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1. Introduction

Recently (see [3]), a class of Schauder bases for the space (C[−1, 1], ‖ · ‖∞), consisting
of algebraic polynomials and orthogonal with respect to the Chebycheff weight of the
first kind, has been constructed. These bases are of optimal degree in the sense that
for given ε > 0 there is a basis {pµ} with deg pµ ≤ (1 + ε)µ for all µ ∈ IN0. A crucial
step in the construction is the proof that its Lebesgue constants (i.e., the norms of
its partial sum operators) are uniformly bounded. The purpose of the present paper
is to give a much simplified proof of this fact, a proof which allows us to give explicit
estimates for these Lebesgue constants.

Investigation of polynomial Schauder bases of optimal degree is quite recent. It
was in 1987 that Privalov [6] showed that deg pµ = µ is impossible for any polynomial
basis {pµ} of C[−1, 1] (orthogonal or not). In fact, he showed that there exists an ε > 0
such that max

µ≤n
deg pµ ≥ (1 + ε)n if n is large enough. In 1990, Privalov constructed

a basis for C2π of trigonometric polynomials of optimal degree [7]; in 1994, Lorentz
and Sahakian, based on wavelet methods introduced by Offin and Oskolkov [5], gave
an orthogonal trigonometric basis for C2π of optimal degree [4]; and in 1996, Kilgore,
Prestin and Selig constructed an algebraic polynomial basis for C[−1, 1] of optimal
degree, orthogonal with respect to the Chebycheff weight of the first kind [3, 8].

One might ask if such polynomial bases are possible with orthogonality regarding
other weight functions w, for example Jacobi weights in general. This question is still
open. An important step in any proof that a given orthogonal sequence of polyno-
mials {pµ} is a Schauder basis is the proof that its Lebesgue constants are uniformly

bounded. The Lebesgue constants are given by Ln := sup
x∈[−1,1]

‖
n∑

µ=0
pµ(x)pµ( · )‖L1

w
,

where ‖f‖L1
w

:=
∫ 1
−1 |f(t)|w(t) dt. We note that the constant Ln is the norm of the

orthogonal projection onto the subspace spanned by {p0, . . . , pn}. In the present pa-
per we give an easy method to estimate these quantities for the type of polynomial
sequences introduced in [3]. This will lead us to explicit upper bounds for the Ln, and
these can be regarded as the main result of this note. Similar but more refined meth-
ods are used in [2] to construct bases with Chebycheff orthogonality of the second,
third and fourth kind; we are currently investigating possible generalizations.

In Section 2 we will (following the development in [3]) give a general construction
for optimal degree Schauder bases for C[−1, 1], orthogonal with respect to the Cheby-
cheff weight of the first kind. We will just give the construction, without many details
or proofs; these can be found in [3] or, later, in [2]. Then, in Section 3, we give a new
and short proof that the Lebesgue constants are bounded and compute the actual
upper bounds which our method leads us to.

We will use the following notations. Let f ∈ L1(IR). We will denote by F(f) ≡ f̂
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the Fourier transform of f , F(f)(θ) := f̂(θ) :=
∞∫

−∞
f(t) e−itθ dt. The L1(IR)-norm

of f is ‖f‖1 :=
∞∫

−∞
|f(θ)| dθ.

2. Construction of Schauder bases

In what follows, the weight function w is the Chebycheff weight of the first kind on
[−1, 1], w(x) = 2

π
(1 − x2)−1/2. We will always have the transformation x = cos(t) in

mind; for the norm that means

‖f‖L1
w

=
∫ 1

−1
|f(x)|w(x) dx =

2

π

∫ π

0
|f(cos(t))| dt.

The Chebycheff polynomials of the first kind, Tn, are defined by Tn(cos(t)) = cos(nt)
for n ∈ IN0. Then the sequence { 1√

2
T0, T1, T2, T3, . . .} is orthonormal with respect

to w, i.e., with respect to the scalar product

(f, g) :=
∫ 1

−1
f(x) g(x)w(x) dx =

2

π

∫ π

0
f(cos(t)) g(cos(t)) dt.

It follows from Privalov’s result [6], or more directly from known results on uniform
convergence of Fourier series, that this sequence of Chebycheff polynomials is not a
Schauder basis for C[−1, 1].

