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 2001 Narosa Publishing House, New Delhi, India10. Trigonometric WaveletsJ. PrestinMedical University of L�ubeck, Institute of MathematicsD{23560 L�ubeck, Germany1. IntroductionTrigonometric polynomials and the approximation of periodic functions bypolynomials play an important role in harmonic analysis. Here we are inter-ested in constructing time-localized bases for certain spaces of trigonometricpolynomials. Adapting basic ideas of wavelet theory, translation invariantand orthonormal bases are employed, both of which are constructed fromequidistant shifts of a single polynomial. One of our main goals is the inves-tigation of basis transformations in a form that facilitates fast algorithms.We observe that the corresponding transformation matrices have a circu-lant structure and can be diagonalized by Fourier matrices. The resultingdiagonal matrices contain the eigenvalues, which are computed explicitly.So, the algorithms can be easily realized using the Fast Fourier Transform(FFT).Further, we consider the nesting of the sample spaces to obtain multires-olution analyses (MRA's). For the resulting orthogonal wavelet spaces, weproceed as above and �nd wavelet bases consisting of translates of a sin-gle polynomial. Again, translation invariant and orthonormal bases areconstructed, which show the same time-frequency behaviour as the sam-ple bases do. The basis transformations can be described analogously bycirculant matrices.Most important for practical reasons are the decomposition of signals infrequency bands, which correspond to the wavelet spaces, and their recon-struction. Focusing on basis transformations, the two-scale relations anddecomposition formulas are also given in matrix notation suitable for theuse of FFT methods. Then the transformations for signal data follow easily.Let us start with the explanation of time localization and frequencylocalization for trigonometric polynomials. If we consider a polynomialpn 2 �n then pn(x) = nXk=�n ck(f)eikx



184 Prestinis a basis representation in terms of the naturally best frequency localizedbasis feikxg . The coe�cients ck(f) turn out to be the Fourier coe�cientsck(f) = 12� �Z�� f(t)e�iktdt:On the other hand, if we want to write the polynomial pn in a basis suchthat the coe�cients give the most time localized information we end upwith a representation of pn as a Lagrange interpolation polynomialpn(x) = 1n nXk=�n+1 pn�k�n �D�n�x� k�n � :Here D�n is the modi�ed Dirichlet kernelD�n(x) = 12 n�1Xk=�n+1 eikx + einx + e�inx4= 8<: sinnx2 tan x2 ; if x =2 2�Z;n; if x 2 2�Z:Obviously, the coe�cients pn �k�n � yield the most time localized informa-tion of pn .These two bases namelyfeikxgnk=�n and �D�n�x� k�n ��nk=�n+1 ;could be seen as extreme cases of time- and frequency localized bases incorresponding spaces. As one can assume there is no basis which is optimalin both senses. However, one could try to �nd a compromise althoughthe di�erent uncertainty principles behind are not the topic of this article(cf. [1], [2], [8], [12], [13]). Our aim is to construct a couple of basesconsisting of equidistant translates of one underlying function with di�erentproperties.The basic idea is the orthogonal decompositionL22� =W�1 �W0 �W1 �W2 � : : : :Hence, every f 2 L22� can be uniquely decomposed into the sumf = 1Xj=�1 fj



Trigonometric Wavelets 185with fj 2 Wj ; j = �1; 0; 1; 2; : : : . How to choose now these spaces Wj ?The general idea is to compose Wk from functions living mainly in a certainfrequency band. However, to ensure also time localization one needs nowbasis elements  j;s in Wj which are time{localized as much as possible.A particular interesting constellation is given by j;s(x) = 	j �x� s�2j � ; s = 0; : : : ; 2j+1 � 1;and Wj = spanf j;s : s = 0; : : : ; 2j+1 � 1g: (1)For di�erent purposes it is also essential to put together some wavelet spacesto build new spaces. We write for j = �1; 0; 1; : : :Vj+1 =W�1 �W0 �W1 �W2 � : : :�Wj :In applications one starts often with a projection of a given function intoVj . Therefore it is important to know bases for Vj . As usual we call afunction �j scaling function if the�j;s(x) = �j �x� s�2j � ; s = 0; : : : ; 2j+1 � 1;constitute a basis for Vj , i.e.,Vj = spanf�j;s : s = 0; : : : ; 2j+1 � 1g: (2)Now we want to discuss the possibilities of decomposition and reconstruc-tion. First we start with a function �j+1 2 L22� spanning Vj+1 . Thequestion whether we can decompose Vj+1 into an orthogonal sum of Vjand Wj spanned by the translates of �j and 	j we can answer in thefollowing a�rmative way.Theorem 1.1 Let �j+1 2 L22� be given.a) The translates �j+1;s; s = 0; : : : ; 2j+2 � 1 are linearly independentif and only if the Fourier coe�cientsck = ck(�j+1)satisfy1Xm=�1 j ck+m�2j+2 j2 > 0 for all k = 0; : : : ; 2j+2 � 1: (3)



