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Abstract. In this paper we study some basic tools for the construction of mul-
tiscale systems on the unit sphere. Particularly, we emphasize on properties of
spherical harmonics and Legendre functions. Based on these orthogonal systems
we discuss in some detail the decomposition of the classical Hilbert space on the
sphere into subspaces of different level. To this end we explain different bases and
frames. In our examples the building blocks consist of polynomials and spherical
radial basis functions.

1 Introduction

The management of large sets of meteorological, geophysical or cristallo-
graphic data collected over the earth or other spheres is a challenging task.
For synthesizing and analyzing such data a multiscale approach seems to be
particularly adequate. The aim of these notes is to summarize background
definitions and some known approximation methods useful for studying mul-
tiscale approximations on the sphere. In contrast to the situation for L? (]Rl)
or L2(IR™) the construction of suitable multiscale bases for the sphere is
more complicated. Let us only mention here that apart from the five regu-
lar polytopes there are no equidistant point systems on the sphere. Hence,
wavelet spaces cannot be simply generated by equidistant translates of one
generating function. However, a lot of different approaches try to overcome
these difficulties. Let us mention here only the work of Dahlke et al. [4], [30].
In [27] Schroder and Sweldens describe a simple technique for constructing
biorthogonal wavelets on the sphere. Their construction is based on the lifting
scheme. There one can find also further applications to computer graphics.
Lyche and Schumaker [13] present a construction of spherical wavelets based
on tensor products of polynomial splines and trigonometric splines.

The main ingredient in our constructions turn out to be the well-known spher-
ical harmonics. These homogeneous and harmonic polynomials restricted to
the sphere play the same fundamental role as the sine and cosine frequencies
for periodic functions or e.g. Legendre polynomials for the functions on the
interval [—1,1]. In these univariate settings a lot of results concerning multi-
scale decompositions were published in the last years (see e.g. [21], [11], [19]
and [5]). Here we follow these ideas and relate all our constructions to these
basic blocks of the underlying orthonormal system of spherical harmonics.
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In this direction a very useful source is the textbook of Freeden et al. [7],
cf. also the many references therein. However, let us also stress the fact that
polynomials cannot give optimal localization on the sphere. This behaviour
can be studied in terms of uncertainty inequalities in a more quantitative
way (see e.g. [16]).

In our paper we summarize some corresponding approximation procedures.
Two different examples will be studied. A polynomial approach can be used
very efficiently by applying the FFT and related fast algorithms. A second
class of examples is based on spherical basis functions. In this case scattered
data approximation is possible. Analogous questions are also handled by Iske
in this Volume [10]. For more details related to our considerations compare
e.g. [20], [22]. Different applications can be also found in [12], [16] or [24].

2 Preliminaries

2.1 Notations

Every point x € IR*\{0} in cartesian coordinates can be written in spherical
coordinates (r,, o) by x = (1,22, 23)T = (rsint cos g, sin¥sin g, r cos¥)T,
r € R*, 9 € [0,7] and g € [0,27). Here ¥ is the longitudinal, ¢ the equatorial
angle and r is the radius r = ||x[|» = \/#? + 22 + 22. Furthermore, S? is the
unit sphere in IR?, i.e.

S = {€ € R [lg)ls = 1.

The inner product of £, € S? with spherical coordinates (1, o) and (¢¥', o)
can be written as

€ -n =cosVcos + sindsind’ cos(o — o).

The Hilbert space L?(S?) of square-integrable functions on the sphere is
defined as usual by f € L?(S?) iff

1/2
e Y GIRG) R
S2
With the surface element dw(€) the inner product is given by
()= [ F@TE Aule)  for f.g € 126
and can be transformed to
T 27T

,g) = 9, 9, ) sin v dp dv. 1
o= [ [ 0. 0a@asinide 1)

Our next aim is to define particular polynomial spaces. Let Hom,(IR?) be
the space of homogeneous polynomials of degree n, i.e. polynomials 7,,, which
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fixed O,r

fixed p,r

Fig. 1. Spherical coordinates (r, ¥, o)

satisfy 1), (Ax) = A\"T,,(x) for arbitrary X\ € €. Moreover, Harm,, (IR?) is the
space of homogeneous harmonic polynomials, i.e.

Harm,, (R?) := {7, € Hom, (R?) : A7, (x) = 0,x € R*}. (2)
Here Ay is the Laplace operator, given by
2 2 2
NP PP
or?  Ox3  0x3
The Laplace equation from (2) can be also written as
o*r, 207, 1 9 a7, 1 0%,
A Y, =—2 42224~ [gng—2 _ - Y n _
(rd.0)"n or? 5 or t 2 ing o <sm o > r2sin® 9 00>

The dimension of these spaces can be computed as
(n+1)(n+2)
2
(For the proof cf. [7, Chap. 2.2 and 2.3]). Finally we mention the orthogonal

group SO(3), i.e.

SO(3) :={T e R¥*? . TT =T~ det(T) = 1}, (3)

dim(Hom,, (IR?)) = and dim(Harm,,(R®)) = 2n + 1.

which describes the set of rotations on the sphere S2.
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2.2 Approximation on the Sphere

Let V be a finite dimensional subspace of L?(S?) with dimV = K. With
respect to a basis {pr}< | of V any f € V has a unique representation

K
f= Zampk with a; € C.
k=1
Now we assume to have a set of L data on the sphere. More precisely, for
£, €8%1=1,...,L we have data f; € C for | = 1,..., L. Denoting

f:=(fi,....fr)T e C",
a:= (al,...,aK)T e ¢k

and
01(&1) -+ er(&y)
P = : " : € QLxK

901(-£L) QOK(EL)

we can formulate our approximation problem in the following way:
Find a € €X', with ||f — ®al|, < ||f — ®al|, for all a € €K (4)

or, equivalently,
min [|f — ®a|».
acCK

Here ||o||2 denotes the usual euclidean norm. Let us now distinguish the cases

K<Land K > L.

The Least Squares Problem For K < L, the solution of the approxima-
tion problem (4) is given by the normal equations

o Pa = BUF.
Assuming that the matrix @ has full rank, i.e. rank(®) = K, we obtain
a=(o"®) 1olf
By writing ¢(€) := (p1(€), ..., pr(£))7 it follows
7O =a"p(€) = £18(378) " (€). (5)

Moreover, defining the function G(o,§,;) independent of the data f;, | =
1,...,L, as

G(&, &) = p&)N(®T®)1p(€), forl=1,...,L,

we can rewrite (5) as

L
F&) =[G, &).
=1
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The Optimization Problem If K > L, our approximation problem (4) is
a nonlinear optimization problem (see e.g. [1, Chap. 1])

min ||a||s with constraint ®a = f. (6)
eck

Again we assume that the matrix ® has full rank, i.e. rank(®) = L. Then
the unique solution a of (6) is given by

a= &% (e If.