Thus, for given ε > 0, we now construct a sequence {pµ}µ∈IN0 of polynomials,
orthogonal with respect to (·, ·) and such that deg pµ ≤ (1 + ε)µ for all µ, which will
be a Schauder basis of C[−1, 1]. The main ideas of the construction follow [3] and
come from wavelet theory: The polynomials pµ are constructed via a “multiresolution
analysis” of C[−1, 1]. Choose finite dimensional polynomial subspaces V (j),W (j) ⊆
C[−1, 1] with

V (0) ⊆ V (1) ⊆ . . . ⊆ V (j−1) ⊆ V (j) ⊆ . . . ,
V (0) ⊕ W (1) ⊕ . . . ⊕ W (j) = V (j),

(1)

that is, W (j) is the orthogonal complement of V (j−1) in V (j). Denote dim V (j) = nj +1,

dimW (j) = 2mj = nj − nj−1, and let {ϕ(j)
k }nj

k=0 be an orthonormal basis of V (j) and

{ψ(j)
k }2mj−1

k=0 an orthonormal basis of W (j). Then the sequence of polynomials {pµ} is
defined by taking the basis elements of V (0),W (1),W (2), . . . in this order. That is,

pk := ϕ
(0)
k for k = 0, . . . , n0 and pnj−1+k+1 := ψ

(j)
k for j ∈ IN, k = 0, . . . , 2mj − 1. (2)
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This construction enables us to give upper bounds for the Lebesgue constants of the
basis {pµ} by estimating the Lebesgue constants of the individual spaces V (j),W (j):

‖
n∑

µ=0

pµ(x) pµ(·)‖L1
w

≤ ‖
nj−1∑

µ=0

pµ(x) pµ(·)‖L1
w

+ ‖
n∑

µ=nj−1+1

pµ(x) pµ(·)‖L1
w

= ‖
nj−1∑

k=0

ϕ
(j)
k (x)ϕ

(j)
k (·)‖L1

w
+ ‖

r∑

k=0

ψ
(j)
k (x)ψ

(j)
k (·)‖L1

w
,

for n ∈ IN , nj−1 < n ≤ nj and n = nj−1 + r + 1. Thus we have to estimate

sup
x∈[−1,1]

‖
r∑

k=0
ϕ

(0)
k (x)ϕ

(0)
k (·)‖L1

w
≤ A0 for r = 0, . . . , n0,

sup
x∈[−1,1]

‖
nj∑

k=0
ϕ

(j)
k (x)ϕ

(j)
k (·)‖L1

w
≤ A1 for j ∈ IN0 and

sup
x∈[−1,1]

‖
r∑

k=0
ψ

(j)
k (x)ψ

(j)
k (·)‖L1

w
≤ A2 for j ∈ IN, r = 0, . . . , 2mj − 1.

(3)

The Lebesgue constants for the basis {pµ} will then be bounded above by
max{A0, A1 + A2}.

By (2), the degree of the poynomial pµ depends on the values of the dimensions

mj and nj . Computation shows that the conditions degϕ
(0)
k = k for k = 0, . . . , n0

and 3mj/nj−1 ≤ ε for all j ∈ IN are sufficient for the sequence {pµ} to be of optimal
degree, deg pµ ≤ (1 + ε)µ for all µ ∈ IN0. In Section 3, it will turn out that the
estimates for the Lebesgue constants, A1 and A2, also depend on the dimensions
mj , nj: the closer the quotient mj/nj is to 0, the larger will A1 and A2 be. Thus the
dimensions must be chosen such that inf mj/nj > 0, or, even better, such that the set
{mj/nj : j ∈ IN} is finite. That is always possible.

All of this means that definition of the sequence {pµ} and computation of the
Lebesgue constants can be reduced to considering the individual spaces V (j),W (j).
We will now define these spaces, writing V (M,N),W (M,N) instead, where M and N
stand for the relevant dimensions mj , nj.