186 Prestinb) If (3) is satis�ed then the space Vj+1 of dimension 2j+2 spanned bythe 2j+2 equidistant translates can be decomposed into an orthogonalsum Vj+1 = Vj �Wj ;where Vj and Wj are both of dimension 2j+1 and spanned by trans-lates of some functions �j and 	j , respectively (cf. (1), (2)).A proof can be found in [15] or [10]. Note that the decomposition is notuniquely determined.Unfortunately, the converse of this decomposition theorem is not true.i.e., if one starts with two arbitrary spaces Vj and Wj of dimension 2j+1and of the form (1) and (2) respectively, then Vj �Wj is not necessarilyspanned by the 2j+2 equidistant translates of one function. We give herethe following counter example from [15]. Let j = 0 and�0(x) = 0Xk=�3 eikx; 	0(x) = 3Xk=1 eikx:ThenV0 = spanf�0; �0(� � �)g = spanf1 + e�2i�; e�i� + e�3i�g;W0 = spanf	0; 	0(� � �)g = spanfe2i�; ei� + e3i�g:Easily one can see V0 ?W0 . WritingV1 = V0 �W0the question is whether V1 is spanned by a function �1 and its 3 translatesV1 = span��1; �1 �� � �2� ; �1 (� � �) ; �1�� � 2�2 �� : (4)Assume now that (4) is true. Then it follows for every f 2 V1 that thefunction f �� � 3�2 � is an element of V1:In particular, f = ei� + e3i� 2 W0 � V1 butf �� � 3�2 � = �i(ei� � e3i�) =2 V1:Hence, (4) is not satis�ed, which means that reconstruction is not alwayspossible. Therefore it is not the usual way to start with wavelet functionsand to construct scaling functions out of them.2. Modi�ed Fourier Sums of Spline FunctionsIn this section we present counter examples of bases for particular poly-nomial spaces Vj and Wj . Other examples of trigonometric poynomial



Trigonometric Wavelets 187wavelets are studied e.g. in [12], [13], [14]. More informations on the gen-eral construction principles of periodic wavelets can be found in [6], [8],[10], [15].In the following we write N = 2j for j 2 N0 . For simplicity we chooseas a starting point the following de�nition of polynomial spaces of scalingfunctionsVj := span f1; cosx; : : : ; cos(N � 1)x; sinx; : : : ; sinNxg: (5)Note that this de�nition is not of the form (2). However, we will show arepresentation of that kind in the sequel.Note further that the examples presented here depend essentially on thefact that sinN� is included and cosN� is excluded. One could exchangethe frequency sinN� by cosN� in the de�nition of Vj . Spaces of thatkind are discussed in detail in [11], [13], [15].Easily we obtain the following two properties which are satis�ed forthese spaces of polynomialsVj � Vj+1; j 2 N0 ;L22� = closL22� 8<: 1[j=0Vj9=; :Analogously we de�ne for j 2 N0Wj := span fcosNx; : : : ; cos(2N � 1)x; sin(N + 1)x; : : : ; sin 2Nxg: (6)The spaces Vj and Wj for j 2 N0 have dimension 2N and it holdsVj+1 = Vj �Wj ;L22� = closL22� 8<:V0 � 1Mj=0Wj9=; :Now we want to construct scaling functions and wavelets with the prop-erties (2) and (1), respectively. This approach goes back to the paper ofChui and Mhaskar [3] and the generalizations presented here are taken fromIhsberner [5].For shortness we write in the sequelxj;k := 2�k2N ; k = 0; 1; : : : ; 2N � 1:A typical candidate for the scaling function seems to be the modi�ed Dirich-let kernel and its translates which is motivated by the localization propertiesD�N �2�k2N � =8<: 0; if k 6� 0 mod 2N;N; if k � 0 mod 2N: (7)



188 PrestinHowever, D�N is not an element of Vj as de�ned here. To overcome this dif-�culty we proceed here by integrating the modi�ed Dirichlet kernel. There-fore we de�ne scaling functions for s = 0; : : : ; 2N � 1 by�j;s(x) := �j(x � xj;s)with �j(x) := 1� Z xj;10 D�N(x � t) dt: (8)By the help of the convolution of periodic functions we can write�j(x) = 1� (hj �D�N )(x);where the 2� -periodic function hj is given byhj(x) := � 1; if x 2 [0; xj;1);0; otherwise in (��; �):Note that hj is also a (Haar-)scaling function for a spline multiresolution.Analogously we de�ne wavelets for s = 0; : : : ; 2N � 1 by j;s(x) := 	j(x� xj;s);where 	j(x) := 1� Z xj+1;10 (D�2N (x � t)�D�N (x� t)) dt� 1� Z xj;1xj+1;1(D�2N (x� t)�D�N (x� t)) dt: (9)Again we rewrite this de�nition by introducing the corresponding 2� -periodic (Haar-)spline waveletgj(x) := 8><>: 1; if x 2 [0; xj+1;1);�1; if x 2 [xj+1;1; xj;1);0; otherwise in (��; �):We obtain 	j(x) = 1� (gj � (D�2N �D�N ))(x):These scaling functions and wavelets can also be seen as modi�ed Fouriersums of the Haar functions hj and gj , respectively.



