WAVELETS BASED ON ORTHOGONAL POLYNOMIALS

BERND FISCHER AND JURGEN PRESTIN

ABSTRACT. We present a unified approach for the construction of polynomial
wavelets. Our main tool are orthogonal polynomials. With the help of their
properties we devise schemes for the construction of time localized polynomial
bases on bounded and unbounded subsets of the real line. Several examples
illustrate the new approach.

1. INTRODUCTION

In this paper we introduce and discuss a new method for the construction of time
localized bases for polynomial subspaces of an La-space with arbitrary weight. Our
analysis is based upon the theory of orthogonal polynomials. Whereas the frequency
localization will be predetermined by the choice of the polynomial spaces, the time
localization will be realized by the choice of special basis functions. More precisely,
such a basis function will be defined as the solution of a constrained approximation
problem which is designed such that its solution is maximally localized around a
specified point.

Starting with the paper of Chui and Mhaskar [2], discussing trigonometric polyno-
mial multiresolution analysis, the theory has been adapted to the algebraic poly-
nomial case, see, e.g. Kilgore, Prestin [6] and Tasche [10]. They investigated the
special case of the Chebyshev weight of the first kind. Their analysis is based on
the properties of ordinary Chebyshev polynomials and does not carry over to other
weight functions. In contrast, our derivations make use of the general theory of
kernel polynomials. This allows us to treat not only weight functions which are
supported on a compact interval (e.g., Jacobi weights) but also weight functions
which are supported on the real line (e.g., Hermite weight) or on the real half line
(e.g., Laguerre weight). Moreover, we relate our approach to the classical concept
of multiresolution analysis due to Mallat and Meyer.

The paper is organized as follows. In Section 2 we collect some basic properties
of orthogonal polynomials. Beside more theoretical results we discuss in particular
computational aspects of orthogonal polynomials. Then we define scaling func-
tions and wavelets and investigate some of their properties. This includes questions
concerning orthogonality, interpolatory properties, time localization, and the con-
struction of dual functions. In Section 3 we discuss the algorithms for reconstruction
and decomposition. Because all participating spaces are of finite dimension, it is
straightforward to devise a compact matrix formulation for these schemes. Sec-
tion 4 is concerned with a comparison to the ordinary multiresolution analysis and
in particular with questions related to the Riesz stability and to the (generalized)
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translation invariance of the proposed basis functions. Finally in Section 5 we apply
the new approach to two different Chebyshev weights.

2. SCALING FUNCTIONS AND WAVELETS

After having collected some auxiliary results for orthogonal polynomials, we will
define in this section scaling functions and wavelets with respect to arbitrary weight
functions.

2.1. Orthogonal Polynomials. Let do(t) be a nonnegative measure on the real
line, with compact or infinite support [a,b], —co < a < b < oo, for which all
moments

b
(2.1) Uy 1= / t"do(t), r=0,1,...,

exist and are finite with 19 > 0. With do(t) there is associated an inner product
and a norm

b
(2.2) (prq) == / p(H(t)do (), (ol = vipro),

on the vector space of all polynomials. It is well-known (see, for example Szego [8,
§2.2]) that there exists a unique system of polynomials that are orthonormal with
respect to this inner product, i.e., a set of polynomials {P,} such that

(2.3) (Pr, P) = 6k-

In general the system {P.} consists of infinitely many polynomials, but reduces to
a finite number, if o(¢) has only finitely many points of increase. Throughout this
paper we assume that o(t) has at least 2n + 1 points of increase and consequently
{P,}?n, forms a basis for Vs, where

(2.4) V,, :=span{ Py, P1,... , P,}.

An important special case are distributions of the form w(t)dt. Here we assume
that the weight function w(t) is nonnegative with fab w(t)dt > 0.
The orthogonal polynomials Py, fulfill the following three-term recurrence relation

P(t) = 0, Pot)=wy"%

(2.5) b1 Pr(t) = (t — ak>Pk,1(t) — kak,Q(t), k> 1.

Let us collect together the three-term recurrence coefficients of {P,}”_, into an
unreduced symmetric tridiagonal matrix J,,, the so-called Jacobi matrix,

aiz by 0 -+ 0
by a9 :
(2.6) T.=| o 0
o
0 0 b, ap

With the vector
(2.7) v, (t) = (Po(t), Pi(t),. .. ,Pn(t))T
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we can rewrite the three-term recurrence relation of the orthonormal polynomials
(2.5) in compact matrix notation as

(2.8) tn_1(t) = Jnn_1(t) + bys1Po(t)en

where e, := (0,0,...,0,1)T denotes the nth unit vector.

The next lemma collects some properties of the zeros of orthogonal polynomials. A
proof of part (a) and (b) may be found in Szegd [8, Theorem 3.3.1, 3.3.2], whereas
(c) follows directly from (2.8).

Lemma 2.1. Let yﬁn), r=20,1,...,n—1, denote the zeros of P,.

(a) The zeros of P, are all real, simple and are located in (a,b)

(n)

a <Yy (n)

<yl™ <<y <,

(b) The zeros of P, and P,41 separate each other

(n+1) (n)

+1
Yo <Y <

<Y )

L< y < ygn+1).

n (n)

(c) Any zeroy ) of P, is an eigenvalue of J,, with eigenvector v,_1(yr ).

For a given fixed number £ € R the polynomial

n

(2.9) Kn(t;€) =Y Pu(t)Pr(é)

k=0

is called the kernel polynomial with respect to (-,-) (and the parameter £). Note
that

n

(2.10) Kn(&:€) =) Pr(€)® > 0.

k=0

The name “kernel” is motivated by the following result, which is also known as the
reproducing property of the kernel polynomials (see, e.g., Davis [3, §10.1]),

b
(2.11) (Kn(+5€),p) = / Kn(t;:§)p(t)do(t) = p(§), forall peV,.

