ¢ > 1 and (a,b) €
Cc'E(q), the set {(c,d) € Cc'E(q) : (¢,d) < (a,b)} is finite. This finiteness together
with Lemma 6.3 implies the following

Corollary 6.4. Let @ # E C Rt and let ¢ > 1. If Cc' E(q) # @, then the chain
(Cc'E(q), =) is isomorphic either the first infinite ordinal number w or an initial
segment of w.

For a set E C R*, we use the symbol acE to denote the set of its accumulation
points.

Remark 6.5. Let E C Rt and ¢ > 1. Then (Cc'E(q), <) is isomorphic to w if

and only if 0 € acE(q) and 0 € ac(R*\ E(q)). In particular, if E € SP, then Cc* E(q)
is isomorphic to w if and only if 0 € acE.

11



Corollary 6.4 means, in particular, that for every infinite Cc' E(q) there is a unique
sequence {(a;, b;)}ien such that the logical equivalence

(6.6) ((a,b) € Cc'E(q)) & (3i € N: (a,b) = (a;, b;))

holds for every interval (a,b) C RT and logical equivalence

(6.7) (@i, b) < (a5,5,)) & (i < j)

holds for all i, j € N. If a sequence {(a;, b;) }ien satisfies (6.6) — (6.7) we shall write
Cc' E(q) = {(ai: bi) }ien

The following theorem is a blow up characterization of the ideal (SP).

Theorem 6.6. Let E C R and 0 € acE. Then the following conditions are
equivalent.
(i) E € I(SP).
(ii) For every q > 1, the chain Cc' E(q) is infinite, Cc* E(q) = {(as, bi) Yien, and
the inequality

b;
(6.8) limsup — < o0

i—oo g
holds.

Proof. (i) = (ii). In accordance with Theorem 4.4, the equality I(SP) = I*(SP)
holds, so that (E € I(SP)) < (E € I*(SP)). Suppose that E € I*(SP) and ¢ > 1.
Then, by Corollary 6.2, E(q) € I*(SP) holds. Since SP is closed under subsets, it
follows directly from the definition of I*(SP) that I[*(SP) C SP. Consequently, the
equality Cc' E(q) = {(as,b;)}ien holds. (See Remark 6.5). Suppose that

b;
(6.9) lim sup — = oo.

i—oo Aj

Let us consider the set

B :=R"\ (U(ai,bi)> )
ieN
Definition 2.1 and (6.9) imply that B € SP. Consequently, by the definition of
I*(SP) we must have BU E(q) € SP. It is clear from the definition of B that

12



Hence the interval (0,b;) must be strongly porous on the right at 0, contrary to
Definition 2.1. Hence (i) implies (ii).

(ii) = (i). Suppose now, that condition (ii) holds, but E ¢ I*(SP). Then, there
is B € SP such that BUFE ¢ SP. By Lemma 5.4, we can find ¢ > 1 and ¢ > 0 such
that the g-blow-up of B U F is a superset of the interval (0,¢), i. e.

(6.10) B(q) U E(q) 2 (0,1).

Lemma 6.1 shows that B(g) € SP. Consequently, there is a sequence {(a},b})}jen

of open intervals (a},b}) such that

(6.11) 0<aj<bj <oo,a;l0,(a;,b;)NB(q) =2 and Jlggloa—i =00
j

hold for every j € N. Inclusion (6.10) and relations (6.11) imply that (a},b7) C E(q)
hold for all sufficiently large j € N. Using condition (ii) of the present lemma, we can
find a subsequence {(a;, ,b;, ) }ren of the sequence {(a;, b;) }ien, where {(a;, b;) bien =
Cc'E(g) and a subsequence {(a}, 0%, ) fken of the sequence {(a},b})}jen, so that

(a¥ ,b% ) C (a4, b, ) for every k € N. Consequently, we obtain

Jk? Ik
. b; . b; ) b b
limsup — > limsup —& > hrnsup% = lim —]* = 00,
isoo G4 k—oo iy k—oo Qj, J=0 Ay
contrary to (6.8). O

7. IDEAL GENERATED BY CSP

The goal of the present section is to obtain the blow up characterization of the
ideal I(CSP).

The following lemma is a direct consequence of Theorem 36 and Theorem 42 from
[5].