Hence, L
F(&) = 1 (28") ' @p(€).
Defining here

G &) = [(®2T) 1 p(§), [=1,...,L,

where [(@®")71]; is the I-th row of the matrix, we obtain

L
F&) =D fG(E,&).
=1

Note that the matrix (®H®)~1®H from the least squares problem and the
matrix ®7(®®M)~! from the optimization problem are also known as Moore-
Penrose pseudoinverses.

2.3 Multiscale Decompositions and Wavelet Spaces

Definition 1. A sequence {V;} e of finite dimensional subspaces of L?(S?)
will be called a multiresolution analysis of L?(S?) if the following conditions
are satisfied:

(M1)  V; CVjyq forall j € N,
(M2)  Closure (U].E]N Vi, |l e ||) = L?(S?).

Usually, a definition of multiresolution includes a condition on the inter-
section of the spaces V;. In our setting from (M1) it follows immediately
Njen Vi = V1. For further references see [30], [7, p. 241], [22], [20].

Now we define wavelet spaces V; as the orthogonal complement of V; in
Vj+1, i.e.

Wj = Vj+1 S Vj,

which means nothing else than

Vit1 =V W;. (7)
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Lemma 1. Let {V;}32, be a multiresolution analysis of L*(S®) and let W;
for j € IN be the corresponding wavelet spaces defined by (7). With Wy := Vy
we have

LX) =pw;.
j=0

Defining the operators R; and (); to be the orthogonal projections R; :
L2(S%) — V; and Q; : L*(S®) — W; for j € IN we can illustrate the decom-
position in the following way:

L2(S2) Vj+1 Rj Vj Rj—l Vj71 s )y R’y

Qj Qi1 Q1

V1 = W()

W; Wiy e Wy
Moreover, for f € L*(S?) we conclude

J
Rjt1f =Rif + ZQkf-

k=1

To combine the approximation problems with the multiresolution ap-
proach the following notation will be useful.

Definition 2. A sequence of subsets {N};ew of the unit sphere S? will be
called refinement grid of 2, if every N satisfies:

(G1) The set N; consists of finitely many points 5{ € S%ie. [Nj|=L; < <.
(G2)  Nj C Njiq for j € IN.
(G3) The union ;e Nj is dense in S,

Hence, we have a hierarchical sequence of grids on the sphere.

2.4 Legendre Functions

It turns out that the definition of a basic orthogonal system on the sphere is
strongly connected to Legendre functions. We start with some straightforward
definitions and properties for further use.

Legendre Polynomials One of the standard definitions of the Legendre
polynomials is based on the Gram-Schmidt orthonormalization of the mono-
mials 1,¢,#2,... on t € [—1,1] with respect to the inner product

(f,9)-11) = /_1 f(t)g(¢)dt.
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Here we only modify the normalization.

Definition 3. The Legendre polynomials P, : [-1,1] - IR, n € INy are
uniquely determined by the following conditions:

1. P, is a polynomial of degree n,
2. f_ll P, (t) Py, (t)dt = 0 for m # n,
3. P,(1) =1.

Note that the conditions 1.) and 2.) determine the polynomials up to a con-
stant factor. Based on this one can easily prove that P, has n real simple
zeros inside the interval (—1,1). Hence, the normalization 3.) makes sense
because of P, (1) # 0. Equivalent definitions are given by the following char-
acterizations.

The Rodrigues formula:

Palt) = o (12 - 1)),

The three-term-recurrence relation: Py(t) = 1, Pi(t) =t and
(n+ 1)P,41(t) = (2n + DtP,(t) —nP,_1(t), n=12,....

The solution of the Legendre differential equation

"

(1—t2)P, (t) — 2tP,(t) + n(n + 1)Py(t) = 0

with boundary condition P, (1) = 1.
The explicit representation:

[n/2] _

()= Y (~1)

=0

(2n — 2j)!
2n(n — 25)!(n — j)!4!

n—2j

In the following result we establish the generating function for Legendre poly-
nomials.

Theorem 1. For all t € [-1,1] and for all h € (—1,1) it holds

= 1
S WP =
— V1 —2ht + h?
For the proof see [7, p. 43f.]. By differentiation with respect to h and some
elementary computations one immediately obtains the following equation.
Corollary 1. For allt € [-1,1] and for all h € (—1,1) it holds
() = 3 n 4 DHPu(t) = — L1
P T (1= 2kt + h2)32°

n=0

(8)

This function Gy, for h € (0,1) is called Poisson kernel.
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Associated Legendre Functions

Definition 4. The functions P¥ : [-1,1] = R with k € Ny and n = k, k +
1

g o

n— k)N "> k
P,,]f(t) = (En-l-zg:) (1_t2)k/2%Pn(t)

are called associated Legendre functions.

Note that P? = P, and that P’ is a polynomial for even k. A detailed
investigation of these associated Legendre functions can be found in [29,
Chap. 5] or [18]. Again there are a lot of equivalent characterizations of these
functions.

The Rodrigues formula:

1/2 n
PHO = o (230 (- 8 e gy

2! \(m 4+ k)! dgntk

The recursive representation: P, (t) := 0, P (t) := %(1 — 12)/2

and
(n—k+1)(n+k+1))2PE,, (t) = 2n+1)tPE(t)—((n—k) (n+k))/2PE_ | (t).
The solution of the general Legendre differential equation

k2

d¢? dt

(11—t

1 for k =0,

with boundary condition P¥(1) := { 0 otherwise

The explicit representation:

o= (520) "+

L(n—k)/2] .
Z (_1)j(1 - 752)k/2 (n _ 25-21L ;)?(Q'_ j)!j!tn_Qj_k' (9)

=0

The following result establishes an important orthogonality relation for these
functions.

Theorem 2. The associated Legendre functions P¥ , P* with k < min(m,n)
satisfy
2

1
P (t)PE(t) dt = Smon-
| Ph@Pk® ¢ = 520,

For a proof see for example [29, Chap. 5.12]).
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3 Spherical Harmonics

3.1 Definition and Properties

Here we introduce the essential building blocks of our analysis, namely the
spherical harmonics as elements of an orthonormal system on the sphere. For
further reference cf. [7] , [29, Chap. 5] and [6, Chap. 6.3].