The nth kernel polynomial K, (¢;€) is the unique solution of the following con-
strained approximation problem (cf. Szegé [8, Theorem 3.1.3])

(212) | min ol pe Vi a0 =1).
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2.2. Scaling Functions. Equation (2.12) indicates that the kernel polynomials
are localized around £. Motivated by this property we define scaling functions as
kernel polynomials

(2.13) () = on(t; D) = K, (4 2"Y), r=0,1,... ,n,

r

with respect to a suitable set of parameter

(2.14) wén'H) < :cgnﬂ) << plnth),

The next figure displays some typical scaling functions. Note, that we plotted in
(a) and (b) the “plain” polynomials and in (c) and (d) the polynomials times the
underlying weight function. Actually one may view the scaling functions on the
one hand as polynomial basis functions in a weighted Lo-space and on the other
hand as weighted polynomial basis functions in an unweighted Lo-space.

1 1
0.5 0.5
0 0
-1 0.5 0 0.5 1 -1 -0.5 0 0.5 1
(@ (b)
04 0.4
0.2 0.2
0 0
-0.2 -0.2
0 2 4 -5 0 5
(c) (d)
FIGURE 1. Various scaling functions of degree n = 32. (a)
Legendre weight: w(t) = 1;p32(¢;0,5); (b) Jacobi weight:

wt) = (1 —)7%5(1 + )98 32(£;0.5); (c) Laguerre weight:
w(t) = t/2 exp(—t); p32(t; 1) - w(t); (d) Hermite weight: w(t) =
exp(—t?); p32(t; 1) - w(t).

Some properties of these polynomial scaling functions are summarized in the next
theorem.
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Theorem 2.2. Let ¢, -(t) = on(t; a:S”“)) denote the scaling functions with respect
én—&-l) < x(1n+1) << $£Ln+1).

(a) The inner product of scaling functions may be evaluated as follows

to a given set of parameter x

<30n,7“7 @n,s> = @n,T(x.(sn—i_l))v r,s= Oa 1; e, N
(b) The scaling function ¢y, is localized around x£n+1). More precisely, we have
¥Pn, .
— | = min {Jlpll : p € Vo, plal™tV) =1},
‘Pn,r(mr )

(¢) The @n’s form a basis for V,, ie.,
Vn = Spa'n{@n,oa Pn,1y--- 73011,71}-
(d) The scaling function @, is orthogonal with respect to the “modified inner
product” (-, (- — x£7L+1))>
<90n.,7"(’)7 Q()( - x£n+1))> =0 forall g€V, 1.
(e) The scaling function ¢, , satisfies the so-called Christoffel - Darbouz identity

Poia (8 Pa(at™™) = P (8) Pasa (2 )
t— xS"H) 7

Pn,r (t) = bnt2

where by12 s a three-term recurrence coefficient of Pny1 (cf. (2.5)).

(f) Let {y,(cn)}’,;é and {y,(cnﬂ)}ﬁ:o denote the zeros of Py, and P11, respectively.
Moreover, define y(_nl) = —00 and yT(Ln) = 00.
If xq(«nﬂ) = yj(-n) is a zero of Py, then ¢y, has the n — 1 zeros y,(cn), k=
0,1,...,j—1,j+1,...,n—1.
If$£n+1) _ (n+1)

Y; is a zero of P41, then ¢, » has the n zeros y

0,1,...,5—1,74+1,...,n.
If x$n+1) € (y§n+1), y§n)), then ¢y, » has precisely one zero in each interval

(yl(gn+1)’yl(€n))’ k=0,1,...,5—1,7+1,... ,n.
Ity ¢ (y](fi)l’ y§"+1)), then ¢y, has precisely one zero in each interval

W™y k=0,1,... i —1,j+1,... ,n.

(n+1) _
k k=

Proof. Part (a) and (b) follow immediately from (2.11) and (2.12), respectively.
To verify (c), assume that

n
(2.15) > Tonr(t) = 0.
r=0

Furthermore, let {¢,}7_, denote the set of fundamental polynomials of Lagrange
interpolation with respect to the knots (2.14), i.e.,

(2.16) l. €V, and Er(xgm'l)) =65, 1,85=0,1,...,n.
In view of the assumption (2.15) and the reproducing property (2.11) we deduce

0= <z": Trgon’hﬁs> = zn:n&(xg"“)) = T,
r=0 r=0

for s =0,1,... ,n, which shows the linear independence of the ¢, ,’s.
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(d) is nothing but the reproducing property (2.11) applied to the polynomial

p(t) = (b = 2" V)q(t).

(e) follows readily from the three-term recurrence relation (2.5) (compare
Szegd [8, Theorem 3.2.2].

(f) is a direct consequence of the Christoffel - Darboux identity (e) (compare

Fischer [4, Theorem 2.5.8]). O
1F ‘ i
0.5f : / i
or I |
_0-57 | | | | | | | | | | | -
-1 -08 -06 -04 0.2 0 0.2 0.4 0.6 0.8 1

1r ‘ i
0.5} : .
07 Il /\ -
-0.5’ | | | | | | | | | | -
-1 -08 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1
n=16
T T

1 i

[

[
0, ‘A | A\II -
'0.5’ | | | | | | | | | | | -

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
n=32

FIGURE 2. Scaling functions ¢, (t;0.5) of degree n = 8,16,32
with respect to the Legendre weight w(t) = 1 and the parame-
tor 2D —

er x; =0.5.

Note that the interlacing property of the zeros of orthogonal polynomials (cf.
Lemma 2.1(b)) together with part (f) implies that the “zero-free interval” around
the constraint point shrinks with increasing degree, as is apparent from Figure 2.

Part (a) of the theorem above implies that the scaling functions (2.13) are orthogo-
nal to each other if, and only if they fulfill the interpolatory property cpn,r(acgnﬂ)) =

d&”“)ém, d£n+1) € R. This may be seen as a requirement for the parameter set
(2.14). The next theorem characterizes the parameter sets which lead to orthogonal

scaling functions.