Lemma 7.1. Let E CR. Then E € CSP if and only if there areq > 1, t > 0 and
a decreasing sequence {p }nen, such that x, > 0 for alln € N, lim % =0 and
n—o0 n

EnN(0,t) C (U (q_lxn,qxn)> N(0,t).

neN

In this section, for every n € N, we denote by n the set {1,2,...,n}.

13



Lemma 7.2. Let E C R' and q > 1. Then the following logical equivalence
(E € I(CSP)) & (E(q) € I(CSP))

holds.

Proof. As in the proof of Lemma 6.1, we may assume that 0 ¢ E. In accordance with
Remark 5.1, this assumption implies the inclusion

(7.1) E C E(q).
Now the implication
(E(q) e I(CSP)) = (E € I(CSP))

follows from (7.1), because I(CSP) is a down set. To prove the converse implication
suppose that E € I(CSP). Then there are By,...,B, € CSP, such that F =
By U...UB,,. The last equality implies that E(q) = B1(¢q)U...UBy,(q). Consequently
E(q) € I(CSP) holds if Bj(q) € CSP for every j € n. By Lemma 7.1, for every

Jj € m, we can find ¢; > 1, t; > 0, and a decreasing sequence {zy ;}ren of positive

numbers such that lim ZELi — ( and
k—oo Tk

(72) (O,tj) N Bj - (O,tj) N U (q;lxk,jv ijk,j)~
keN

Statement (ii) of Lemma 5.2, Lemma 5.3 and (7.2) imply

(0,t;¢7") N B;(q) € (0,t;07 ) N | (07" a5 "o aqjn 5)-
keN

Hence, by Lemma 7.1, the statement B;(¢q) € CSP holds for every j € n. O

Lemma 7.3. Let E CRt, ¢ > 1 and let Cc* E(q) = {(as, bi)}ien. Suppose that

b;
(7.3) limsup — < o0

i—oo ;g

and there is N € N such that
. Un+j
(7.4) lim \/ — =0

14



where

N
An+j max{ Ap  An41 An+N }
j=0 bn+j+1 bn+1 ’ bn+2 T bn+N+1
Then there are By, ..., Bonyo € CSP such that

(7.5) EC By U...UBonio.

Proof. Suppose N € N is a number such that (7.4) holds. Let us define a sequence
{Fr}reny of sets F, CNas Fy :={1,... N+ 1}, Fo ={(N+1)+1,..,2(N+1)},

Fy .= {2(N+1)+1,..,3(N + 1)} and so on. It is clear that |J F = N and
k=1
Fy, N Fy, = @ if k1 # ko, and

(7.6) |Fx| = N+1 forevery k € N.

Let my, € Fj, be a number satisfying the condition

(7.7) S =\

b .
my+1 neFy n+1

It follows from (7.4), (7.6) and (7.7) that

Ay,

= Q.

(7.8) lim

k—o0 bmk—f—l

The definition of F) and (7.6) imply the double inequality

(79) 1 <mgy1 —mgp <2N + 1.
For every k € N denote by § the set of all connected components of E(q), which lie

between [bim, +2, @my+1] and [bm,+1, Gmy,]s

(710) ‘Sk = {(anabn) : [bmk+2,amk+1] e (an,bn) s [bmk+1’amk]}‘

It easy to show that

(7.11) U (akt1,bp41) = U ng
k=m1 k=1

15



and §;NF; = @ if i # j. From (7.9) it also follows that 1 < |§;| < 2N+1 for every k €

N. Consequently, for every k € N, the elements of Fj, can be numbered (with some rep-
etitions if it is necessary) in a finite sequence (a1, bk,1), (ak.2,bk,2);s -, (@K 2N+1, Dk 2N+1)-
Using the inclusion

E(Q) - U (an+17 bn+1) U (al, OO)

n=1
and (7.11) we obtain
(7.12)
2N+1 2N+1
E(Q) g U U (ak,ja bk,j) U (a’mﬂoo) = U (U (ak,ja bk,j)) U (aml,OO).
kEN j=1 j=1 kEN
Write