Choose M,N ∈ IN with N > 3M . The spaces V (M,N),W (M,N) will be defined
by way of their orthogonal basis functions ϕ

(M,N)
k ≡ ϕk and ψ

(M,N)
k ≡ ψk. For the

spaces V (M,N), validity of Condition (3) does not depend on the choice of the orthog-
onal basis; therefore we start with W (M,N) and then just choose V (M,N) such that the
orthogonality relations (1) are satisfied.

Our definition of the space W (M,N) is governed by two ideas: 1) Let each basis
function ψk be an element of span {TN−3M , . . . , TN+M}. This makes it relatively simple
to check orthogonality by Parseval’s identity. 2) Define the ψk in such a way that they
are localized around different points yk ∈ [−1, 1]. The better the ψk are localized, the
smaller the Lebesgue constants of W (M,N) will be, as we will see in Section 3.
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This leads to the following definition. Choose a function

g : IR → IR, continuous, with supp g ⊆ [−2, 2] and g(0) = 1. (4)

Note that this implies g(2) = g(−2) = 0, which we will often use implicitly.

To achieve orthogonality, we also have to assume that g has the symmetry prop-
erties

g2(1 + x) + g2(1 − x) = 1 and g2(−1 + x) + g2(−1 − x) = 1 (5)

for all 0 ≤ x ≤ 1. Then define the basis function ψk as

ψk := M− 1
2

2M∑

s=−2M

g
(
s

M

)
cos((s−M) θk)TN−M+s for k = 0, . . . , 2M − 1,

where θk := 2k+1
4M

π. The cosine terms in this linear combination have the effect of
localizing the function ψk around the point yk = cos(θk); they act as a generalized
translation, as we will also see in Section 3. Now, after some computations involving
the Parseval identity, we get that

(ψk, ψℓ) =
2

π

∫ π

0
ψk(cos(t))ψℓ(cos(t)) dt = δk,ℓ.

In fact, on using the identity cos((M + s)θk) = − cos((3M − s)θk) together with the
symmetry properties (5), we obtain for k 6= ℓ,

(ψk, ψℓ) =
1

M

2M∑

s=−2M

g2
(

s
M

)
cos((s−M)θk) cos(s−M)θℓ)

=
1

M

[
1

2
+

2M−1∑

s=1

cos(sθk) cos(sθℓ) +
1

2
cos(2Mθk) cos(2Mθℓ)

]

=
1

2M

sin(θk) sin(2Mθk) cos(2Mθℓ) − sin(θℓ) cos(2Mθk) sin(2Mθℓ)

cos(θk) − cos(θℓ)
= 0,

and similarly (ψk, ψk) = 1.

In order to define the space V (M,N), let

g∗(M
N

; x) := g∗(x) :=






1 if 0 ≤ x ≤ 1 − M
N

,
g( N

M
(x− 1) + 1) if x ≥ 1 − M

N
,

g∗(−x) if x ≤ 0.

Note that g∗ has the same properties as g, i.e., it satisfies (4) and (5) if g does.
Moreover, it is even.
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Now we can define the basis functions ϕ0 := 1√
2
T0, ϕk := g∗( k

N
)Tk +g∗(2N−k

N
)T2N−k

for k = 1, . . . , N−1 and ϕN := TN . Then it is easy to see by (5) that these polynomials
are an orthonormal system. Note that ϕk = Tk for k = 1, . . . , N −M .

The spaces W (M,N) and V (M,N) are now defined as the linear span of these orthonor-
mal basis functions: W (M,N) := span {ψ0, . . . , ψ2M−1}, V (M,N) := span {ϕ0, . . . , ϕN}.

Now how do we put together the sequence of spaces W (j) ≡ W (mj ,nj), V (j) ≡
V (mj ,nj)? The spaces are determined by the dimensions mj , nj and by the function g
used to define their orthogonal bases. For the dimensions, we use the following values.
Choose η ∈ IN such that 3/2η ≤ ε and let n0 := 2η, m0 := 1 and mj := 2[(j−1)/2η−1].
That is, (m1, m2, m3, . . .) = (1, . . . , 1, 2, . . . , 2, 4, . . . , 4, 8, . . .), where every power of 2
appears 2η−1 times. Then, if j = q · 2η−1 + r with 1 ≤ r ≤ 2η−1,

nj = n0 + 2
j∑

i=1

mi = (2η + 2r) 2q,

{
mj

nj

: j ∈ IN

}
=

{
1

2η + 2r
: r = 1, . . . , 2η−1

}
and

3mj

nj−1
=

3

2η + 2r − 2
≤ 3

2η
≤ ε.