Theorem 2.3. Let ¢, »(t) = @n(t; x$"+l)) denote the scaling functions with respect
to a given parameter set xén+1) < x(1n+1) < e < x%"“). Then the following

conditions are equivalent to the orthogonality of the scaling functions.
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(a) The scaling functions satisfy an interpolatory condition
<,0n7¢($gn+1)) —= ds-n+1)6r7s’ fo"" ’r‘, S = 0, 17 . 7n7

where dS”“) € R.
(b) The parameter x£n+1) define a quadrature rule which is exact for polynomials
of degree 2n, i.e.,

n

b -1
/ p(t)do(t) = Z (d£"+1)) p(z"tY), for all p € Vap,
a r=0
where d"T = ©On T(x£"+1)).
(c) The polynomial g1 (t) == [yt — x§n+1)) is quasi-orthogonal, i.e.,
(Gni1,t*) =0, for k=0,1,...,n—1.
(d) There exists a number T, with

P (")) 4 1, Py (2"t =0, for r=0,1,...,n.

N
Proof. For convenience we drop the superscripts,i.e., x, = am(«nﬂ) and d, =
d™™  We first show that (b) follows from (a). To this end we assume that

d;lwn,r(xs) = Z d;lpk(xr)Pk(xs) = 6’!",8’
k=0

and conclude
n

Pl(zs) - ZPl(xr)(sr,s

r=0
= > Pwy) Y d; ' Pelz,) Pe(xs)
r=0 k=0
= ZPk(xS) Zdzlpl(xr)Pk(zr)a
k=0 r=0
for s =0,1,...,n. Hence, the polynomial
Pt) = 3P0 d P Pae)
k=0 r=0
has n + 1 zeros zs. For [ < n this is only possible if
(2.17) Zd;lPl(xr)Pk(xr) =&, for Lk=0,1,...,n.
r=0

On the other hand, the orthonormality of the P;’s

b
/ B(t)Pk(t)dU(t) :5l,k7 l,k:071,... ,n,

implies that (2.17) constitutes a quadrature rule for polynomials of the form P, Pj.
Finally, observe that the product PP has exact degree [ + k which clearly shows
that

Vo, =span{P, P, : I,k=0,1,... ,n}.
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The proof for the statement that (a) follows from (b) is along the same lines and
is therefore omitted here.
To show that (¢) follows from (b) observe that

n

b
(Gns1,t") = / i1 (Bt do(t) =Y di g (20D (2(FD)F = 0,
a r=0

for tkqn+1 € Vop, e, for k<n—1.
Conversely, let po,, € V5, be given. Then there exist polynomials p,,_1 € V,,_1 and
Pn €V, with
p2n(t) = pn—l(t)Qn-i-l(t) + Pn (t)
Now we make use of the quasi-orthogonality of ¢, 11, and the fact that any poly-

nomial of degree n can be integrated by an interpolatory quadrature rule based on
n + 1 given knots, to obtain

b b b
/ pon(do(t) = / P (s (Do (t) + / pu(t)do(t)
a ab a
(2.18) = /pn(t)dcr(t)

= Y e lpaalttY)
r=0

= Y6 paalal™t),
r=0

It remains to show that e;! = d-!, » = 0,1,...,n. This, however, follows from
the implication (b) = (a).
For the rest of the proof we refer to Chihara [1, Ch. II, Theorem 5.1, 5.3]. O

In particular part (d) of the theorem above is quite useful for actually computing
parameters xS."“) which correspond to orthogonal scaling functions. Note, that the

interlacing property (cf. Lemma 2.1(b)) immediately implies that the polynomial
Pri1(t) + 7 Pa(?)

has n + 1 real and simple zeros, where at most one of these zeros lies outside the
“orthogonality interval” [a,b] (compare Chihara [1, Ch. I, Theorem 5.2]).
Probably the most important special case is provided by the choice 7,, = 0.

Corollary 2.4. Let y£n+1), r = 0,1,...,n, denote the zeros of P,+1 and let

On.r(t) = pn(t; y£n+1)) denote the associated scaling functions (2.13). Then

<(pn,'r7 (pn,s> = (Pn,r(ygn-i_l)) = an-i_l) 67‘,8) r,s = 07 1a e, N,

+1)

where the an ’s are given by the weights in the classical Gaussian quadrature rule

b n 1
/ p(t)do(t) = Z (c£”+1)) p(y"tY), for all p € Vapgs.

r=0
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We remark that the ¢, , may be viewed as fundamental polynomials of Lagrange

interpolation with respect to the knots y{" ™.

2.3. Wavelets. In this section we define our wavelets and discuss some of their
properties. To this end let

(2.19) Wy, := Vo, ©V,, = span{Pnt1, Pot2,... , Pon}.
Note that
(2.20) dim W,, = n.

The goal is to identify functions, our wavelets, which define a localized basis for
W
In accordance with the definition of the scaling function (2.13) we define the

wavelets, for r =0,1,... ;n — 1, in terms of kernel functions
Ve (t) = Pn(t; Zy”) = Kan(t; Zﬁn)) — Kn(t; Zrn))
2n
(2.21) = ) PP,
k=n+1

for a suitable set of parameter
(2.22) zé") < z%n) << zfﬁ)l
Note that the interlacing property implies ), (27(")) >0, forn > 1.

The next figure shows some typical wavelets. For a plot of the corresponding scaling
functions we refer to Figure 1.

1 1
0.5 0.5
0 0
-0.5 -05
-1 05 0 05 1 -1 05 0 05 1
(@) (b)
0.5 0.5
0 0
0.5 0.5
0 2 4 5 0 5
(c) (d)

FIGURE 3. Various wavelets of degree n = 32. (a) Legendre
weight:  w(t) = 1;¢32(¢;0.5); (b) Jacobi weight: w(t) =
(1 —#)7%%(1 + t)798;032(¢;0.5); (c) Laguerre weight: w(t) =
t1/2 exp(—t); p32(t;1) - w(t); (d) Hermite weight: w(t) =
exp(—12); @32 (t; 1) - w(t).
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The next theorem collects some properties of the wavelets 1, .. Note, that part
(a) and (b) are similar to the one for the associated scaling functions (cf. Theo-
rem 2.2). We stress that these properties do not depend on the particular choice of

the parameter set {2\ }"}.