B = | (ak 5, br )
keN
for every j € 2N+1, where 2N+1 = {1,...,2N + 1}, and put Baoy42 := {0} U
(@m,,0). Now we have E C F(q) U{0} C By U...U Ban2. It still remains to prove
that B; € CSP for j =1,...,2N 4 2. The statement Bani2 € CSP is clear. Let
j € 2N+1. In accordance with the Definition 2.2, the statement B; € CSP holds if
for every h = {h'},cn € Bj there is @ = {a'}en € H(B;) such that h < a. Inequality
(7.3) and the definition of B; imply that there is a positive constant ¢ > 1 such that

ag; < < cagj

for every x € (ay j,br ;) and every k € N. Consequently, if {h'};cy € B;, then we
have {h'};en =< {a'}ien, where, for every | € N, a! is the left endpoint of the interval
(ak.j,bx ;) which contains h!. Hence, B; € CSP holds if {ay j}ren € H(B;), which
is equivalent to

(7.13) lim %0 = oo,
k—o00 bk+1’j

Let us prove (7.13). It follows from (7.10) that

[bmk+27amk+1] - (a’k’jvbk’j) - [bmk+17amk]

and
[bmk+3’a77lk+2} - (ak+17j7bk+17j) - [bmk+2’amk+1]'
Hence we have

(Aht1,55 Ok+1,5) = [brmg+2, @mg+1] = (a5, bk j)-
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Consequently the inequality

a5 Amy+1

<
brt1,j by 42

holds. The last inequality and (7.8) imply (7.13). O

Corollary 7.4. Let E C R*. If there are N € N and q > 1 so that Cc'E(q) is
infinite and conditions (7.3) and (7.4) hold, then E € I(CSP).

In the following lemma, as in Lemma 7.3, the equality Cc'E(q) = {(as,bs)}ien
means that conditions (6.6) and (6.7) are satisfied.

Lemma 7.5. Let E € I(CSP) and let 0 € acE. Then Cc* E(q) = {(as,bi) Yien for
every q > 1, and there are gy > 1 and M € N such that the conditions

b;
(7.14) limsup — < o0
i—oo A4
and
Mo
(7.15) lim \/ —- = o0

n— 00 5
jmo O+l

hold for every q > qo.

Proof. Tt follows from the definition of I( CSP) that there is N € N such that
(7.16) F =By U..UBy with some By,..., By € CSP.

Let N = {1,...,N}. We may assume 0 € acB; for every j € N. Indeed, if 0 ¢ acB;
for all j € N, then

0 ¢ ac(By U...UBy) = acE,
contrary to the condition 0 € acE. Hence, there is j; € N such that 0 € acBj,.
Write

Jo = {jeN:ach #0}, Ji:= {jeN:ach 50} and B} = BjU<U B¢>
iEJO

for every j € J;. Renumbering the elements of N, we may also assume that J; =
{1,..., N1} with N7 < N. Then the representation

E=BjU..UBy,
holds with B} € CSP and acB > 0 for every j € N;. Without loss of generality,

we put N1 = N and B; = Bj for every j € N;.
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Using Lemma 7.1, for every j € N, we can find ¢; € (1,00) and a strictly decreas-
ing sequence {z; , }nen Wwith

(7.17) lim 22" — 0 and  lim Zjn =0,
n—oo  Tjn n—o00

so that the inclusion

(7.18) B; N (0,251) € | (g5 " @jin, gjjm)
neN

holds. Write

(719) Bj’n = Bj N (q;lxj’n,qjxjm)
for all n € N and j € N, and define

(720) Bj70 = Bj N [qjxj,l, OO)

for every j € N. Inclusion (7.18) implies that

(r21) B0} = | By

n=0

and from (7.16) it follows that

(7.22) E\ {0} = U (U Bj,n> :

Replacing the sequences {x; , nen by suitable subsequences, we may assume that

(7.23) Bjn,#@ forevery j€ N andn € N.

N
Recall that 0 € acB; holds for every j € N. Let ¢ > \/ qu. Lemma 5.2, the
j=1
implication E C (a,b) = E(q) C (¢ 'a,¢b) and (7.23) imply that B;,(q) are open
intervals. Write

(7.24) Bjn(q) = (Tjn,8jn), nm€EN,jEN.