It now remains to specify the functions g ≡ g(j) which we use for defining the
spaces W (j), V (j). We will use just two different functions, g and g̃, where g is even
and g̃ is constructed out of g: If g with (4) and (5) is given, then g̃ is defined by

g̃(x) :=






0 if x ≤ −3/2,
g(2x+ 1) if −3/2 ≤ x ≤ −1/2,
1 if −1/2 ≤ x ≤ 0,
g(x) if x ≥ 0.

Note that g̃ also satisfies (4) and (5). We use the function g̃ for the spaces W (j), V (j)

with j = q · 2η−1 + 1, q ≥ 1, and the function g for all the other spaces.

This completely determines the sequence of spaces W (j), V (j). It can be checked
directly that these spaces satisfy the orthogonality and inclusion relations (1); this also
follows from the arguments in [3]. The sequence of polynomials {pµ} is now defined
via (2), where we use the basis elements ϕk and ψk as they are given above. In order
to prove that {pµ} indeed is a Schauder basis of (C[−1, 1], ‖ · ‖∞), all that remains is
to prove the relations (3), that is to show that the Lebesgue constants of the spaces
W (M,N), V (M,N) are uniformly bounded. We will do that in Section 3. It turns out
that we will need a further condition on the function g in order to bound the Lebesgue
constants: we will require g to satisfy

ĝ, ̂̃g,F(g∗( 1
2η+2r

; ·)) ∈ L1(IR) for all 1 ≤ r ≤ 2η−1. (6)
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This is satisfied if the compactly supported g is absolutely continuous and g′ is of
bounded variation, as follows from Lemma 3. All of our examples will be of this type.
The simplest example of a function g with (4), (5) and (6) is the function

gc(x) =
{

cos(πx/4) if |x| ≤ 2,
0 otherwise.

(7)

In [3], there is a small mistake: the basis given there in Definition 2.1 is not
orthogonal. (It would be orthogonal if the sine were to be replaced by a cosine;
making this change would even simplify the proofs.) Thus we will now give, for the
first time correctly, a class of Schauder bases {pµ} of optimal degree, consisting of
orthogonal polynomials. For µ ≤ 2η, we will have pµ = ϕ(0)

µ . For µ > 2η, there are
unique numbers q ∈ IN and r ∈ {1, . . . , 2η−1} with

(2η + 2r − 2) 2q < µ ≤ (2η + 2r) 2q.

Then the basis element pµ will come from the space W (j), where j is given by j =

q · 2η−1 + r. More precisely, we will have pµ = ψ
(j)
k if µ = (2η + 2r− 2) 2q + 1 + k with

0 ≤ k ≤ 2mj − 1 = 2q+1 − 1.

Theorem 1. Given ε > 0. Choose η ∈ IN such that 3/2η ≤ ε. Let the sequence of
polynomials {pµ}µ∈IN0 be defined as follows. For µ ≤ 2η, set

p0 :=
1√
2
T0 and pµ := Tµ for µ > 0.

For µ > 2η, find the uniquely determined numbers q ∈ IN , r ∈ {1, . . . , 2η−1} and
k ∈ {0, . . . , 2q+1 −1} with µ = (2η +2r−2) 2q +1+k, set M := 2q, N := (2η +2r) 2q,
θk := 2k+1

4M
π, and define

pµ := M− 1
2

2M∑

s=−2M

g̃
(
s

M

)
cos((s−M) θk)TN−M+s if r = 1,

pµ := M− 1
2

2M∑

s=−2M

g
(
s

M

)
cos((s−M) θk)TN−M+s if r > 1,

with an even function g satisfying (4), (5) and (6). Then the sequence {pµ} is a
Schauder basis for (C[−1, 1], ‖ · ‖∞), consisting of polynomials with deg pµ ≤ (1+ ε)µ,
and orthonormal with respect to the Chebycheff weight of the first kind.