Trigonometric Wavelets 189Writing the modi�ed Fourier sum for f 2 L22� and m 2 N asS�m(f; x) := a02 + m�1Xk=1 (ak cos kx+ bk sin kx) + am2 cosmx+ bm2 sinmx;where ak := 1� �Z�� f(t) cos kt dt; bk := 1� �Z�� f(t) sin kt dt;we derive immediately�j(x) = S�N (hj ; x);	j(x) = S�2N (gj ; x)� S�N (gj ; x):Consequently we obtain the following imbedding.Lemma 2.1 For s = 0; : : : ; 2N�1 the scaling functions �j;s are elementsof Vj and the wavelets  j;s are elements of Wj .Proof Representing the scaling functions �j;s in terms of linear combina-tions of the sine and cosine functions we have�j;s(x) = 12N + N�1Xk=1 1�k �(sinxj;k(s+1) � sinxj;ks) cos kx+ (cosxj;ks � cosxj;k(s+1)) sin kx�+ (�1)sN� sinNxwhich means �j;s 2 Vj . For the wavelets  j;s we write j;s(x) = (�1)sN� cosNx+ 1N� sin 2Nx+ 2N�1Xk=N+1 1�k �(2 sinxj+1;k(2s+1) � sinxj;k(s+1) � sinxj;ks) cos kx+ (cosxj;ks � 2 cosxj+1;k(2s+1) + cosxj;k(s+1)) sin kx�and hence  j;s 2Wj . �It remains to prove the linear independence of the translates so that thescaling functions and wavelets really constitute a basis. Using (3) we will



190 Prestinshow that later.Let us mention here the lack of localization as a particular drawback of thescaling functions and wavelets de�ned above. As it is known for Dirichletkernels there are large oscillations also away from the point of amplitude.This can be illustrated by di�erent measures. The most famous is the L12� -norm which includes an additional term of logarithmic order. Another oneis an uncertainty product for periodic functions given by Breitenberger (cf.[2], [8], [12]). A third one is the ability of detection of singularities withsuch wavelets (cf. [7]). We do not go here into the details of these time-frequency localization properties.Our aim here is now to introduce better localized scaling functions andwavelets for the spaces Vj and Wj de�ned in (5) and (6), respectively.Therefore we generalize Haar functions to splines of higher order. They aremore smooth which yields scaling functions and wavelets which are more lo-calized in the sense that they have less oscillations. In other words one couldalso say they have a smaller L12� -norm, or they have a smaller uncertainty-product or they are better suited for the detection of singularities of higherorder.As usual we de�ne these splines by convolution. Therefore for 0 < b < �let �h:= 12b �[�b;b]; in (��; �) (10)and 2� -periodically extended. For l 2 N and bl < � let�Hl := 8>>><>>>: �h; if l = 1;�h � : : : � �h| {z }l�1 convolutions; if l > 1: (11)Let us note that �Hl is zero in (��; �) n (�lb; lb) and for l > 1 the spline�Hl is l�2 times continuously di�erentiable. Furthermore, in the intervals[�l b + 2b (k � 1);�l b + 2b k] for k = 0; : : : ; l the spline is an algebraicpolynomial of degree (l � 1) . To simplify our further considerations weassume that b � 1N where N is the highest order of sampling we startwith and b is not a rational multiple of � .After these preliminaries the following de�nitions are very straightfor-ward.De�nition 2.1 For l 2 N and s = 0; : : : ; 2N � 1 we write�lj;s(x) = �lj(x� xj;s) := S�N ( �Hl �hj ; x� xj;s)= ( �Hl ��j;s)(x) (12)



Trigonometric Wavelets 191and lj;s(x) = 	lj(x � xj;s) := S�2N ( �Hl �gj ; x� xj;s)� S�N ( �Hl �gj ; x� xj;s)= ( �Hl � j;s)(x): (13)For l = 0 we write analogously�0j;s(x) = �0j (x� xj;s) := �j;s(x)and  0j;s(x) = 	0j (x� xj;s) :=  j;s(x):Again we have easily the following imbedding.Theorem 2.1 For s = 0; : : : ; 2N � 1 the scaling functions �lj;s areelements of Vj and the wavelets  lj;s are elements of Wj .Proof By Lemma 2.1 the functions �lj;s are elements of Vj . Then aconvolution with the even function �Hl remains in Vj . The same holdstrue for the wavelets. �To show basis properties of these scaling functions and wavelets wecompute the complex Fourier coe�cients. Therefore, for f; g 2 L12�; k 2 Zand y 2 R we make extensive use ofck(f � g) = 2� ck(f) ck(g);ck(f(� � y)) = ck(f) e�iky :Moreover, the Fourier coe�cients of the characteristic function �[�b;b] fork 2 Z can be calculated byck(�[�b;b]) = 12� Z b�b e�ikt dt = 2b2� sinc kb;where the sinus cardinalis is de�ned bysinc x = ( sinxx ; if x 6= 0;1; if x = 0:With xj;1 = �=N and the observation �(�b=2;b=2)(� � b=2) = �(0;b) we