Theorem 2.5. Let 1y, (t) = ’(/Jn(t;27-n)) denote the wavelets with respect to the

() L) o)

parameter zy ' < zq

(a) The inner product of wavelets may be evaluated as follows

<wn,rawn,s> :'l/)n,r(zgn)), r,s=0,1,...,n—1.

(b) The wavelet vy, is localized around zT(-n)

Vn,r :
— | = min {llpll = p € Wa, p(={V) =1
V(") { :
(c) Let @n (t) == @n(t; gty ) (¢f. (2.18)) denote the scaling functions with
respect to the parameter x(()nH) < xgnﬂ) < 20 The wavelets and

the scaling functions are orthogonal to each other

<¢n,m§0n,s>:07 7',5:0,1,...,71,—1.

Proof. For convenience we drop the superscript z, := zﬁn).

To verify (a), we show that the wavelets fulfill a reproducing property with respect
to W,,. In fact, for p € W, we have by (2.21) and (2.11)

Wn,r,p) = <K2n('§zr) _Kn('§zr)7p>
(2.23) = (Kon(320),p) — (Kul520),p)
= p(zr).

(b) The proof is along the lines of the proof for the standard case of kernel polyno-
mials (cf. Chihara [1, Ch.I, Theorem 7.3]). Let p € W,, with p(z,) = 1,1.e.,

(2.24) p(t) = Zn dpPr(t), p(z.) = z": dpPr(z.) =1

k=n+1 k=n+1
The orthonormality of the P;’s implies

2n
> dr.

k=n+1

This identity together with (2.24) and the Cauchy-Schwarz inequality (applied to
the Euclidian inner product) yields

2
1=p%(z) = ((dns1,dns2,--.  d2n)(Pagi1(2r), Paga(zr), .. Pon(2)7)
2n
< pl* Y. Pz
k=n+1
On the other hand we have
‘ 'lz[}n,r 2 <wn,ra wn,r> o 1
= 5 ,
n,r(Zr n
(2 , ( ) (Zi:nJrl P]?(zr)) Zk n+1 ( r)
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which concludes the proof of statement (b). Part (c) follows directly from the
definition of the participating functions. O

It is worth noticing that in accordance with the properties of scaling functions

(cf. Theorem 2.2(a)) the wavelets are orthogonal if, and only if they satisfy an

interpolatory condition vy, (zE”)) =0, for r # s. We will present in Section 5 an

example of orthogonal wavelets. In general, however, it is not clear whether there
exist orthogonal wavelets for a given inner product.

Moreover, not any set {zﬁn)}f;ol leads to linear independent wavelet functions. For
example, let the zﬁn) be zeros of Ps, i.e.,

Ps(zfn")):O, r=0,1,....n—1, n+1<s<2n.

Then the wavelets
2n

Uatiz™) = > PGP, r=0,1,...,n—1
k=n+1,k#s

can span at best a space of dimension n — 1. However, we have the following
theorem.

Theorem 2.6. Let 25") = y&”), r=0,1,... ,n—1, denote the zeros of P, and let
U (t) = P (t; yﬁn)) denote the associated wavelets. Then

W’ﬂ = 5pan{¢n,07 wn,la v 71/}71,7171}-

Proof. We show that the {¢,, , f;ol are linearly independent. To this end, assume
that

n—1
Z Orthnr(t) = 0.
r=0

Since the P;’s are orthogonal we have

#0 fori+j=mn,
=0 fori+j<n.

<Pn7Pin>{

This together with the reproducing property (2.11) implies, for ¢ = 1,2,... ,n,
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n—1
0 = <Z Uﬂ/’n,raPnPi>

r=0
= ZUr<K2n(';Z/£n))—Kn(';yf«n)),PnPi>
= —Zar )y, P, P;)
= fZaTZPJ (P, P,P;)

n—1

—Z P,,P;P;) Za,
— Z (P,, P;P;) Zor (™).

j=n—i

In other words, we end up with a triangular homogeneous linear system in the

unknown Zf;ol aTPj(y,(«n)). Since the entries on the main diagonal do not vanish,

it has the unique solution

Zo—r ™My =0, j=0,1,...,n

r=0

This, however, is only possible for 0y =07 = -+ = 0,1 = 0, because the vectors
Un— 1(y7("n)) (Po(yv(”n)) Pl( (n= 1))3"' 7Pn(y7(”n)))Ta 7":0,]_,... an_]-v

are linearly independent as eigenvectors of J,,_1 (cf. Lemma 2.1(d)). O

2.4. Dual functions. For practical purposes it is important to get a hand on the
dual functions ¢, , € V,, and v, , € W,. They are uniquely determined by the
following biorthogonality relations

(2.25) (Pn,ssPnyr) = Ors, 1,5=0,1,... 0,

<wn,sa¢n,r> - 67’,85 T‘,S:O,l,... 7”71'
Of course, here we have to assume that the wavelets 1, , constitute a basis for
W,,. The next theorem shows that the dual functions are easy to identify. The

proof follows directly from (2.25) and the reproducing properties (2.11) and (2.23),
respectively.

Theorem 2.7. Let V,, and W,, be defined as in (2.4) and (2.7), respectively.