Theorem 3. The functions 1, 1, forn € Ny and k = —n,...,n defined by
Yok (r,9,0) := T”P,Lkl(cos 9)eike

satisfy Vo i € Harmn(]RS).

Note that for simplicity we use the same symbol 7, ;. for the cartesian and
the spherical coordinates, respectively.

Proof. An elementary calculation shows that 73, ;, is harmonic. Now we de-
monstrate that 75, ;, is also a homogeneous polynomial. First we assume k > 0.
The other case k < 0 differs only by some sign-factors. By definition we have

[2"]
P¥(cos ) = sin* v Z n g jcos™ "2y,
=0

Then

Tu(r, 9, 0) = r"e*¢ PH (cos )
= (re'? sin9)* Z n k72 (r cos 9)" k=2
=0

[25*]
= (rsin cos g + ir sin 9 sin p)* Z n 72 (7 cos 9)"F 2,

=0

With the transformation x = (21,22, 23) = (rsind cos g, r sin¥ sin g, r cos )
one concludes

Yok(21,22,23) = (1 + izo)* an,w(az% + a2+ mg)jmg_k_%.

7=0
This is a polynomial in x, whose homogeneity is easy to see. 0O

Now we restrict these homogeneous harmonic polynomials of degree n to
the unit sphere S2.

Definition 5. Let H,, := Harm,(S?) := Harmn(]R3)|S2 . Functions Y, € H,
will be called spherical harmonics of degree n.
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For the dimension of #,, one can prove dim(#,) = dim(Harm,(RR?)) =
2n+1, (cf. [7, Chap. 2.2]). Using the polynomials from Theorem 3 we obtain
immediately an orthonormal basis for H,.

Theorem 4. For arbitrary n € INg the functions {Y, ;}5_ defined by

2 1 .
Vb (0, 0) = | T Pl (cos o),

constitute an orthonormal basis for H,,, where the orthogonality is with respect
to the L?-inner product given in (1).

—n?

Proof. We compute

2 1 . L
Vs Vo) = i [ Pll(cos 0)P (cos 0)elI2 duo(, o)
Y[y S2

2 1 /7 ELI
ot / Plil(cos9) P¥l(cos 9) sinﬁdﬁ/ elli=ke gy
0 0

47

2 1 T
= n2+ 6]'7k/ Pll(cos 9) P¥l(cos 9) sin ¢ d¥.
0

Hence, {Y, 1}p__,, is an orthogonal system. With the substitution ¢ = cos?

we obtain .
2n+1 2
-1

The orthonormal system consists of 2n +1 = H,, elements. Thus {Y,, ; }7_
is an orthonormal basis of H,,. 0O

—n

From the representation of the basis given in Theorem 4 and from The-
orem 2 we obtain the orthogonality of the spherical harmonics of different
polynomial degrees

T 27
(Yo, Vi) = / / Yo (9, 0)Yim (9, 0) sind dodd = 0 form #n. (10)
o Jo

Hence, the spaces #H,, and H,, for n # m are orthogonal to each other.

3.2 The Addition Theorem

One of the main tools for the whole theory is the so-called Addition Theorem.
Different methods of proof can be found in [18, p. 9ff.], [7, Chap. 2.3] or in a
more general version in [28, p. 97f].

Theorem 5 (Addition Theorem). [7, p. 37] Let {Y, 1 }r__,, be an
L?(S?)-orthonormal basis of H,. Then, for all £,1 € S*

_2n+1

Z Yo,k (€)Y, (1) .

k=—n
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Fig. 2. Real part of the spherical harmonics V;, ; from (13). Left: Y157, right: Y31 20

Proof. For every pair &,m € S? there exists a matrix T € SO(3) (cf. (3)),
such that T¢ = n. Moreover, £ - n = TE - Tn. The elements of the group
SO(3) describe the set of rotations of the sphere. The set of rotations T

with fixed £ (i.e. Tg& = &) constitutes a subgroup. Let {Y,, ;}7__, be an

orthonormal basis of #,, and T € SO(3), yielding Y, x(To) € #,. Thus for
every Y, ; there exists a representation

n
Vy,j(To) = Z ag,; Yn,k for j=-n,...,n.

k=—n

The functions {Y, r}7__,, form an orthonormal basis of H,, which shows

—n

[ Yas T TE du(@) = 3 avan,

S2

k=—n

As T is a rotation, it holds

n
Z Ak, i Ak, 5 = 61]
k=—n
Consider now the functions K,, : SZ x S2 — C with

Ka&m) = 3 YVurl&Vor(m). (11)

k=—n
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For all £, € S? and for all T € SO(3) it follows

Kn(T&,Tn) = Y Yo i(TE)Y, 1 (Tn)

k=—n
- :Z (:Z oYl (:Z )

S 3T kit Ve i(©)Ya ()

k=—ni=—nj=—-n

Yo S Vi@V, ) Y ariang

i=—nj=-n h=-n
= }: Y;J(ﬁﬂ%ﬁ(n)=zkﬂiﬁﬂn)
j=—n

Note that this approach is independent of the particular choice of the or-
thonormal basis. For arbitrary &, € S?it holds K, (&¢,1) = Kn(Tgﬁ, Tgn) =
K,(¢, Tgn). This implies that K, (£,n) depends only on the angle between &
and 7. So we define K, (£ - n) := K,,(&,n). From the equation (11) it follows
K,(&n)=K,(n-€ = K,(€n). Hence, K, is real-valued. Furthermore, for
a fixed n € S? the function K, (o - n) is in H,. Hence, K,(t) is a polynomial
of degree n in ¢. From (10) we know that K, (o-n) is orthogonal to K, (o -n)
for arbitrary but fixed n € S? and for n # m. Hence,

(Koo m) Koo m) = [ K€ m(€ - m)dol€) = 0.
Here we choose n = (0,0,1)7, i.e. in spherical coordinates (¥', o') = (0, 0).

For any other n one would apply a transformation T € SO(3) which maps n
onto (0,0,1)T so that Tn = (0,0,1)T. Summarizing we have for n # m

0=(Kn(o-n),Kn(c-n))= /;/027T Kp(cos ) Ky (cosd) sin @ do did.

Using t = cos 9 we obtain

1
/ Kn()Km(t)dt =0  for n % m.
—1
From Definition 3 we have

Kn(€-m) = caPa(§ - m).