192 Prestinobtain ck(�0j ) = 1� ck ��[� �2N ; �2N ] �� � �2N � �D�N�= 2 ck ��[� �2N ; �2N ]� e�i k�2N ck(D�N )= 1N sinc k�2N e�i k�2N ck(D�N )= 8>>>>><>>>>>: 12N ; if k = 0;i2k� �e�i k�N � 1� ; if 0 < jkj < N;�i2N� ; if jkj = N;0; if jkj > N:With ck( �Hl) = 12� sincl kbwe obtain ck(�lj) = ck(�0j� �Hl)= 2� ck(�0j ) ck( �Hl)= ck(�0j ) sincl kb:Hence the scaling functions �lj possess for l 2 N0 the following represen-tation �lj(x) = NXk=�N ck(�lj)eikx;whereck(�lj) = ck(�0j ) sincl kb= 8>>>>><>>>>>: 12N ; if k = 0;i2k� �e��ikN � 1� sincl kb; if jkj = 1; : : : ; N � 1;�i2N� sinclNb; if jkj = N;0; otherwise.Analogously, for l 2 N0 the wavelet functions 	lj satisfy	lj(x) = 2NXjkj=N ck(	lj) eikx;



Trigonometric Wavelets 193whereck(	lj) = ck(	0j ) sincl kb= 8>>>>><>>>>>: 12N� sinclNb; if jkj = N;ik� (1� cosxj+1;k) e��ik2N sincl kb; if N < jkj < 2N;�i2N� sincl 2Nb; if jkj = 2N;0; otherwise.Now we are enabled to show the basis properties of these functions.Theorem 2.2 For l = 0; 1; 2; : : : the systemBj(�lj) := f�lj(x� xj;s)g2N�1s=0 = f�lj;s(x)g2N�1s=0is a basis for Vj andBj(	lj) := f	lj(x � xj;s)g2N�1s=0 = f lj;s(x)g2N�1s=0is a basis for Wj .Proof We use Theorem 1.1 which states that Bj(�lj) is a basis ofspanf�lj(x� xj;s) : s = 0; : : : ; 2N � 1g;i� 1Xm=�1 jcs+m2N (�lj)j2 > 0 for s = 0; : : : ; 2N � 1:The nonvanishing Fourier coe�cients of �lj are exactlyc�N (�lj); : : : ; c�1(�lj); c0(�lj); c1(�lj); : : : ; cN (�lj):Hence, the sum for s = 0; : : : ; 2N � 1 can be written as1Xm=�1 jcs+m2N (�lj)j2 = jcs(�lj)j2 + jcs�2N (�lj)j2 > 0:From Lemma 2.1 and Theorem 2.1 we have the imbedding of these linearindependent functions into Vj . The space Vj has dimension 2N . Thus,Vj = spanf�lj(x � xj;s) : s = 0; : : : ; 2N � 1gand Bj(�lj) is a basis of Vj .



194 PrestinAnalogously we prove the second part. For arbitrary l 2 N0 the non-vanishing Fourier coe�cients arec�2N(	lj); : : : ; c�N (	lj); cN (	lj); : : : ; c2N (	lj)and we obtain1Xm=�1 jcs+m2N (�lj)j2 = 1Xm=�1 jcs+m2N (	lj)j2 > 0 for s = 0; : : : ; 2N � 1:This implies that Bj(	lj) is a basis of span f	lj(x�xj;s) : s = 0; : : : ; 2N�1g: Because of the dimension of Wj is 2N and Theorem 2.1 we obtainthat Bj(	lj) is a basis for Wj . �Note that by de�nition of Vj und Wk the orthogonality�lj;s ?  mk;rfor k � j and arbitrary r; s; l;m 2 N0 is easily seen.However, these bases Bj(�lj) and Bj(	lj) are not orthogonal basesin the sense that the translates itself are orthogonal to each other. Butthere is a simple orthonormalization principle available. Particularly, oneis interested in a procedure which ends up again in a translation invariantbasis. Also for this purpose the sums of the form (3) play a very importantrole. In [10, 15] the following result is proved.Lemma 2.2 If ��j and 	�j are 2� -periodic functions with Fourier coef-�cients ck(�l�j ) = ck(�0�j ) sincl kbjsincl kbj= 8>>>>><>>>>>: 1p2N ; if k = 0;e��ik2N sinl kbp2N j sinl kbj ; if jkj = 1; : : : ; N � 1;�i sinlNb2pN j sinl Nbj ; if jkj = N;0; otherwise,



Trigonometric Wavelets 195and ck(	l�j ) = ck(	0�j ) sincl kbjsincl kbj= 8>>>>>><>>>>>>: sinlNb2pN j sinl Nbj ; if jkj = N;i e��ik2N sinl kbp2N j sinl kbj ; if jkj = N + 1; : : : ; 2N � 1;�i sinl 2Nb2pN j sinl 2Nbj ; if jkj = 2N;0; otherwise,respectively, thenBj(�l�j ) := f�l�j (x� xj;s)g2N�1s=0 = f�l�j;s(x)g2N�1s=0is an orthonormal basis for Vj andBj(	l�j ) := f	l�j (x� xj;s)g2N�1s=0 = f l�j;s(x)g2N�1s=0is an orthonormal basis for Wj .Proof In [10, 15] the following result is proved. If1Xm=�1 jcs+m2N (�lj)j2 > 0 for s = 0; : : : ; 2N � 1;i.e., if the translates are linearly independent, then the orthonormalizationprocedure consists in puttingck(�l�j ) := ck(�lj)p2N qP1m=�1 jckj+m2N (�lj)j2 (14)( k 2 Z , kj = k mod 2N ),to construct �l�j . Out of (14) the assertions can be easily deduced.3. Decomposition and ReconstructionA cornerstone for the development of reconstruction and decomposition al-gorithms for the trigonometric multiresolution analysis described in Section2 is the knowledge of the corresponding reconstruction and decompositionsequences for the spaces Vj and Wj . This section is devoted to the com-putation of these two-scale sequences for reconstruction and decomposition.As Vj � Vj+1 , there must be coe�cients pj;n;s such that�j;n = 4N�1Xs=0 pj;n;s�j+1;s:



196 PrestinThe Theorem 3.1 establishes the precise values of these pj;n;s .The other pair of important sequences for our approach are the so-called decomposition sequences. As Vj+1 = Vj � Wj for j 2 N0 , any�j+1;s 2 Vj+1 can be written as a linear combination of the basis functionsof Vj and Wj , i.e. �j;k and  j;k .Note that we simplify our investigations by using the same b in (10) forany space Vj and Wj . The general case can be obtained again by simplebasis transformations of the same kind as described in the sequel.An important part of the following observations is based on interpolationtype representations of trigonometric polynomials (cf. [16], Chap. 10). Theessential point is that1mD�m�x� 2k + 12m �� for k = 0; : : : ; 2m� 1can be used as fundamental polynomials of Lagrange interpolation (see (7)).More precisely, we obtain for trigonometric polynomials of the form�T (x) = 12a0 + m�1Xk=1 (ak cos kx+ bk sin kx) + bm sinmxthat �T (x) = 1m 2m�1Xk=0 T �2k + 12m ��D�m�x� 2k + 12m �� :Analogous statements could be made for the fundamental poynomials1mD�m�x� 2k2m�� for k = 0; : : : ; 2m� 1:Hence, for arbitrary polynomialsT (x) = 12a0 + mXk=1(ak cos kx+ bk sin kx)we have the two di�erent representationsT (x) = am cosmx+ 1m 2m�1Xk=0 T �2k + 12m ��D�m�x� 2k + 12m �� (15)= bm sinmx+ 1m 2m�1Xk=0 T � 2k2m��D�m�x� 2k2m�� : (16)Theorem 3.1 (Two-scale relations) For l 2 N0 and k = 0; : : : ; 2N�1it holds �lj;k(x) = 12N 4N�1Xs=0 Rj(xj+1;s)�lj+1;2k+s(x) (17)



Trigonometric Wavelets 197and  lj;k(x) = 12N 4N�1Xs=0 �Rj (xj+1;s)�lj+1;2k+s(x); (18)where the coe�cients are point evaluations of the trigonometric polynomialsRj(x) := D�N(x) +D�N(x � xj+1;1) (19)and�Rj (x) := D�2N (x)�D�2N (x� xj+1;1)�D�N(x) +D�N(x � xj+1;1): (20)Proof With (19), (20) and substitution we obtain for l = 0�0j;k(x) = 1� Z �2N0 Rj(x� xj;k � t) dt (21)and  0j;k(x) = 1� Z �2N0 �Rj (x � xj;k � t) dt: (22)Note that Rj and �Rj are trigonometric polynomials of degree 2N without2N th sine frequency. Applying (16), namelyRj(x� xj;k � t) = 12N 4N�1Xs=0 Rj(xj+1;s)D�2N (x� xj+1;2k+s � t) (23)and�Rj (x� xj;k � t) = 12N 4N�1Xs=0 �Rj (xj+1;s)D�2N (x� xj+1;2k+s � t) (24)we deduce from (21) and (23) that�0j;k(x) = 12N 4N�1Xs=0 Rj(xj+1;s)�0j+1;2k+s(x):Analogously, from (22) and (24) it follows 0j;k(x) = 12N 4N�1Xs=0 �Rj (xj+1;s) 0j+1;2k+s(x):



198 PrestinUsing l -times convolution yields for arbitrary l 2 N0 (cf. (12) and (13))that �lj;k(x)= 1(2b)l bZ�b : : : bZ�b �0j;k(x� s1 � : : :� sl) ds1 : : : dsl= 1(2b)l bZ�b : : : bZ�b 12N 4N�1Xs=0 (Rj(xj+1;s)��0j+1;2k+s(x� s1 � : : :� sl)) ds1 : : : dsl= 12N 4N�1Xs=0 Rj(xj+1;s) 1(2b)l �bZ�b : : : bZ�b �0j+1;2k+s(x� s1 � : : :� sl) ds1 : : : dsl= 12N 4N�1Xs=0 Rj(xj+1;s)�lj+1;2k+s(x)and lj;k(x) = 1(2b)l bZ�b : : : bZ�b  0j;k(x � s1 � : : :� sl) ds1 : : : dsl= 1(2b)l bZ�b : : : bZ�b 12N �4N�1Xs=0 �Rj (xj+1;s) 0j+1;2k+s(x� s1 � : : :� sl) ds1 : : : dsl= 12N 4N�1Xs=0 �Rj (xj+1;s) 1(2b)l �bZ�b : : : bZ�b  0j+1;2k+s(x� s1 � : : :� sl) ds1 : : : dsl