3. The Lebesgue constants

It now remains to prove Condition (3) and to find explicit bounds for the constants
A0, A1, A2 appearing there.
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Lemma 1. Suppose that g with (4) is such that ĝ ∈ L1(IR). Then

‖ψk‖L1
w

≤ 1

π
‖ĝ‖1 and sup

x∈[−1,1]

2M−1∑

k=0

|ψk(x)| ≤
(

1

π
+ 1

)
‖ĝ‖1.

Proof. With the transformation x = cos(t), and using addition theorems for the
cosine, we get

ψk(x) =
2M∑

s=−2M

g( s
M

) cos((s−M) θk) cos((N −M + s) t)

=
1

2

2M∑

s=−2M

g( s
M

) cos
(
s(t+ θk) + (N −M)t−Mθk

)

+
1

2

2M∑

s=−2M

g( s
M

) cos
(
s(t− θk) + (N −M)t+Mθk

)

=
1

2
ℜ
[
ei((N−M)t−Mθk) ·KM(t+ θk) + ei((N−M)t+Mθk) ·KM(t− θk)

]
,

where KM(t) :=
2M∑

s=−2M
g( s

M
) eist. (Recall that g is real-valued.)

Since the support of g is contained in [−2, 2], ĝ is an entire function of finite degree,
and for the total variation of ĝ on IR, V (ĝ), we have by the Bernstein inequality that

V (ĝ) =
∫ ∞

−∞
|ĝ′(t)| dt ≤ 2‖ĝ‖1

(see [9], Chapter 4.8.61.(28)). Thus, ĝ ∈ L1(IR) ∩ BV (IR), and we can apply the
Poisson summation formula in the following form: The identity

KM(t) =
2M∑

s=−2M

g( s
M

) eist = M
∞∑

n=−∞
ĝ(M(t+ 2πn)) (8)

holds for each t ∈ [−π, π]. This follows, e.g., from [1], Proposition 5.1.29(ii), by
exchanging the roles of f and f̂ and applying the inversion formula, Proposition 5.1.10.

This implies, using the theorem of B. Levi in the third step, that

‖KM‖L1[−π,π] :=
∫ π

−π
|KM(t)| dt ≤ M

∫ π

−π

∞∑

n=−∞
|ĝ(M(t+ 2πn))| dt

= M
∞∑

n=−∞

∫ π

−π
|ĝ(M(t+ 2πn))| dt

= M
∫ ∞

−∞
|ĝ(Mt)| dt =

∫ ∞

−∞
|ĝ(t)| dt = ‖ĝ‖1.
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Now, using in the second step that ψk(cos(t)) is an even function, and in the fourth
step that KM is 2π-periodic, we get

‖ψk‖L1
w

=
2

π

∫ π

0
|ψk(cos(t))| dt =

1

π

∫ π

−π
|ψk(cos(t))| dt

≤ 1

2π

∫ π

−π
|KM(t− θk)| dt+

1

2π

∫ π

−π
|KM(t+ θk)| dt

=
1

π

∫ π

−π
|KM(t)| dt ≤ 1

π
‖ĝ‖1.

To estimate the sum
∑ |ψk(x)|/‖ψk‖2

L2
w
, we need the so-called Timan inequality

(see [9], Chapter 4.9.1.(3)). If τ(t, θ) is a trigonometric polynomial of degree n in the
second variable, then for all m ∈ IN and t,

m−1∑

k=0

∣∣∣τ(t, 2k
m
π)
∣∣∣ ≤

(
m

2π
+ n

) ∫ π

−π
|τ(t, θ)| dθ. (9)

We apply this, with m = 4M , to KM , which has degree at most 2M :

2M−1∑

k=0

|ψk(x)|
‖ψk‖2

L2
w

=
1

M

2M−1∑

k=0

|ψk(x)|

≤ 1

2M

(
2M−1∑

k=0

|KM(t+ 2k+1
4M

π)| +
2M−1∑

k=0

|KM(t− 2k+1
4M

π)|
)

=
1

2M

4M−1∑

k=0

|KM(t+ 2k+1
4M

π)|

≤ 1

2M

(
4M

2π
+ 2M

) ∫ π

−π
|KM(t+ π

4M
+ θ)| dθ ≤

(
1

π
+ 1

)
‖ĝ‖1.