Finally,

Ka(€-€) = Ka() = Y Vas(©)F = enPu(l) = o

k=—n
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and integration over the sphere S? yields
2n + 1 = 4we,,

which concludes the proof. O

The function K, : $? x S? = R with K, (& - ) = 22ELP, (€ - n) is called
reproducing kernel. For arbitrary f € H, one has the reproductlon property

(fi Kn(o-m)) = f(n)  with neS% (12)

Using an orthonormal basis {Y, x}7__, of H, and writing f as its Fourier
series f = Zzz_n feYa,r we obtain (12) by the Addition Theorem 5 as

K =Y Y AVl / Vo (€)Yt (€) dw(€) = £().

k=—nl=—n

3.3 Polynomial Approximation

Now we study an approximation process on the sphere based on polynomials.
We refer to [7, Chap. 2.2]. Let ITx(S?) be the space of polynomials of maximal
degree N over the sphere S2. Then one has the decomposition

ITx(S?) = Homn(S?) @ Homn_1(S?).

More precisely, with ITx(S?) and Homy(S?) we mean ITyn(IR?)|s> and
Hom y (IR?) |52, respectively. We obtain the following decomposition of ITy.

Theorem 6. Every polynomial of degree N restricted to the sphere S% can
be written as a sum of spherical harmonics of degree N, i.e.

N

N (S%) = €D Mo

n=0

For the proof see [7, Corollary 2.2.5]. Particularly, any function f € L?(S?)
can be approximated by spherical harmonics in the L?(S2)-sense up to arbi-
trary precision. From the L?(S?)-orthogonality of the spaces H,, for n € Ny,
we obtain the dimension

N
dim ITn (S Z dim H,,

N
=Y @n+1)=(N+1).

n=0
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In the finite dimensional Hilbert space H,, with the inner product from L?(S2)
any function Y, € H, can be represented with respect to an orthonormal
basis {Yy x}r__,, as a Fourier sum

—n

n

Y, = E: Q%qy%$>yh$-

k=—n

Finally, any Y € Iy can be written as

N n
}’::E: E: Oc}%k>yhk-

n=0k=—n

Note that from Theorem 4 we obtain immediately the following orthonor-
mal basis for ITy(S?)

2 1 :
Yo k(9,0 =1/ %Pr‘f‘(cosﬁ)em, forn=0,...,N and k= —n,...,n.

Remark. For the approximation problem from Section 2.2, choosing the

2 .
space V = IIy(S?) for an N € INy with a basis {(pl}l(lzvrl) = {Y"Lk}g:ﬂ[z);k:fn
we obtain

%70(51) Y17—1(£1) Y170(£1) YN,N—1(£1) YN7N(£1)

P— c RN+,

Y(),Ok&L) Yl,fl-(gL) Yl,Ok&L) YN,N;I(gL) YN,I\;(gL)

The matrix ®® can be computed with the help of the Addition Theorem
5 as

1
P = —
4

ZnNzo(Qn +1)Pa(& - &) -+ ZnNzo(Qn + )Py (& - &1)

SN @t D€, €) - SN 20+ VP - £5)

3.4 The Polynomial Multiscale Decomposition
The above discussion can be summarized as follows.

Theorem 7. Let {m;}22, be a strictly monotone increasing sequence of pos-
itive integers. The spaces V; := I, _1(S?) with j € IN satisfy the following
conditions:

1. V; CVjy1 for j €N,

2. Closure (U;’il Vi, |l e ||) = L3(S?).

Thus {V;}32, is a multiscale decomposition of L*(S?).
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Possible scaling functions ¢ € V; are the functions {Ynk}nm:lgiﬁfn with

2 1 .
Yok (9, 0) 1=/ %P,Lkl(cos V)etke. (13)

from Theorem 4. Their advantage for fast computations lies in the orthonor-
mality as well as in the separation of the variables (cf. [23] and [17]). These
functions however, are not localized on the sphere which is a big drawback
(cf. Figure 2).

An interesting alternative is described in [22]. Following their notation
with m; = 2971 we write

29-1_1

Vj o= Iy-1 (S?) = @ H, forjeN.

Hence, the sequence {V;}%2, is a multiscale decomposition of L*(S?) (see
Theorem 7). Furthermore let (17, ¢7,) be the spherical coordinates of 5{,m €
S2. We define the sets N for j € IN as follows

277 27

U{€loho}

where 5870 := (0, 0) is the north pole and 5;'5,0 := (m,0) is the south pole of
the sphere. It is easy to see that the sets N satisfy the conditions (G1)-(G3)
from Definition 2. Moreover, they can be seen as a refinement grid of S2
(cf. Fig. 3). Furthermore we define &p ,,, := &g o and &); | = &, o for m =
L., 2% —1and M; :={(n,k):n=0,...,2 ' —land k = —n,...,n}.
In this section we use exclusively the orthonormal basis given in (13). For
this basis consisting of spherical harmonics from IT5;—1_;(S?) we study a
quadrature formula of Clenshaw-Curtis-type. For the proof see [22] and [8,
Chap. 3.7].

Theorem 8. Let f € Vj, then the Fourier coefficients i (f) of f with
(n,k) € M; can be written as

Nj = {(19{,%) = <l—7r @) :l=1,...,2j—1andsz,...,2j+1—1}

2d 9itl_q

an,k( Z Z 511) (] lm) n’k(gim)

=0 m=0
with )
58])—52] =1/2 and sl(]) =1 forl=1,...,27 -1

and the Clenshaw-Curtis weights

2i—1
2 lsm
1
l : 232 (] )1_482 (2]'—1)’ forl=0,...,2
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Fig. 3. The two grids N3 and Ny with equidistant angles seen from the north pole.

The grid A3 is plotted with x and the grid Ay with +

Now we introduce the scaling function ¢; for the scale V; as

gi=1_

1 n
g =220yT > Y Vi

n=0 k=-n
and the “weighted” scaling functions from V;

20711

eio -t ) = 2VE T 3 Vasl€ o

n=0 k=—n

The Addition Theorem 5 yields

2i(0 &) = g7 2 @nA NP Ely).

(15)
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Note that the functions ¢;(o -5{,m) for 5{,m € N are real-valued, whereas
the scaling functions ¢; are in general complex-valued. We summarize some
properties of the functions ¢, (o- {m) in the next result. Let us mention that
we do not obtain a basis. However, we have a good localization behaviour on
the sphere and the system of functions spans the space V;. The oversampling
leads to the concept of frames. We do not go into the details but refer to the
properties 4.) and 5.) of the following theorem.

Theorem 9. Let £{m e N;.