Trigonometric Wavelets 199= 12N 4N�1Xs=0 �Rj (xj+1;s) lj+1;2k+s(x): �The two-scale relations allow a reconstruction of signals. To obtainformulas for the inverse operation we introduce some abbreviations. Let usde�ne for all j 2 N0 a 2N -periodic bi-in�nite sequence �j;s by�j;s := s; s = 1; : : : ; 2j+1: (25)Furthermore let�j;k := 1N N�1Xs=1 tan xj+1;s2 sinxj;sk;�j;k := D�N �2k + 12N �� ; (26)cj;k := 12�k;0 + (�1)k4N ;dj;k := 12N ( 1N 2N�1Xs=0 ��j;k�s � �j;k + �j;k+12 � �j;s) :Theorem 3.2 (Decomposition formula) For all l 2 N0 and m < 2Nwe have�lj+1;2m(x) =2N�1Xk=0 (cj;k � 12�j;k)�lj;k+m(x) + 12 lj;m(x)+ (�1)m4N 2N�1Xk=0 (�1)k  lj;k(x) + 2N�1Xk=0 dj;k  lj;k+m(x) (27)and�lj+1;2m+1(x) = 2N�1Xk=0 (cj;k + 12�j;k)�lj;k+m(x) � 12 lj;m(x) (28)� (�1)m4N 2N�1Xk=0 (�1)k  lj;k(x) + 2N�1Xk=0 dj;k  lj;k+m(x):To show this result we need some preliminary observations.Lemma 3.1 For N 2 N and l 2 N0 we have� 1Nb�l sinlNb sinNx = �2 2N�1Xs=0 (�1)s�lj;s(x) (29)



200 Prestinand � 1Nb�l sinlNb cosNx = �2 2N�1Xs=0 (�1)s lj;s(x): (30)Proof We start with� 2N�l sinlNb sinNx= Z b�b : : : Z b�b sinN(x� s1 � : : :� sl) ds1 : : : dsl= N2 Z b�b : : : Z b�b Z �N0 cosN(x� t� s1 � : : :� sl) dt ds1 : : : dsl:From (16) we deducecosNx = 1N 2N�1Xs=0 cos(Nxj;s)D�N (x� xj;s):Thus� 1Nb�l sinlNb sinNx= 12 2N�1Xs=0 cos(Nxj;s) 1(2b)lZ b�b : : : Z b�b Z �N0 D�N (x� xj;s � t� s1 � : : :� sl) dt ds1 : : : dsl= �2 2N�1Xs=0 (�1)s�lj;s(x);which proves (29). To show (30) we note thatcosNx = N2 (Z �2N0 cosN(x� t) dt� Z �N�2N cosN(x� t) dt) : (31)



Trigonometric Wavelets 201Rewriting the righthand side by using (16) we obtaincosN(x� t) = 2 cosN(x� t)� cosN(x� t)= 22N 4N�1Xk=0 cos(Nxj+1;k)D�2N (x� t� xj+1;k)� 1N 2N�1Xk=0 cos(Nxj;k)D�N (x� t� xj;k)= 1N 2N�1Xk=0 (�1)k (D�2N (x� t� xj;k)�D�N (x� t� xj;k)) : (32)Inserting (32) in (31) and applying the de�nition of  j;s we obtaincosNx = �2 2N�1Xs=0 (�1)s j;s(x):Hence,� 1Nb�l sinlNb cosNx= 1(2b)l Z b�b : : :Z b�b cosN(x� s1 � : : :� sl) ds1 : : : dsl= �2 2N�1Xs=0 (�1)s 1(2b)l Z b�b : : :Z b�b  j;s(x� s1 � : : :� sl) ds1 : : : dsl= �2 2N�1Xs=0 (�1)s lj;s(x):Lemma 3.2 For l 2 N0 und m = 0; 1; : : : ; 2N � 1 it holds�lj+1;2m � �lj+1;2m+1= � 2N�1Xs=0 �j;s�m �lj;s +  lj;m + (�1)m2N 2N�1Xs=0 (�1)s  lj;s:Proof In a �rst step we prove the Lemma for l = 0 . Applying the



202 Prestinde�nitions (8) and (9) we obtain�j+1;2m(x)� �j+1;2m+1(x)�  j;m(x)= �j+1(x� xj;m)� �j+1(x� xj;m � xj+1;1)�	j(x � xj;m)= 1� Z �2N0 (D�N (x� t� xj;m)�D�N (x� t� xj;m � xj+1;1)) dt= 1� N�1Xk=1 Z �2N0 (cos k(x� t� xj;m)� cos k (x� t� xj;m � xj+1;1) dt+ 12� Z �2N0 (cosN(x� t� xj;m))� cosN (x� t� xj;m � xj+1;1) dt:Exploring the identityZ �N0 sin k(x� t) dt = 2k sin k�2N sin k �x� �2N � ; k 2 N;we simplify for k = 1; : : : ; N the integralZ �2N0 (cos k(x� t)� cos k (x� t� xj+1;1)) dt= �2 sin k�4N Z �2N0 sin k �x� t� �4N � dt (33)= �4 sin2 � k�4N �k sin k �x� �2N �= �2 sin2 � k�4N �sin � k�2N � Z �N0 sin k(x� t) dt= � tan� k�4N�Z �N0 sin k(x� t) dt: (34)