2

An upper bound for the constant A2 in (3) is therefore 1
π

(
1
π

+ 1
)
·max{‖ĝ‖2

1, ‖̂̃g‖2
1}.

Lemma 2. Suppose that g with (4) and (5) is such that ĝ, ĝ∗ ∈ L1(IR). Then

sup
x∈[−1,1]

∥∥∥∥∥

N∑

k=0

ϕk(x) · ϕk(·)
∥∥∥∥∥

L1
w

≤ 1

2π

(
‖F(g∗2)‖1 + ‖F(2g(1 + ·)g(1 − ·))‖1

)
.

Proof. We can give an explicit expression for the sum to be estimated. Writing
x = cos(t) and ξ = cos(θ), we get

N∑

k=0

ϕk(x)ϕk(ξ)
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=
1

2
+

N−M−1∑

k=1

Tk(x)Tk(ξ) + TN (x)TN(ξ)

+
N−1∑

k=N−M

(
g∗( k

N
)Tk(x) + g∗(2N−k

N
)T2N−k(x)

) (
g∗( k

N
)Tk(ξ) + g∗(2N−k

N
)T2N−k(ξ)

)

=
1

2
+

2N∑

k=1

g∗2( k
N

)Tk(x)Tk(ξ) +
1

2
TN (x)TN(ξ)

+
M∑

k=1

g∗(N−k
N

)g∗(N+k
N

) (TN−k(x)TN+k(ξ) + TN+k(x)TN−k(ξ))

=
1

2
+

1

2

2N∑

k=1

g∗2( k
N

)(cos(k(θ + t)) + cos(k(θ − t))) +
1

2
cos(Nθ) cos(Nt)

+
M∑

k=1

g(M−k
M

)g(M+k
M

)(cos(N(θ + t)) cos(k(θ − t)) + cos(N(θ − t)) cos(k(θ + t)))

=
1

4
K∗

N (θ + t) +
1

4
K∗

N(θ − t) +
1

4
cos(N(θ + t))K∗,1

M (θ − t)

+
1

4
cos(N(θ − t))K∗,1

M (θ + t),

where for the second sum the addition theorems for the cosine have to be used

twice, and where we denote K∗
N(t) := 1 + 2

2N∑
k=1

g∗2( k
N

) cos(kt) =
2N∑

k=−2N
g∗2( k

N
)eikt

and K∗,1
M (t) := 1 + 2

M∑
k=1

2g(1 − k
M

)g(1 + k
M

) cos(kt) =
M∑

k=−M
2g(1 − k

M
)g(1 + k

M
)eikt.

Thus we get, for every x ∈ [−1, 1],

∥∥∥∥∥

N∑

k=0

ϕk(x)ϕk(·)
∥∥∥∥∥

L1
w

=
2

π

∫ π

0

∣∣∣∣∣

N∑

k=0

ϕk(x)ϕk(cos(θ))

∣∣∣∣∣ dθ

=
1

π

∫ π

−π

∣∣∣∣∣

N∑

k=0

ϕk(x)ϕk(cos(θ))

∣∣∣∣∣ dθ

≤ 1

4π

(∫ π

−π
|K∗

N(θ + t)| dθ +
∫ π

−π
|K∗

N(θ − t)| dθ

+
∫ π

−π
|K∗,1

M (θ + t)| dθ +
∫ π

−π
|K∗,1

M (θ − t)| dθ
)

=
1

2π

(∫ π

−π
|K∗

N(θ)| dθ +
∫ π

−π
|K∗,1

M (θ)| dθ
)

≤ 1

2π

(
‖F(g∗2)‖1 + ‖F(2g(1− ·)g(1 + ·))‖1

)
,

by the same arguments as before. 2
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Lemma 3. Let f be an absolutely continuous function on the real line with compact
support and let f ′ be of bounded total variation on IR, i.e., V (f ′) < ∞. Then f̂ ∈
L1(IR) and

‖f̂‖1 ≤ 4
√
V (f ′) ‖f‖1.