Consequently, from statement (ii) of Lemma 5.2 and

N
Bjn C (45 '@jns ¢52jn) and ¢ > \/ d}
j=1

18



it follows that
- _3 3
(Tjns85n) = Bjn(a) C (g 1% 193j,m‘]‘]j9€j,n) C (¢ 22jn,q%Tjn)-

Hence the inequality

Sjmn 3
(7.25) Sim <
holds for all n € N and j € N. Since

Tjn € (jn,7jn) and  Tjni1 € (85041575 mt1),

inequality (7.25) and limit relation (7.17) imply that

(7.26) lim —2" = 0.

n—roo Sj’n+1

Hence there is mq € N such that

(7.27) i 5 30V
Sjn+1

holds for all n € N\ my and j € N. Using (7.25) and (7.27), we see, in particular,
that

(7.28) (Tj,m:Sj,m) N (ijza Sjynz) =0

if ny,my € N\ mq, n; # ny and j € N. This disjointness together with (7.21) and
(7.24) yield

(7.29) Bj(q) = U Bjnlq) = U (Tjns85,0) U Ojq,ma
n=0 n=mi+1

for every j € N with Oj 4, = B;(q) N [rjm,,0). Note that, as was shown in
Remark 5.1, 0 & E(q) for every ¢ > 1 and E C R™.

Obviously, for every z € E(g) there is a unique connected component (a,b;),
a; = az(q) and b, = b,(q), of the set F(q) such that x € (a,,b,). As is easily seen
the following statements are valid:

e The chain (Cc'E(q), <) is infinite if there is t € (0, 00) such that a, > 0 for every
z € (0,8) N E(q);
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e Inequality (7.14) holds if there are ¢ € (0,00),k € (1,00) and p € N such that
(7.30) E™Px < ay

for every z € (0,t) N E(q).

Note also that the inequalities ¢ > g2 > 1 imply the inclusion E(q1) 2 E(g2).
Thus, the inclusion (ag(q1),b0:(q1)) 2 (ax(g2),bx(g2)) holds if ¢1 > g2 > 1. Conse-
quently, to prove the first part of the lemma it is sufficient to show that (7.30) holds
if

N
(7.31) q> \/ q? and z € (0,7')N E(q)
j=1
where
N
(7.32) rl= /\ Ty -
j=1

Let x € RT. To find k € (1,00) and p € N, which satisfy (7.30), we define a subset
J, of N by the rule:

(7.33) (jedJs) e (j€N and z¢€(0,7") N Bj(q)),
where r! is defined in (7.32). From (7.33) it is clear that

(7.34) (Jo=0) e (zerl,o0) or zeRT\ E(g).
Let (7.32) hold and let

(7.35) 0 € (¢°,¢*NT).

We claim that if J, # @& # Jg-1,, then the equality

(7.36) JoNJygr, =@

holds. Suppose contrary, that J, # @ # Jg-1, holds, but there is jo € N such that
Jjo € J» N Jg-1,. Then, using (7.33), we see that there are ny,ns € N\ mq, so that

(7'37) T e (Tjo,nzvsjoﬂlz) and 67 'x € (TjD;n178j07nl)'
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If ny = no, then the inequalities rj, ,,, < 7'z < < sj, », hold. Hence, we have

< S.j(lynl
1, — . .
0~ 'x Tjo,m1

Now, using (7.35), we obtain
S
q3 <6< 7]0’7”7

Tjo,m1
contrary to (7.25). Hence, ny # na. The relations ' < x and n; # no imply the
inequality n1 > na. Consequently, no < na + 1 < ny. These inequalities and (6.7),
imply
(Tjo’nwsjo,nz) = (rjo,n2+1a Sjo’anrl) = (Tjo’nusjo,m)'

Hence,

(7.38) g= 2 > lomtl

0=tz = Sjym
From (7.35) and (7.38) it follows that

Tr; 1
q3(N+1) > Jo,n1+ ;

Sjo,m1

contrary to (7.27). Thus, (7.36) holds, if J, # @ and Jgy-1, # .
Now, let k € (q3,q3(NN+1)

). It is simple to prove that

P <k<..<kN <D

Hence (7.35) holds, if § = k™ and m € N. Consequently, if we have

(7.39) Jpmy £ @

for every m € N U {0}, then

(7.40) Ty O T sy = @

for all distinct my,ms € N U {0}. (To see it suppose m; < msz and replace

in (7.35) z and @'z by k=™ and k~(m2~m1)E=m1g respectively.) By (7.40),
Joy I p-14,...J -~ are disjoint subsets of N. Hence, if (7.39) holds, then

N N
(7.41) N=IN[>Y |Jp1,|>> 1=N+1L
=0 =0
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This contradiction shows, that there is I € N U {0} such that

(7.42) iy = 2.