1. The functions ¢;(o - £{m) have the reproducing property

(Frps(o-&1,0) = 2772 mf(€l,)  forall f V).

. 3 X 2

3. The function ¢;(o - £{m) is localized around 5{,m, i.e.

llpi(- &) :

—2 =t —min {|IfI] £ € Vy, £(&],) =1}

(pj( Im ' l,m)

4. We have span {cpj(o . £fm) : {m € J\/}} =V;

5. The set {(2j’2sl(j)xl(j))1/2apj(o . {m) : {m € ./\/']} is a tight frame in V;,
i.e. for every function f € V; we have

2] 2]+1 1
2723 3 A pile- €L = IR
I=0 m=0
6. We have
an,k(@j(o‘gim = Yn,k £lm k(@)
2 J\/_Ynk £l m) fOT (TL k) € M]}
otherwise

and the two-scale-relation

2y 205 5(Pj41) for (n, k) € M;,
an 1 ($5) = { 0 otherwise.

7. We have
[ oi-el,)au© = 2vr

Proof. We will only sketch the main ideas shortly.
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1. Using (o - &/ ,,) from (15) and rewriting f as a Fourier series with
respect to orthonormal basis {Yy k }(n,kyerm; We obtain

20711

(fooio&l )= > > 27 ma ik (H)Vnr (€ ,) = 277 2/mf (€] )

n=0 k=—n
2. Starting from (15) we have
llpi(o- &7 = (pio-&l,.), 05 (0 - &)

2711 p

>N 2 Y k(€ )Yk (€ ).

n=0 k=—n

By the Addition Theorem 5 we conclude

2i=1_1
losto- €l =272+ 3 )
n=0
27711
=279 N (2n+1)
n=0
=2 HFIQATZ — 1,

Hence, [|¢;(o - {m)|| = 1. The second statement follows from (16) and
] 1 20711
or(E ) = 051 = g2 3 @n+ DR
=1 g 2]_2.
Y VT

3. For all f € V; with f(&] ) =1 it holds

20711 p

Z Z ank nk £lm) (17)

n=0 k=-—n
Applying the Cauchy-Schwarz inequality gives

2711 n 20711

1< Z Z |an i ()P Z Z Yn,k(&im)Yn,k(&im)' (18)

n=0 k=-n n=0 k=-n

Equality in (17) will be attained for f iff the vectors {Olmk(f)}(n,k)e/vtj
and {Yn,k(gim)}(n,k)em are linearly independent, which means
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ani(f) = aVyi( {’m) forn=0,...,27' —1and k = —n,...,n with a
constant & € €. From item 2.) we deduce a = 2*~2/7 and (15) reads as

20711 p

fT — 2472jﬂ. Z Z Yn,T&im)Y”’k

n=0 k=—n

=27 \/rpi(o- € )

From (18) for all f € V; with f( {m) = 1 and Parseval’s equation it
follows

AP > 24w = || £

Thus,
| . » llpi(o- &)
min :fev;, Jm =1 =2"/r= ——2—
{11 € vs, £(6d ) =1} e, )

. Writing f € V; as its Fourier sum

2711 p

Z Z an,k(f)Y,

n=0 k=—n

we can compute the coefficients ay, ;(f) using Theorem 8. Together with
(15) we obtain

27 27+l

f= \/_Z Z 51 Xz l,m)%(O'ﬁ{,m)- (19)

=0 m=0

Hence, V; is spanned by the functions ¢;(o - & m) with 51 m € Nj.
. Again we write

20711

||f||2 Z Z ank faYn,k>-

n=0 k=—n
From (19) it follows

20711 p 29 29ty

=3 3% an (DT e i) F(E] ) (05 (0 €], Yok

n=0 k=—nl=0 m=0
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Using item 1.) for f( lm) and (p;(o £l m)> Yn,k) we compute

20711 29 2itl_g

17P=3 S5 N anevVre D (f,0i(0 - €00k (L)

n=0 k=—nl=0 m=0

27 20+t _g 27711 p
S Y VR ) X Y ana D VesEl)
=0 m=0 n=0 k=—n
2d 2itl_q
—2 S VAN o 6L FEL)
=0 m=0

= Z 2] 25 J)Xl(] <fa(p]( £g,m)>|2

=0 m=0
where for the last equality we used the reproduction property from item
1.)
6. The proof follows directly from the Fourier representation in spherical
harmonics Y, 4.
7. As the integral over the sphere S? is invariant with respect to rotations
we can fix &, = (0,0,1)". Substituting ¢ = cos) we obtain

. 2 T
/Sz‘pf(£'£?,m)dw(£) =/0 dg/o @;(cos¥) sin ¥ dd

1
= 271'/ (pj (t) dt.
-1

2i—1_1

[ oste-€ldue =2vm > ns ) [

From (16) we conclude

29—l

=2'"ym |2+ Z / P (t) — Py (t)dt

With P,(1) =1 and P,(—1) = (—1)™ the assertion follows. O

3.5 The Polynomial Wavelet Space
We define the wavelet spaces W; with j € IN as the direct sum

291

P Hn

n=27i-1
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Fig. 4. The weighted scaling function 2/(27 — 1)¢; (o - {{m) with {fm =(0,0,1)T
Left: 2/15p4(cos ¥), right: 2/31ps5(cos )
For the dimension of WW; we have

dimW; = dim V; 11 —dimV; = 3-2% 72,

Now we define the wavelets 1/~1j for the space W; as

27 —1 n
i =27 Y > Yage (20)

n=2i-1k=—n

and the “weighted” wavelets

'QZ}( £]+1) 22 ]\/_ Z Z Ynk £]+1 nkeW

=2i—1 k=—n

Again we have from the Addition Theorem 5 that

wile €)= S e 1m0,

n=2i-1

Note that the functions ;o 5”1) with 5{;1 € Nj41 are real-valued and the

wavelets 1/~1j are complex-valued. Again we summarize the main properties of
the functions ;o 5”1) with j € IN in the following theorem.

Theorem 10. Let §{m € Njt1.

1. The functions 1;(o £]+1) have the reproducing property
(fopi(o- &) =2772Vmf(€ll))  forall f € W;.
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2. We have the orthogonality

(pi(0-&) )sbi(o- &1y =0 forall &) , €N,

0i—2

\/E .