(a) The dual scaling functions @ = £, (cf. (2.16)) are the fundamental poly-
nomials of Lagrange interpolation with respect to the given parameter set

n+1 n+1 n+1
x(() ),xg ),... ,x% ), i.e.,

Onr €V and @p.(z (7”1))*6“5 rs=0,1,...,n
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(b) Let {¢n,}"=L be a basis for W,,. Then the dual wavelet functions vV, . € W,
are the fundamental polynomials of Lagrange interpolation with respect to the

given parameter set zén), z%n), e ,z,(ln_)l,

Ypw €Wy and Yp o (2MY) =6, r,5=0,1,...,n—1.

i.e.,

For the actual computation of the dual functions we refer to the next section.
We would like to point out that the dual functions as well satisfy a localization
property with respect to a discrete measure. More precisely, it holds (compare
Theorem 2.2(b))

||§5n,an+1 = min{HpHn_,_l : p €V, p(xgﬂ_l)) = 1}>

where

n 1/2
[Pllnt1 == <Z Ip(x.S”“))IQ) :
s=0

Analogously, we have for the wavelet space (compare Theorem 2.5(b))

[ur]|, = min {lpll s p € Wa p) =1},

n

where

n—1 1/2
ol = (z |p<z§">>2) |
s=0

Finally, let us mention that the dual functions are in general no kernel functions with
respect to the set of orthonormal polynomials Py as in (2.13) and (2.21). On the
other hand, however, they do have a representation in terms of kernel polynomials
with respect to the orthonormal polynomials defined by the corresponding discrete
inner product.

3. TWO-SCALE RELATIONS AND DECOMPOSITION

The purpose of this section is to describe reconstruction and decomposition al-
gorithms of given functions. The schemes are based on the space representation
Vo, = Vi, ® W,,. Clearly, a repeated application of this step would result in a
multiresolution of a weighted Lo-space.

3.1. Matrix Notation. We start by noting that in view of (2.13) any function

T
fn € V,,, represented by the vector a(™ = (a(()n), . ,a%n)) )
n
(3.1) f(t) = aMen(t;a"t) = (Ro(t), ..., Pa(t)) A @™,
r=0

may be written in terms of the matrix

Po(z™) o Py(a ™)
Ay = (Pe(al™t))) = ; | s
e P(at) o Pty

(3.2) (vn(gcéwrl)), e 7'un($£l"+1))) .
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T
Analogously, we obtain for g, € W,,, with b = (b((Jn)7 ... ,b(n_)l) , the represen-

n

tation

n—1
(3.3) gn(t) =Y 0 (t207) = (Puga(t),... , Pon(t)) B ™),
r=0
where
P (n)) oo P (n) )
n+1(2g n+1{Zp"1
4) B, := (P (n) = : - :
(34 Bui=(Pnn™), I
Pon(z”) 0 Pan(2,24)

It is the purpose of this section to study the matrices A,, and B, respectively, in
more detail.
Recall that by Theorem 2.2(c) the scaling functions are linearly independent, i.e.,

n n n n n
> oren(t;a™) =3 "0, Y T Pu(a)Pe(t) = > Pel(t) > o Pr(al"t) = 0
r=0 r=0 k=0 k=0 r=0

implies 0g = 01 = ... = 0, = 0. We learn from the above equation that also the
vectors v, (zy (n+1 )) are linearly independent, which are just the columns of A,,. In
fact, A, has to be regular as coefficient matrix for the interpolation problem at the

(n+1)

knots x, with respect to the space spanned by the P;’s.

Corollary 3.1. Let x(nH) §n+1) <o < x%nﬂ) be given.
(a) The matriz A, is regular.
(b) The scaling functions ¢y, (t; 2t )) =0,1,...,n, are orthogonal and inter-
polatory (cf. Theorem 2.2(a)) if, and only if AT A,, is a diagonal matriz.

In the light of Corollary 2.4 it should come as no surprise that the matrix A,, based
on the zeros of P, 11 is special.

Corollary 3.2. Let w$n+1) = yf«nﬂ), r=20,1,...,n, denote the zeros of P41 and
let c(nH) denote the weights of the Gaussian quadrature rule (cf. Corollary 2.4).

Then the columns of A, are the eigenvectors of J,. Moreover,

ATAL = (ol o)
= diag ((c") (A = D,

and
A—l _ D—IAT

To discuss properties of B,, note that

n—1 2n

n—1 n—1
Z o n(t; Zﬁn)) = Z Z Py( Z(n) )P (t Z Py (t) Z UTPk(zfn"))
r=0 r=0

r=0 k=n+1 k=n+1
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Hence, the wavelets are linear independent if, and only if the matrix B,, is regular.
The next corollary follows from Section 2.3 and in particular from Theorem 2.6.

Corollary 3.3. Let z(()n) < z§n) << zﬁbn_)l be given.
(a) The matriz B, is not necessarily regular.

(b) The wavelets ¥, (t; zﬁn)% r=20,1,... ,n — 1, are orthogonal and interpolatory
(c¢f. Theorem 2.5(a)) if, and only if B} B,, is a diagonal matriz.

In Theorem 2.6 we identified a set of parameter which leads to linear independent
wavelets or, equivalently, to a regular B,,.

Corollary 3.4. Let z,(,") = yﬁn), r=0,1,... ,n—1, denote the zeros of P,,. Then
B,, is reqular.

Proof. For later reference we offer a proof which is different from the one of The-
orem 2.6. It provides a convenient expression for B,, ! Namely, a straightforward
computation shows that

BnA;il = BnD;LilA;l;—l

n—1
(3.5) = (Z an)Pk+n+1(y£n))Pl(y£n))> )
r=0

k,1=0,1,... n—1

where the matrix A, _; is based on the parameter set yﬁn). It turns out that this
matrix is triangular with nonvanishing anti-main diagonal entries. To justify this
statement observe that by Gaussian quadrature

b n—1
0= / Preyns1 (OP(Ddo(t) = 3 e Py (1) B (5™,
a r=0

for k+n+1+1<2n—1. It follows that det(B, D, * | AT ) # 0 and consequently
det B,, # 0. O

Finally, let us summarize the relationships between the various introduced bases
for V,, and W,,, respectively.

Corollary 3.5. Let A, and B,, be defined by (3.2) and by (3.4), respectively.
(n+1)

(a) For a given arbitrary parameter set x , r=20,1,... ,n, we have
¥n,0 PO
o= A
Pn,n P,
B0 Py _, [¥no
| = A= (ara)

San,n P, Pn,n
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(b) For a given parameter set zﬁn), r=0,1,... ,n—1, such that B,, is regular,
we have
wn,O Pn+1
. T
. = Bn .
wvbn—l P2na
1/)n70 Pn+1 1 'l/)n,()
| = B | =(BiB.) |
qzjn,n—l Pay, '¢n,n—1

Recall that A;EA,,L and BEB” are the Gram matrices for our scaling functions and
wavelets, respectively.