Trigonometric Wavelets 203Moreover, for k = N it follows from (33) and (30) thatZ �2N0 (cosN(x� t)� cosN (x� t� xj+1;1)) dt= �2 sin N�4N Z �2N0 sinN �x� t� �4N � dt= �p2N �cos�Nx� 3�4 �� cos�Nx� �4��= 2N cosNx= �N 2N�1Xs=0 (�1)s j;s(x): (35)On the other hand, for k = 1; : : : ; N � 1 we apply (34) and (16) to obtainZ �2N0 (cos k(x� t)� cos k (x� t� xj+1;1)) dt= � 1N tan� k�4N � 2N�1Xs=0 sin kxj;s Z �N0 D�N(x � t� xj;s) dt= � �N tan� k�4N � 2N�1Xs=0 (sinxj;sk)�j;s(x): (36)With (36), (35) and the de�nition of the �j;s we argue1� N�1Xk=1 Z �2N0 (cos k(x� t� xj;m)� cos k (x� t� xj;m � xj+1;1)) dt+ 12� Z �2N0 (cosN(x� t� xj;m)� cosN (x� t� xj;m � xj+1;1)) dt= � 2N�1Xs=0 �j;s�j;s(x� xj;m) + 12N 2N�1Xs=0 (�1)s j;s(x� xj;m);so that�j+1;2m(x)� �j+1;2m+1(x)�  j;m(x)= � 2N�1Xs=0 �j;s�j;s(x� xj;m) + 12N 2N�1Xs=0 (�1)s j;s(x� xj;m):



204 PrestinThis yields the assertion for l = 0 . In the general case l � 0 we write�lj+1;2m(x) � �lj+1;2m+1(x) �  lj;m(x)= 1(2b)l bZ�b : : : bZ�b (�j+1;2m(x� s1 � : : :� sl)��j+1;2m+1(x� s1 � : : :� sl)�  j;m(x� s1 � : : :� sl)) ds1 : : : dsl= � 2N�1Xs=0 �j;s�m 1(2b)l bZ�b : : : bZ�b �j;s(x � s1 � : : :� sl) ds1 : : : dsl+(�1)m2N 2N�1Xs=0 (�1)s 1(2b)l bZ�b : : : bZ�b  j;s(x� s1 � : : :� sl) ds1 : : : dsl= � 2N�1Xs=0 �j;s�m �lj;s + (�1)m2N 2N�1Xs=0 (�1)s  lj;s:In the next Lemma we use for j; l 2 N0 und k = 0; : : : ; 2N � 1 theabbreviations Slk = Slj;k := �lj;k +  lj;kand M lk =M lj;k := �lj;k �  lj;k:Lemma 3.3 For l 2 N0 and m = 0; : : : ; 2N � 1 we have�lj+1;2m � �lj+1;2m�2 = 1N 2N�1Xk=0 �j;k�mSlk � Slm�1+ 12N 2N�1Xk=0 (�1)m�kSlk;�lj+1;2m+1 � �lj+1;2m�1 = M lm � 1N 2N�1Xk=0 �j;k�mM lk+ 12N 2N�1Xk=0 (�1)m�kM lk



Trigonometric Wavelets 205and therefore�lj+1;2m + �lj+1;2m+1 � �lj+1;2m�2 � �lj+1;2m�1= 2N 2N�1Xk=0 �j;k�m lj;k �  lj;m �  lj;m�1 + �lj;m � �lj;m�1+ 1N 2N�1Xk=0 (�1)m�k�lj;k: (37)Proof Using (17), (18) and (26) we obtainSlk = �lj+1;2k + 1N 2N�1Xs=0 �j;s�1�lj+1;2k+2s= �lj+1;2k + 1N 2N�1Xs=0 �j;k�s�lj+1;2s (38)and M lk = �lj+1;2k+1 + 1N 2N�1Xs=0 �j;s�lj+1;2k+2s+1= �lj+1;2k+1 + 1N 2N�1Xs=0 �j;k�s�1�lj+1;2s+1: (39)Furthermore, for j 2 N0 and k = 0; 1; : : : ; 2N � 1 we compute with (15)1N 2N�1Xs=0 �j;s�j;s�k = N�k;0 � 12(�1)k: (40)With (40) and (38) we obtain for m = 0; 1; : : : ; 2N � 1 that1N 2N�1Xk=0 �j;k�mSlk= 1N 2N�1Xk=0 �j;k�m�lj+1;2k + 1N 2N�1Xs=0  1N 2N�1Xk=0 �j;k�m�j;k�s!�lj+1;2s= 1N 2N�1Xk=0 �j;(m�1)�k�lj+1;2k + 1N 2N�1Xs=0  1N 2N�1Xk=0 �j;k�j;k+m�s!�lj+1;2s= Slm�1 � �lj+1;2m�2 + �lj+1;2m � 12N 2N�1Xs=0 (�1)s�m�lj+1;2s;