Proof. Choose a, b ∈ IR such that supp f ⊆ (a, b). For all θ 6= 0 we obtain by
partial integration in Stieltjes integrals

|f̂(θ)| =

∣∣∣∣∣

∫ b

a
f(t)e−itθ dt

∣∣∣∣∣ =

∣∣∣∣∣
1

θ

∫ b

a
f ′(t)e−itθ dt

∣∣∣∣∣ =
1

θ2

∣∣∣∣∣

∫ b

a
f ′(t) de−itθ

∣∣∣∣∣

=
1

θ2

∣∣∣∣∣

∫ b

a
e−itθ df ′(t)

∣∣∣∣∣ ≤ 1

θ2
V (f ′).

If ‖f‖1 = 0 there is nothing to prove. Otherwise let κ :=
√

V (f ′)
‖f‖1

> 0. Then

‖f̂‖1 =



∫

|θ|≥κ

+
∫

|θ|≤κ


 |f̂(θ)| dθ

≤ V (f ′)
∫

|θ|≥κ

1

θ2
dθ +

∫

|θ|≤κ

∫

IR

|f(t)| dt dθ

≤ V (f ′)
2

κ
+ ‖f‖12κ = 4

√
V (f ′) ‖f‖1.

2

Lemma 3 gives an easy way to find functions f with Fourier transform in L1(IR),
and to estimate ‖f̂‖1. This estimate is good enough for most of our purposes, but
in order to get good enough bounds for the Lebesgue constants, we have to estimate
these norms for one class of functions directly.

Lemma 4. Let 0 < λ ≤ 1
2

and

v(λ; x) := v(x) :=






1, if |x| ≤ 1 − λ,

cos2(π
4
(1 + |x|−1

λ
)), if 1 − λ < |x| ≤ 1 + λ,

0, otherwise.

Then

‖v̂‖1 ≤
8

π
ln

1

λ
+ 14.33.

11



Proof. One computes

v̂(θ) =
2π2 cos(λθ) sin(θ)

θ(π2 − 4λ2θ2)
.

Hence

‖v̂‖1 = 2π2



∫

|θ|≤π
2

+
∫

|θ|≥π
2




∣∣∣∣∣
cos(θ)

π2 − 4θ2
· sin( θ

λ
)

θ

∣∣∣∣∣ dθ

≤ 2π2


max

|t|≤π
2

∣∣∣∣∣
cos(t)

π2 − 4t2

∣∣∣∣∣

∫

|θ|≤π
2

∣∣∣∣∣
sin( θ

λ
)

θ

∣∣∣∣∣ dθ + max
|t|≥π

2

∣∣∣∣∣
sin( t

λ
)

t

∣∣∣∣∣

∫

|θ|≥π
2

∣∣∣∣∣
cos(θ)

π2 − 4θ2

∣∣∣∣∣ dθ




≤ 4

π
2∫

0

| sin( θ
λ
)|

θ
dθ + 4

∞∫

π
2

∣∣∣∣∣
cos(θ)

π − 2θ
+

cos(θ)

π + 2θ

∣∣∣∣∣ dθ

≤ 4

π
2λ∑

k=0

(−1)k

(k+1)π∫

kπ

sin(θ)

θ
dθ + 4

∞∑

k=1

(−1)k+1

(2k+1)π
2∫

(2k−1)π
2

(
cos(θ)

π − 2θ
+

cos(θ)

π + 2θ

)
dθ

≤ 4

π∫

0

sin(θ)

θ
dθ + 4

π
2λ∑

k=1

2

kπ
+ 2

∞∑

k=1

(−1)k+1

(k+1)π∫

(k−1)π

sin(θ)

θ
dθ

≤ 6

π∫

0

sin(θ)

θ
dθ +

8

π

(
0.8107 + ln(

π

2λ
)
)
,

since
y∑

k=1

1

k
≤ ln(y) + γ + 1

2(y−1)
, where γ denotes the Euler-Mascheroni constant. 2

Theorem 2. Assume that the basis {pµ}µ∈IN0 is constructed via Theorem 1, where
the constant η ∈ IN additionally satisfies ε < 3/2η−1.
a) If the function g is absolutely continuous with a derivative of bounded variation,
then

sup
x∈[−1,1]