3.2. Two-Scale Relations and Decomposition. In this section we work out
the relationship between the coefficient vectors a(®™), (™ and b™ in the so-called
two-scale relation

2n
fan(t) = Zagn)w%(t;xgwrl))
r=0
n n—1
(3.6) = Za (D) 43 M (5 2(M)
r=0

falt) + gn(t).
In view of (3.1) and (3.3) the above equatlon may rewritten as follows
(Po(), .- s Pan(t)) A
= (Po(t), -- ( ))A al™ + (Puga(t), . Pau(t)) By ™,

which then implies

A 0 a™
2n) __ n

The next theorem shows how to decompose a function from V5, into wavelets from
W, and scaling functions from V;, and states how to reverse this process. The proof
follows directly from (3.7).

(n+1))7 Pan(t; $(2n+1)) the wavelets

Theorem 3.6. Let the scaling functions o, (t;

wn(t,zr )) and the corresponding matrices A,, Asn, B, are based on arbitrary
parameter sets.

(a) (Reconstruction) Let the coefficient vectors a™ and b™ in (3.6) be given.

Then -
1 (A 0 a'"
2n) __ 1 n

(b) (Decomposition) Let the coefficient vector a®™) in (8.6) be given. If B, is

reqular, then
(n) Al 0
a n
(b('fﬂ) = < 8 Bl) A2na(2 )
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As it is not surprising, the above formulae simplify in the orthogonal case. In
particular, the inversion of matrices can be avoided. Note, however, that the or-
thogonality of the wavelets is only known for special cases (see Section 5).

Corollary 3.7. Let the wavelets iy, (%)
(pn,T(t) = (Pn(t, x7(“n+1)); 302n,r(t) - 4102n(t

(a) (Reconstruction) Let the coefficient vectors a™ and b™ in (8.6) be given. If
the ponr, 7 =0,1,...,2n, are orthogonal, then

n—1
1
) (Do) S e ).

P2n r(xr s=0 5=0

= w (t; ﬁ")) and the scaling functions
(2n )) are given.

(b) (Decomposition) Let the coefficient vector a'®™ in (8.6) be given. If the ¢, .,
r=0,1,...,n, and the Y, ., r =0,1,... ,n — 1, are orthogonal, then
2n

1
m__ L (2n) (@n+1)
) = e SR a7
n?" T
2n
m__ L (2n) (2n+1)
by I (2T & Za Yn,r (2 )-

Proof. (a) The orthogonality and (3.6) imply

g2 et gnpons)
<902n ry P2n, r>

n—1
- e (S e+ S ).

s=0 s=0

The remaining part follows from the reproducing property of ¢a,, (cf. (2.11)).
Part (b) is along the same lines. Here we have

a$n) — <f2na <pn7r> and bgn) — <f2n7 wnﬂ') )
<90n,r; San,r> <7/)n,r; ¢n,r>
]

To decompose a given function f one first has to approximate f by a suitable func-

tion fa, in Va,. Let us assume that the scaling functions oy, () = pan(¢; y(2n+1))

(2n+1)

are based on the zeros yy of Py,41, i.e., they are orthogonal

<§02n,r7 @2n,s> = @Qn,r(y£2n+1)) = C£2n+1)67”73'

Then the approximation is typically done by an orthogonal projection

f(t) ~ QZn<fa P2an r) M’
r=0 ’ <<P2n,r7 902n,7’>

or by an interpolatory process

2n
~ (2n+1) P2n,r (1)
;Of(yr )7

90271,1‘7 302n,r>
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Actually, if on computes (f, pan,-) by the Gaussian quadrature both approaches
provide the same approximation. The proof of the next lemma follows directly
from Corollary 2.4.

Lemma 3.8. Let y,(«2n+1), r=0,1,...,2n, denote the zeros of Pap+1 and let oo,
denote the associated scaling functions (2.18). Furthermore, let f denote a given
smooth function. Then the Gaussian quadrature of fyop, » simplifies

2n

(f, panr) ~ Z (chn-i-l))—l f(yg2n+1))902n o §2n+1)) _ f(y,(,2"+1)).

s=0

Let us finish this section with an example. Here we decompose a piecewise linear
“hat function” f which is zero on [—1,1] \ (—0.01,0.01) and one at the origin
(compare Figure 4 (a)). The scaling function spaces Va, and V,, were defined by
the zeros of Py, 11 and P, 1, respectively. The wavelet space W,, was defined by the
zeros of P,, which ensures that the 1, ,’s constitute a basis. The approximation
fon of f in V5, was computed by the above described interpolatory process.

1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(@ (b)
1 1
0.5 0.5
0 v/\Vr\ 0 AVI\VA'W\WVA
-0.5 -0.5
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1
(c) (d)

FIGURE 4. Decomposition with respect to w(t) = (1 —t2)~'/2 for
n = 128. (a) Given function: f; (b) projection on Van: fon;
decomposition: (c) f, € Vi,; (d) gn € W,

It is important to note that the underlying numerical computations make use of the
properties of orthogonal polynomials. In particular, we computed the corresponding
parameter sets as eigenvalues of the associated Jacobi matrix (cf. Lemma 2.1
(c)) and the resulting polynomials were evaluated by means of their three-term
recurrence relations (2.5).
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Figure 4 shows the decomposition fo, = f, + g» with respect to the Chebyshev
weight function of the first kind w(t) = (1 — #2)~/2. Whereas Figure 5 shows
the same decomposition but with respect to the modified weight function w(t) =
t2(1 — t2)_1/ 2 (explicit expressions for the corresponding orthogonal polynomials
may be found in Chihara [1, pp. 155]). Here, the time localization is considerably
improved.