Assume that z € (0,7*) N E(q). By (7.33), equality (7.42) holds if and only if
E~lz e [rl o0) or k7lz e RT\ E(q).

Since 0 < k~lz < x < 71, (7.42) yields that k~'z ¢ E(q). Since (a,, b,) is a connected
component of the set E(q), it is proved, that the inequality

(7.43) ENe <a,

N
holds whenever x € (aq,b,) € Cc'E(q), < r' and ¢ > \/ ¢2. Since (Cc'E(q), <)
j=1

is infinite for every ¢ > 1, the assertion (7.14) holds for

N
(7.44) a>q:=\a.

Jj=1

To complete the proof it suffices to show that (7.15) holds with M = N.
Let (7.44) hold and let

(a'ia bl) S {(an; bn)}neN = CClE(Q)'

For i € N define a set J; C N as

(7.45) Ji= |J J.
z€(aqi,bi)

where J, was defined by (7.33). It follows from (7.45) and (7.34) that there is ip € N
such that J; # @ for i > ig, i. e.

(ai, b)) N (0,7Y) N E(q) # @,

for i > ip. Hence, without loss of generality, we may suppose that if z € (a;,b;) and
i > iy, then = < r'. Consequently, for every i > iy there is | € N such that

(746) JiNdi # 9.
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Otherwise, the sets J;, Jit1,..., Jixn are disjoint nonempty subsets of N, which
contradicts the equality |[IN| = N. If (7.44) holds, then there are y; € (a;,b;) and
Yi+i € (aiy1, bip) such that J,, NJy, ., # . Let j1 € Jy, N Jy,,,. Then we have

Yit+i
Yi, Yi+1 € By, ().
Using (7.29), we can find (7, n,, Sjyna) a0d (7§, nys Sj1.me) Such that ny > ng,
Yitl € (Tj1n1>Sjimy)  and Y € (T4, ms» Sjima)-

Indeed, if n; = ng, then the points y; and y;+; belong to one and the same connected
component of E(qg). Using (7.26), we can show that

= 0.

(7.47) lim 2
100 Yitl

N
Note also, if b; < 7" and ¢ > \/ ¢, then, using (7.43), we can prove that

j=1
(7.48) kN < % for k € (¢* qwivﬂ)
Now (7.47), (7.48) and the condition I € N imply (7.15) with M = N. O

Using Lemma 7.3 and Lemma 7.5, we obtain the following blow up description of
the ideal I(CSP).

Theorem 7.6. Let E C RT and 0 € acE. Then the following conditions are
equivalent:
(i) Ee€I(CSP);
(i) the chain Cc'E(q) is infinite for every ¢ > 1, Cc'E(q) = {(ai, b;) }ien, and
there are qo > 1 and M € N such that

Ontj
n+j+1

b
lim sup — < oo lim \/ 5 =o0 for all g > qp.

i—oo Q4 n—oo =0

Theorem 7.6 and Theorem 6.6 imply the following corollary.
Corollary 7.7. We have the inclusion I(CSP) C I(SP).

The following example shows that there exists a set £ C Rt such that E € I(SP)
but E & I(CSP).
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Example 7.8. Let o € (0,1). For every j € N define positive numbers yo j, y1 5, .-, Yj.j
so that

Y15 = Yo, Y25 = @?Y1j, o Yj5 = Py and o1 < Y,
and
lim Yid 00.
J—00 Yo,54+1
Write .
J
E=J (U{ym}> :
JEN \k=0

Let ¢ > 1. Simple estimations show that Cc' E(q) is infinite, Cc' E(q) = {(ai, b;) }ien

and )
. b; 1\™ 1\ 1
limsup — < | — + | = + o+ =41,
i—oo A « @ o

where m is the smallest positive whole number such that

(7.49) q< (;)m

Consequently, by Theorem 6.6, we have
E € I(SP).

In accordance with Theorem 7.6, the statement E € I(CSP) does not hold if and

only if the inequality
M
Qs s
lim inf s
O i Intitl

holds for every ¢ > 1 and M € N. Let m € N satisfy (7.49). Then we can show that

M +M+1
QAn+j < (1> m

< o0

lim inf <
noo 1o bnj

(07

Thus, E does not belong to I(CSP).
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