‖
n∑

µ=0

pµ(x) pµ(·)‖L1
w

≤ 4

π2
ln

1

ε
+ C,

where C is an absolute constant depending only on g and bounded above by

C ≤ 3.29 +
2

π

√
V ((g2 − g2

c )
′)‖g2 − g2

c‖1

+
4

π

√
V ((g(1 + ·)g(1 − ·))′)‖g(1 + ·)g(1 − ·)‖1 (10)

+
16(π + 1)

π2
max{V (g′)‖g‖1, V (g̃′)‖g̃‖1},
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where gc is the function given by (7).
b) If we choose g ≡ gc, then the Lebesgue constants satisfy

sup
x∈[−1,1]

‖
n∑

µ=0

pµ(x) pµ(·)‖L1
w

≤ 4

π2
ln

1

ε
+ 80.72.

Proof. The proof is based on the splitting (3) and the lemmas above. The first
estimate in (3) remains to be shown, but it is well-known that for n ≤ 2η < 6/ε,

sup
x∈[−1,1]

∥∥∥∥∥∥
1

2
T0(x)T0 +

n∑

µ=1

Tµ(x)Tµ

∥∥∥∥∥∥
L1

w

=
1

π

∫ π

0

| sin(2n+1
2
t)|

sin( t
2
)

dt < 1.51 +
4

π2
lnn ≤ 1.51 +

4

π2
ln 2η < 2.24 +

4

π2
ln

1

ε
.

The standard proof for this estimate follows the same lines as the estimate for ‖v̂‖1

in the proof of Lemma 4 and can also be found, e.g., in [1], Proposition 1.2.3.

Hence if we set A0 := 2.24+ 4
π2 ln 1

ε
, A1 := 1

2π

(
‖F(g∗2)‖1 + ‖F(2g(1 + ·)g(1 − ·))‖1

)

and A2 := π+1
π2 max{‖ĝ‖2

1, ‖̂̃g‖2
1}, then the estimates in (3) are satisfied, and

max{A0, A1 +A2} is an upper bound of the Lebesgue constants for {pµ}. In order to
give explicit numerical bounds, we estimate ‖F(2g(1+ ·)g(1−·))‖1, ‖ĝ‖1 and ‖̂̃g‖1 by
Lemma 3, and for ‖F(g∗2)‖1 we use Lemma 4 with λ = mj/nj ≥ 1/2η+1 > ε/12:

‖F(g∗2)‖1 ≤ ‖F(v)‖1 + ‖F(g∗2 − v)‖1

≤ 8

π
ln

1

λ
+ 14.33 + 4

√
V ((g∗2 − v)′)‖g∗2 − v‖1

≤ 8

π
ln

1

ε
+ 20.66 + 4

√
V ((g2 − g2

c )
′)‖g2 − g2

c‖1,

since rescaling yields

V ((g∗2 − v)′) =
1

λ
V ((g2 − g2

c )
′) and ‖g∗2 − v‖1 = λ‖g2 − g2

c‖1.

If we choose g ≡ gc, then we can use Lemma 4 for ‖F(g∗2)||1, and we can explicitly
compute

F(2g(1 + ·)g(1 − ·))(θ) = 4π
cos(θ)

π2 − 4θ2
, ĝ(θ) = 8π

cos(2θ)

π2 − 16θ2
,

and then, along the lines of the proof of Lemma 4,

‖F(2g(1 + ·)g(1 − ·))‖1 = ‖ĝ‖1 = 4
∫ π

0

sin t

t
dt.

13



For ‖ˆ̃g‖1 we have to use Lemma 3, however, which gives us

‖ˆ̃g‖1 ≤ 4
√
V (g̃′)‖g̃‖1 = 4

√

9 +
3π

4
.

Putting all of this together, we obtain

sup
x∈[−1,1]

‖
n∑

µ=0

pµ(x) pµ(·)‖L1
w

≤ 4

π2
ln

1

ε
+ 80.72.

2

In [3], the function

g(x) :=






2−|x|√
2+2(|x|−1)2

if |x| ≤ 2,

0 otherwise,

was used to construct the bases. In this case we obtain directly from Theorem 2,

C ≤ 82.3.

Here we have numerically estimated V ((g2 − g2
c )

′) ≈ 1.875; the other quantities can
be computed analytically.
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