1 1
05 05
0 0 \|
-0.5 -0.5
-1 05 0 0.5 1 -1 05 0 05 1
(@ (b)
1 1
0.5 0.5
0 N 0 it
-0.5 -0.5
-1 -05 0 0.5 1 -1 -05 0 05 1

FIGURE 5. Decomposition with respect to w(t) = (1 — t2)~1/2
for n = 128. (a) Given function: f; (b) projection on Vap: fon;
decomposition: (c) f, € Vi,; (d) gn € W,.

Some comments are in order. The purpose of the example is to show that the choice
of the weight function may have quite some affect on the decomposition. Here, we
designed the given function f such that in both cases the approximation fs, consists
of only one scaling function, that is, fo, is “maximally localized” with respect to
the chosen weight function (cf. Theorem 2.2(b)). It is interesting to note that for

both weights g,, has a full expansion into wavelets, i.e., b&”) #0,r=0,1,... ,n—1.

4. STABILITY AND TRANSLATION INVARIANCE

The above introduced scaling functions and wavelets do not provide a multires-
olution in the classical sense. However, there are some relationships which will
be pointed out in this section. To start with, let us mention that we have also a
sequence of successive approximation spaces, i.e.,

VoCViC--CVy CVojn Covv .
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Furthermore, from the classical theory of orthogonal polynomials we have

closz,, (w) U Voi = La(w),
=0

provided that the underlying distribution function has infinitely many points of
increase. Because we deal with finite dimensional spaces V5;, 7 > 0, we omit the

axiom
(Ve = {0}.

The dilation axiom essentially changes into a condition for the frequencies
feV, <= (f,P,)=0, forall k>n.

Finally, in the next subsection we discuss in greater detail the fourth axiom of a
classical multiresolution analysis, namely that the span of all integer translates of
a given scaling function yields a Riesz basis for the corresponding space.

4.1. Riesz Stability. Here we establish a two-sided estimate between the weighted
Lo-norm || fnll (lgnll) (cf. (2.2)) of an arbitrary function f, € V,, (9, € W,,) and
the Euclidian norm of the coefficients of f,, (g,) with respect to the basis of scaling
functions (wavelets). The Euclidian norm of a vector a(™ € R"*! is defined as

usual by [|a™ |, = (321, a%)l/2 with corresponding spectral norm || A||s.

Theorem 4.1. Let A, (c¢f. (3.2)) and B, (cf. (3.4)) denote the matrices asso-
ciated with the parameter sets x£n+1) and zﬁn), respectively. Furthermore, let o, ,
and )y, , denote the corresponding scaling functions and wavelets.

(a) FOTfn—Er Oa£ )<Pnr; we have

1 n n
AT, la™ ]2 < [Ifall < [[Anll2 1™ 5.

(b) For g, = Zr;o b7(~n)'l/)n,r, we have
lgall < I1Bullz 672,

and if in addition B, is regular, then also

1 n
g, 167 < loall

Proof. By Parseval’s equation we obtain for f, € V,,

2 2

an||2 _ Za(n) Z Py( (n+1) Z Za(n)P (n+1)) _ ||Ana(n)|‘%'
r=0 k=0 |r=0
Now (a) and analogously (b) follow by standard arguments. O

Hence, as it is not surprising, the Riesz stability can be measured by the spectral
condition number of A,,

)\max<AZAn)
2l Anlle = 4 | T
)\min(A An)

n

(4.1) IlA,
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and by the spectral condition number of B,
Amax (By Bn)
)\min (BZBn) ’

respectively. Here A\ ax and A denote the extreme eigenvalues of the correspond-
ing matrices.

(4.2) 1B 2] Bull2 =

4.2. Generalized Translation. Usually, in a multiresolution analysis time local-
ization is realized by taking shifts of one given function. Also, Euler’s functional
equation is used to advantage. Namely, a shift in the time space is equivalent to
a multiplication by an exponential in the Fourier space. In this section, we briefly
outline how to generalize this concept to the present polynomial approach. Here,
we restrict ourselves to the Jacobi polynomials P,ga’g). These polynomials are or-
thogonal with respect to the weight w(t) = (1 —t)*(1+¢)%, —1 <t < 1.

For a given f in this weighted Ls-space with Fourier-Jacobi-coefficients

1
£ = [ FOPEO 00 -0+
-1

we consider the operator Sy : Lo(w) — Lo(w), —1 < A < 1, defined by a multipli-

cation in the frequency domain
P(a’ﬁ)()\)
(SAf) (k) = ™
PP (1)
For -1 < 8 < a, —1 < a + (3, the operator Sy has the properties (see Gasper [5])

IS\l < Clfll, forall Ae(—1,1),

fk) -

and
lim [|Sxf— f]|=0.
Jim (18— /]
Hence Sy may be seen as a generalized translation operator.
In this context, it is possible to recover our scaling functions and wavelets, respec-
tively, as generalized translations of a given function. More precisely, with

n

frt) = pa(t;1) = > PP (1) P(1)
k=0
it is straightforward to verify that
Qan('§)‘) = Sx\fv.
Here, we used that

(4.3) fv (k) = {P,E“’ﬁ)(l) for 0<k<n,

0 for k>n.
Analogously, we have
Yn(3A) = Sifw
with
2n
(4.4) fw(@) = va(t1) = 3 BV WPOD(0).

k=n+1
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We would like to mention that modifications of (4.3) and of (4.4) which at least
remain suppfy "= {0,... ,n} and suppfw "= {n+1,... ,2n}, respectively, do affect
the algorithms of Section 3 only by the multiplication of A, and B, by certain
regular diagonal matrices.

The two figures illustrate, that scaling functions (wavelets) with respect to different
parameters look almost like a shift of each other.

0.8 1y 4

0.2F | ,

/

i~ A MU

-0.21

FIGURE 6. Scaling functions of degree n = 32 with respect to the

Legendre weight w(t) = 1 and the parameter xénﬂ) = —0.2 (solid
0

line) and xgnﬂ) = 0.5 (dashed line).