3. It holds ||¢;(o - J‘H)H = 31/2 gnd ¢](£]+1 £]+1)
4. The function 1;(o - £/ 1") is localized around €], i.e.

Lm >’

(o &5

%Eﬁrzﬁg— ﬂUerM%ﬂé“) }-

5. We have span{@b]( EJ'H) £]+1 €Ny }—Wj.

6. The set {(Qj_261(3+1)xl(3+1))1/2 (o £]+1): £]+1 €Ny } is a tight

frame in W, i.e., for every function f € W; we have

2i+1 9i+2_q

223" ST eI (0 € = £

=0 m=0

7. We have

(Vi (0 - &H1)) = Yok (€1 ) an i (1))
{ 22T /7 Yok (€151) for (n,k) € Mpr \ My,

0 otherwise

and the two-scale-relation

an i (15) = {2an”“(<ﬂj~+1) for (n, k) € M1 \ M;,

0 otherwise.

8. We have

[0t dute) =

Proof. The items 1.) and 3.) - 8.) can be proved analogously to the proof
of Theorem 9. The orthogonality 2.) follows directly from the definition of

i(o-&l1,). O
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Fig. 5. The weighted wavelet 2/(2/ — 1)y;(o - & ) with & . = (0,0,1)". Left:
2/15v4(cos ¥), right: 2/311)5 (cos ¥)

3.6 Algorithms for Reconstruction and Decomposition

To describe the algorithms we use functions v 11 € Vjy1, v; € V; und w; €
W; represented by

i+l gi+2_

(F+1 +1 j
Vi1 = VT Y Z e X ;1 (€] e (o €D,
I=0 m=0
i oit+l_

v =VTY Z e xt" i (& n)ei (o ),
=0 m=0
2J+1 2]"—2

wi=vry S e”” T wi ] (0 - €11,

=0 m=0

Decomposing the function vj;1 € V;41 into functions v; € V; und w; € W;
means

Vjt1 = Vj + w;.

Such an orthogonal decomposition is unique and the Fourier coefficients
an i (vjp1) with respect to the spherical harmonics Y, j, defined in (13) with
(n,k) € M1 satisfy

Ak (Vjt1) = ank(vj) + an,k(w))
and clearly ap, i (vj+1) = 0 for (n, k) ¢ M;41. Hence,

n ik (V;) = ok (V41) for (n, k) € M;,
Uk (W5) = an i (Vjg1) for (n, k) € M1 \ M;.
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These results are derived in [22]. From Theorem 8 it follows now

20711

vi€) = Y > ki) V(€ (21)
n=0 k=-n
20711 n Arr 29+1 9i+2_1
) (il L
= > Y gm oy 2oad U i €0 Yar (€l Yo (€)
n=0 k=-n =0 m=0

for all & € S2, particularly for &€ = ¢/ € N; and
Pyq j

w;(§)
291 n

= > D anw(vi1)Yau(€) (22)

n=2i-1k=—n

221 n A 20+l 2i+2_q
j+1)  (j+1 j+1 i+1
= > Y g 2 & I e € YasE) Y (©):
n=2i-1k=—n =0 m=0

for all £ € S? and also particularly for all 55:11 € Njt1. Now let R be the
operator

R(vUTD) = vi9)
mapping
v+ .— {Uj+1(£{,:’bl)} Tt eNin
onto

v .— {’Uj( {m)} I EN;

as defined in (21). Analogously, we introduce the operator @ defined from
(22) by

G+ — w@ .— (eIt
Q(V ) =W . {wj (£l7m )} {EeNjJrl .

Summarizing, the operators R and () describe the decomposition of a function
vj+1 € Vit
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Decomposition Algorithm
Input:

v+
Compute for i =j,...,1:

v = R(V(H_l))
w(® .— Q(v(i“))

Output:
v
w(z) (7’ =17 3 1)
vy B o) V-1 2 e
Q Q Q
Wl wli-D . wi)

Now we want to describe the reconstruction of a function v;41 € Vj41 from
v; € V; and w; € Wy, i.e.

Vi +Wj; = Vjq1.

The Fourier coefficients o, x(v;+1) can be computed from the ay j(v;) and
@, (w;). For this reconstruction assume that v;(&/ ) for &, € N and

wj (£J+1) for 5{';1 € N1 are given. We obtain

vj+1(€)

20711 27 gitl_g

= Y S S NV €Y (©)

n=0 k=-n =0 m=0

271 n 27+l 9i+2_

YOS S AN e k€ Vi€,
=0 m=0

n=2i-1k=—n
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Especially, the equality holds true for £ = 52;7;1 € N 1. Defining the operator
R* now by

(R*(V(j)))p,q
2171 n 27 2it+1 4

LY Y S S € en € Vsl

n=0 k=-n =0 m=0

and the operator @Q* by

(@)
D,q
271 n 29+1 9i+2_1
i+1 1
= Y Y R S T eV € Vs €,
n=2i-1k=—n =0 m=0
we have

vt = R*(v)) + Q*(wl)).

Here the operators R* and Q* are the adjoints of R and @, respectively. Now
we illustrate the rule for reconstruction.

Reconstruction Algorithm
Input:
v

wl) (i=1,...,7)
Compute fori =1,...,j:
v(i+1) — R*(V(z)) +Q*(W(z))

Output:
v+

o e o B LG
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4 Spherical Basis Functions

4.1 Positive Definite Functions

Definition 6. A continuous function G : [-1,1] — IR is called positive
definite on S™ with m € IN, if for every L € IN and any sequence of points
{€&,}F., on S™ the corresponding Gramian matrix A with the entries A;; =
G(&;-&;) fori,j =1,..., L, is positive semidefinite. Moreover , if for pairwise
distinct points {¢;}}, with & € S™for [ = 1,..., L the matrix A is positive
definite, then G is called strongly positive definite.

Every positive definite function G depends only on the angle between the
points &,n. The Legendre polynomials P, constitute an orthogonal basis on
[—1,1]. Hence, every positive definite function G on S? can be written as an
L?[—1, 1]-convergent Fourier-Legendre series

G(t) =) anPu(t)  with a, € R.
n=0

Particularly, for a positive definite function G on S? and a fixed n € S we
can write G(o - m) in terms of spherical harmonics

Glo-m) =Y Y (Glo-n),Yni)Vni

n=0k=—n

The following lemma summarizes some basic properties of positive definite
functions.