0.5F

|
|
|
|
|
|
|
'

| - I I I I I I I I I I
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

FIGURE 7. Wavelets of degree n = 32 with respect to the Legendre
weight w(t) = 1 and the parameter 2™ = —0.2 (solid line) and
zgm_l) = 0.5 (dashed line).
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5. EXAMPLES

In this section we want to discuss two examples in more detail. Both belong to the
class of Chebyshev weights, i.e. Jacobi weights with || = |3] = 3. These weights
are of particular interest, because here one can handle the computations with the
help of fast algorithms based on the Discrete Cosine Transform (see, for example
Tasche et. al. [9], [10], [7]).

Let us start with the Chebyshev weight of the first kind

1
w(t) = —, te(-11).
W= LY
The corresponding orthonormal polynomials, the Chebyshev polynomials of the
first kind, can conveniently be written

Po(t) = 1 V2cosn if n>0,
e 1 if n=0,

™

in terms of t = cosf, 0 < 6 < 7. If we take as parameter set for the scaling
functions the zeros of P,,11 (cf. Corollary 2.4)

2r+1
l/ﬁnﬂ) = COos 7( r+lm

M2 r=20,...,n,
then
12 k(2r + V)r
nr(t) =—+— ———cos kb
On,r(t) 7T+7TkZ_OCOS 2 O
and

2 2 k(2 1
An:\/jdiag i,l,l,...,l . cosw .
T 2 2n + 2 kr=0.....n

With the help of trigonometric identities it is easy to see that

0
5.1 Al = AT
Following Corollary 3.2 we notice that this is the only situation where Gauss-
ian quadrature coincides with Chebyshev quadrature (i.e., all weights are equal
w/(n+1)).
Analogously we choose for the wavelets the zeros yﬁn) of P, as the set of parameter.
Then

2r +1
k2 + )ﬂcoske, r=0,...,n—1,

and

&
3
[

\/g (COS (n+1+k2)7527“+1)7r)
k,r=0,... , n—1

— 2 ((_1)7“-‘4-1 sin (k+1)(27"+1)‘”) )

i 2n k,r=0,... ,n—1

In this case we know from Corollary 3.4 that the wavelets are linear independent.
However, the following lemma shows that they are not orthogonal to each other

(compare Corollary 3.3(b)).



24 BERND FISCHER AND JURGEN PRESTIN
Lemma 5.1. The inverse of B, is given by
1
(5.2) B;' = ZB" . diag (1, 1,...,1, 5) .
n

with

1
B'B, = (%,w 4 —> .
T T k,r=0,...,n—1

Proof. The first assertion is equivalent to

n—1
2 , ve . (k+D@r+Dm . (E+1)(2s+ )7
brs = - E (—1)""®sin o™ sin o ,

s

k=0
where the prime indicates that the last term in the sum has to be divided by 2.
Having performed an index shift, we obtain for the right-hand side by the addition
formula

n
l(—l)TJrSZICOS k(r—s)m cos k(r+s+ 1)77.
n P n n

The rest of the proof is just an application of the well-known summation formula

for Dirichlet kernels

kém 0 if [/ =1,...,2n—1
53 -4 / M B} ) )
(5:3) 2 ;COS n {n it =0,
The second statement follows directly from the first one. O

We conclude this example with the computation of the Riesz stability constants
(cf. (4.1), (4.2)). With (5.1) we obtain the best possible bounds for the scaling
functions
1AL 2l Al = 1,
whereas for the wavelets we deduce from (5.2) that
1B 2l Ballz = V2.

Let us now consider as a second example the Chebyshev weight of the second kind,

ie.,
w(t) =+v1-1t2, te(-1,1),

and the corresponding orthonormal polynomials

P(t) = 2 sin(n + 1)9.

™ sind
Again we take as parameter set for the scaling functions the zeros of P11, i.e.,
(r+m
y£n+1):COSn—H, ’I":O,...,’I'L.
This choice leads to
o (i) = 23S s+ 1)0
wr ™ =0 sin 7(7‘7;:_12)71— sin 9

and

s (kD) (r+)w

A _ E S1n B
" ™ sin (THUT '
n+2 k,r=0 n

yeeey
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For completeness we mention the result on the Gaussian quadrature

2
G e R
Choosing the zeros yq(ﬂn) of P, as the set of parameter for the wavelets we obtain
2n s (D) (r+D)7
bty =2 S sin BN ke
s WS sin (r:-‘rliw sin @ ) ) 5
and
n = -~ (r+ D7 :
T S A k,r=0,... ,n—1

The next lemma shows that this time we have an orthogonal set of wavelets.

Lemma 5.2. For the above defined matriz B, we have

T L n+1
r=0 n—1

7T S1 1

Proof. The (r,s) element of BEB,L looks like

n—1 . (k+n+2)(r+1)m . (k+n+2)(s+ )7
z Z Sin 7n+1 ) S1n 7,“_,'_1
T - (r+D)7w s (st

k=0 Sin —nJrl Sin i

It may be simplified to

(—1)rts - k(r —s)m k(r+s+2)7
(r+D)mw . (s+1)7w Z cos n+1 —cos n+1 ’

’R'Sll'ln—HSII’l nFl k=1

Now the statement follows from (5.3). O

Again, we finish by computing the quotient for the Riesz bounds. Here, we obtain
from (5.4) that

-1 7
_ sin” "+ %5 for even n
AL 2]l Anll2 { T ’

1 :.—1
Zsin™ 5 i for odd n,

and from (5.5) that

-1 7
B;1||2||Bn2:{i”f. g, oredd
55111 n+2 or even n.

Let us summarize these two examples. We have constructed for the Chebyshev
weight of the first kind orthogonal scaling functions and nonorthogonal wavelets
where the quotient of the associated Riesz bounds are uniformly bounded. On
the other hand, for the Chebyshev weight of the second kind we constructed both
orthogonal scaling functions and orthogonal wavelets where the quotient of the
Riesz constants are growing linearly in n.
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