Lemma 2. Let {G}.}rew be a sequence of positive definite functions on S™.
Then we have:

1. For by,by > 0 the function H := b1G1 + baG> is positive definite on S™.

2. The product G1G+ is positive definite on S™.

3. If the sequence {G}ren converges pointwise to a continuous function G,
then G is positive definite on S™.

Proof. The proof is simply based on the fact that a positive semidefinite
matrix satisfies by definition

L L
0<cTAc= ZZcichij for all ¢ = (ey, .. .,cL)T e RE.

i=1 j=1

Moreover, the spectral theorem for Hermitian matrices [9, p. 104] ensures
the existence of an orthogonal matrix P € IR"*" and a diagonal matrix
A = diag(\1,..., ) € R"F with \; > 0 for [ = 1,...,L, such that
A=PTAP. O
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We are now able to state the main theorem of this subsection which character-
izes positive definite functions by the non-negativity of its Fourier-Legendre
coefficients. This celebrated result goes back to Schoenberg [25, Theorem 1].

Theorem 11 (Schoenberg). Let G(t) = > 07 anP,(t) with Yo |an| <
0o. Then the following conditions are equivalent:

1. The function G is positive definite on S2.
2. In the representation of G

G(t) = anP(t) (23)
n=0

it holds that a, > 0 for all n € INy.

Proof. As a first step we show that P, is positive definite on S2. The Addition
Theorem 5 implies

47

k

Z Yo,k (§) Yo k().

For the points €, € S? and for arbitrary ¢, € R with [ = 1,..., L, it holds
that

L L L L n
Z Z cacmPp(§-€m) = 2n47-|T- 1 Z Z ClCm Z Yn,k(£l)Yn,k(£m)

=1 m=1 =1 m=1 k=—n

_ 4 -
_2n+1k:Z

(=
o

;1

ol

—~
)
<

Thus the positive definiteness of P, on S? is shown. The positive definiteness
on S? of the function G(t) := Yo" a,Py(t), with a, > 0 for all n € IN,
and > ° an, < oo follows now from Lemma 2. It remains to prove that
any positive definite function G on S? has a representation of the form (23).
Writing G as

[ee] 2 00
n=0

n=0

we have to show that a, > 0 for all n € INg. The coefficients a,, of the
Fourier-Legendre series are given by

5 1
an:\/2n+1/_1G(t)Pn(t)dt for all n € INy.
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The positive definiteness of P, on S? and Lemma 2 implies that it is sufficient
to show that

1
/ H(t)dt > 0
-1
for every positive definite function H on S2. To this end we infer from
Zchc] & &) > for any ¢ = (ci,...,cr)T € RY, € €82
i=1 j=1

i.e., the nonnegativity of arbitrary Riemann sums that
o< [ [ e mdw©dutm = ir [ HE n)do(e)
s2.Js2 2
for any i’ € S2. Choosing particularly n' = (0,0,1)T, we obtain immediately

/11H(t)dt20

which concludes the proof. O

In [31] Xu and Cheney proved the following interesting amplification.
Theorem 12. Let a,, > 0 for all n € Ny, and a, >0 forn=0,...,L —1
with Y " a,, < 00 be given. Furthermore let G(t) = Y.  anP,(t).

Then the L x L Gramian matriz A with entries A;; = G(§; - §;) is positive
definite for any pairwise different points {&,}},.

Proof. Let n € Sf be such that £ - n are pairwise different. Then take a
T € SO(3) with Ty = (0,0, 1)T and T¢, = (¥, 3) for [ = 1,..., L. Hence,
the values

cos¥y =TE - (0,0,1)T =T¢, - Tn=¢,-n  forl=1,...,L

are pairwise different and we obtain for 4,57 =1,...,L
n
= P,(T¢; -T£j) = Z P,lfl(cos 19i)P,Lk‘(cos ¥;) cos(k(8; — 8;))
k=—n

= P,(cos¥;)P, (cosﬁ + 2ZP’c cosv;)P (cosﬁ ) cos(k(g; — 05)).
k=1
The Gramian matrix A has the entries

A= G(£i €)= G(TE; - ’i‘ﬁj)
= Zan (cos ;) P (cos 9;)

+ Z 2ay, ZP’“ cos9;) P¥ (cos ;) cos(k(8i — 6;))-



30 Matthias Conrad and Jiirgen Prestin

We decompose A = B + D in two positive semidefinite matrices B, D with
entries

B = Z an P, c0s19 (cosﬂ ),
D;; = Z 2a,, ZP’“ cos ;) (cosﬁ ) cos(k(0i — 05))-

Thus, cTAc =0 iff c"TBe =0 and ¢"De = 0. So let ¢cTBe = 0, i.e.,

0= ZZCZC] Zan cosﬁ cosz? Zan (Z c; P, cosz? >

i=1 j=1

2

By assumption we have now
Zcz cosz9 0, forn=0,...,L—1,
which implies the existence of a polynomial of degree L — 1
Z BnPp(cos ) with ¢ € [0, 7],
which satisfies the L interpolation conditions
Zﬂn cosﬁ ) =¢ fori=1,...,L.

It now follows easily that

Zc —chZBn cosz?
—Zﬂanl cosz? =0

which yields ¢; =0. 0O

Taking point systems {5,},@1 on S? with arbitrary L we obtain immediately
the following final result.

Corollary 2. Let G :[-1,1] = IR be given by

G(t) = ZanPn(t) with an > 0 for all n € Ny and Zan < 0.

n=0

Then G is strongly positive definite on S2.
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Such G will be called spherical basis functions (cf. [31]). Often they are
also called spherical radial basis functions.
In this section we looked on functions on S? in particular. Using the
inclusion
Stcs*c---c8S™

it is immediately clear that (strongly) positive definite functions on S™*! are
also (strongly) positive definite on S™. An exact characterization of strongly
positive definite functions on S™ is still under research (cf. [2] [3], [31], [14],
[26] and references therein).

4.2 Spherical Basis Functions and Approximation

Now we describe some ideas of the approach of Narcowich and Ward [20].
We start with the introduction of a spherical convolution. Let G and H be
given by

= Z an P, (t) with a,, > 0 for all n € INg and Z an < 00
n=0

and

= buPu(t)  withb, >0foralln € Ny and Y b, < co.
n=0

Then we define the spherical convolution G« H : [-1,1] — IR as

GrHE-m:= [ Gle-OHC mau(C)
Here we have to show that the definition makes sense. Namely, the left-hand

side depends only on the inner product £ - n which can be seen from the
following simple computations

G H(E m) = Zzanm/ W€ Q)Pu(C ) A ()

n=0 m=0
_1;”120&’”” omn +1 2m+1 an;myn’f Von1(n)
/Ynk (¢) dw(C)

4
= ;anbnm Py (& -m).

With this representation it is also easy to see that the spherical convolution
is commutative, i.e., G * H = H x G and also positive definite. This implies
that the convolution G x H is also a spherical basis function.
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The most prominent example for a spherical basis function is the Poisson
kernel defined in (8). By convolution we obtain a chain of Poisson kernels of
different localization

o0

Gro 1) = ﬁ(ah £G)(t) = 3 @0+ DR P, (1),

n=0

For more examples see [31].

X X
2 X 2 Xy

Fig. 6. The normalized Poisson kernel G (o - £)/Gy (1) with center &€ = (0,0,1)T.
Left: Go.s(cos¥)/Go.s(1), right: Go.o(cos¥)/Go.o(1)

Now let us construct out of a spherical basis function G a set of functions
G(o-§):S* — R l=1,...,L,
and the linear space
V= span{G(o- &) : & € N}

In the sequel A denotes an arbitrary set of L pairwise distinct points on the
sphere. Note that these functions G(o - £;) can be interpreted as rotations
of one function. For any &,,&;, € S? there exists an T € SO(3), so that
G(o - T¢;) = G(o-&). A fundamental observation for our purpose is the
linear independence of the functions.

Theorem 13. Let G be a spherical basis function. Then the functions G(o -
&) with & € N constitute a basis of V.
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Proof. By definition the functions G(o-€;) with €, € N for [ =1,..., L span
the space V. It remains to prove the linear independence. Therefore assume

L
> NG(o-g) =0, with ) €C.
=1

Then
L
> NGE, &) =0, fork=1,...,L

=1

Now the assertion follows from the positive definiteness of G. O

Our aim is now to approximate data given at the points €, € N through an
element of

V =span{G(o- &) : &, € N'}.

Following the general approach described in Section 2.2 we have to consider
the positive definite matrix

G(£1 51) G(& £L)
P = - . . € ]RLXL.

G, &) G(E, &)

In this particular case the least squares problem reduces to a uniquely solvable
interpolation problem ®a = f.

4.3 Multiscale Decomposition

Now we want to study a multiscale decomposition of L?(S?) based on spher-
ical basis functions. Let {N;};ew be a refinement grid of S? (cf. Definition
2). For a fixed spherical basis function G we define the spaces

Vj :=span{G(o-¢&,),...,G(o-&; )}, with &,...,&;, € Nj.  (24)

The dimensions satisfy dim V; = L;, dim V41 = L;j;1 and for the orthogonal
complement W; = V11 ©V; of V; it follows dim W; = L; 1 — L;. To simplify
notation we only use one index for the points £;. Going from N to N1 we
add the points &, l=L; +1,...,Ljy;.

If G is a spherical basis function and the spaces V; with j7 € IN are given
by (24), then {V;}jew is a multiscale decomposition of L?(S?). Particularly,
we have

L V; CVjj for j €N,
2. Closure (Uje]N Vi, |l o ||) = L*(S?).
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The first inclusion follows immediately from the fact that {N;}jen is a
refinement grid on S2. To prove the second item we assume there is a non-zero
F € L*(S?) which is orthogonal to any function H € J;c V;. Because the
refinement grid is dense this implies that F' is orthogonal to G(o - &) for all
€€ S% With G =37 _ P (o- &) we rewrite in Fourier-Legendre series

0—<FG ZZ Zank nkap (06»

n=0 k=—n m=0
4
—Z Z o (F) 5——=Y; 1, (€).
n=0k=—n 2 +1

The function on the right-hand side is in L?(S?). Hence, the Fourier coeffi-
cients satisfy oy ;(F) = 0, which contradicts the assumption.

Some easily proved properties of G are summarized in the following result.

Theorem 14. Let & € N, and G(o - &) € V; as given in (24). Then for
every function

L;
f=Y )Gl &) € vy
=1

it holds
(f,G Zaz )G GLE - E).

Furthermore,

o0

IG(o-€)II* =

andG(§; - &) = Z Qn.

Again, we investigate now the multiscale algorithms. Therefore we write
v € V]' and w; € W]' as

L;
=Y uGE-¢)  with v € (25)
and
J+1 .
=Y w!GE-¢)  withw” €C. (26)
=1

The orthogonality of the spaces V; and W; implies

Lj Ljta
(vj, w;) Z Z vy, 0-&;),G(o-&))
k=1 I=1
Lj Ljta
= Uk “’l G*G(ﬁk &) (27)
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Now we write
J+1

v (&) +w; (&) = v (€ Z WIGE-€)  with o7 e €. (28)

The functions vj41 € Vjy1,v; € V; and w; € W; are uniquely described
by their Fourier coefficients given in (28), (25) and (26), respectively. Written
as vectors we conclude

(n) . .
Vipt = (%;ﬁ) = @ e et
Vit

with v§-1+)1 € ¢" and v§.2+)1 € (D(Lf“_Lf),

e (Bj) = (..., v7,0,...,0)T € €T,

and

M

(1)
W ,
w; = { y = (w§]) w(LJ)H) e ¢lit
J

with wg.l) e C" and w§-2) e ¢Lin—L), Summarizing we have
ey wib)
vily AL
()= ()= (3 o

Mji1 = (G xG(& - gl)]kl 19

Using matrix notation

equation (27) can be written as
TN _ o
(vj, wj) = Vi Mjpw; = 0.

The matrix M, is regular. Hence, w; can be represented as

ML (0
Wi = Min (Wj

with some w; € CL+17L) | This relation gives rise to a split of the matrix
M, into four submatrices M; € R %5 C; € R+ ~F)x(Fiv1=Li) anq
B, € RYi % (Fit1=L3)
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Here, M; as well as C; are positive definite. Multiplying the block matrix
M1 with the vector w; we find that Mng-l) + ijgg) = 0, which gives

wgl) = —M]._lijg.Q).

Summarizing we have

2 2
wi? =vi?, (30)
wil) = -M7'BvY (31)
1 — 2
vi =vi —M7BvY (32)

Analogously to Section 3.6 we introduce the operators R, R* and @, Q*. Here
R is given by R(v,;y1) = v; where the map is defined in (32). Analogously,
@ is given by Q(vjt1) = w; and the rules (30) and (31). These formulas
describe the decomposition completely.

For reconstruction we obtain from (29) the splitting

it = v+ wi,
(2 _ 0

Vitr = W

For j € IN the operator R* is given by

o . (Vj)l forlSlSLj,
(B*(vj)), = {0 otherwise

and
Q" (w;) = w;.
The schemes which illustrate these algorithms are graphically analogous to

that ones given in Section 3.6. Further questions of localization and stability
are discussed e.g. in [20].
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