206 Prestinwhich implies�lj+1;2m � �lj+1;2m�2= 1N 2N�1Xk=0 �j;k�mSlk � Slm�1 + 12N 2N�1Xs=0 (�1)s�m�lj+1;2s: (41)Analogously, with (39) and (40) we obtain�lj+1;2m+1 � �lj+1;2m�1 (42)= M lm � 1N 2N�1Xk=0 �j;k�mM lk + 12N 2N�1Xs=0 (�1)s�m�lj+1;2s+1:Again from (16) andcosNxj+1;2s = (�1)s; cosNxj+1;2s+1 = 0 for s = 0; : : : ; 2N � 1we obtaincosN(x� t) = 12N 2N�1Xs=0 (�1)sD�2N (x� t� xj+1;2s) (43)and fromsinNxj+1;2s = 0; sinNxj+1;2s+1 = (�1)s for s = 0; : : : ; 2N � 1we obtainsinN(x� t) = 12N 2N�1Xs=0 (�1)sD�2N (x� t� xj+1;2s+1): (44)Integrating (43) and (44) with respect to t on the interval [0; �2N ] andusing Lemma 3.1 deduce12N 2N�1Xs=0 (�1)s�j+1;2s(x) = 1N� (sinNx+ cosNx)= 12N 2N�1Xs=0 (�1)sSs(x)and 12N 2N�1Xs=0 (�1)s�j+1;2s+1(x) = 1N� (sinNx� cosNx)= 12N 2N�1Xs=0 (�1)sMs(x);



Trigonometric Wavelets 207which implies for arbitrary l 2 N0 the representations12N 2N�1Xs=0 (�1)s�lj+1;2s(x) = 12N 2N�1Xs=0 (�1)sSls(x) (45)and 12N 2N�1Xs=0 (�1)s�lj+1;2s+1(x) = 12N 2N�1Xs=0 (�1)sM ls(x): (46)Putting (45) and (46) in (41) and (42) we obtain the assertion of the Lemma.�Now we are able to show the decomposition formulas.Proof of Theorem 3.2 Let m be an integer with 0 � m � 2N � 1 . Notethat 4N�1Xs=0 �lj+1;s+2m = 2N�1Xs=0 �lj;s = 1:Therefore�lj+1;2m = �lj+1;2m � 14N 4N�1Xs=0 �lj+1;s+2m + 14N 2N�1Xs=0 �lj;s= 14N 2N�1Xs=0 �lj;s + �lj+1;2m� 14N 2N�1Xs=0 (�lj+1;2s+2m + �lj+1;2s+2m+1):With �j;s de�ned in (25) and j 2 N0 we use Abel summation2N�1Xs=0 as = 2Na0 � 2N�1Xs=0 �j;s(as � as�1);which implies for as := �lj+1;2s+2m + �lj+1;2s+2m+1 the representation�lj+1;2m = 14N 2N�1Xs=0 �lj;s + �lj+1;2m � 12(�lj+1;2m + �lj+1;2m+1)+ 14N 2N�1Xs=0 �j;s(�lj+1;2m+2s + �lj+1;2m+1+2s��lj+1;2m�2+2s � �lj+1;2m�1+2s)



208 Prestin = 14N 2N�1Xs=0 �lj;s + 12(�lj+1;2m � �lj+1;2m+1) (47)+ 14N 2N�1Xs=0 �j;s�m(�lj+1;2s + �lj+1;2s+1��lj+1;2s�2 � �lj+1;2s�1):Hence,�lj+1;2m+1 = �lj+1;2m+1 � �lj+1;2m + �lj+1;2m= 14N 2N�1Xs=0 �lj;s + 14N 2N�1Xs=0 �j;s�m(�lj+1;2s + �lj+1;2s+1��lj+1;2s�2 � �lj+1;2s�1)� 12(�lj+1;2m � �lj+1;2m+1):(48)Now using Lemma 3.2 and equation (37) we obtain from (47) and (48) thedecomposition formulas.4. AlgorithmsWe start with the algorithm for decomposition. For l 2 N0 let functionsfj 2 Vj and gj 2 Wj be given asfj(x) = 2N�1Xk=0 Cj;k�lj;k(x)and gj(x) = 2N�1Xk=0 Dj;k lj;k(x):By the basis property the sequences of coe�cients (Cj;k)2N�1k=0 and(Dj;k)2N�1k=0 determine the functions fj and gj uniquely. With the help ofthese sequences of coe�cients we can describe the algorithm for the decom-position of fj+1 2 Vj+1 in the orthogonal sum of fj 2 Vj and gj 2 Wj .Writing for s = �4N + 2; : : : ; 4N � 1Ajs := cj;�b s2 c � 12(�1)s�j;�b s2 c (49)and Bjs := dj;�b s2 c + (�1)s� (�1)�b s2 c4N + 12�0;�b s2 c� (50)



Trigonometric Wavelets 209we can reformulate (27) and (28) for s = 0; : : : ; 4N � 1 as�lj+1;s(x) = 2N�1Xk=0 (Ajs�2k�lj;k(x) +Bjs�2k lj;k(x)):Then fj+1(x) = fj(x) + gj(x)can be written as2N�1Xk=0 Cj;k�lj;k(x) + 2N�1Xk=0 Dj;k lj;k(x)= 4N�1Xs=0 Cj+1;s  2N�1Xk=0 Ajs�2k�lj;k(x) +Bjs�2k lj;k(x)!= 2N�1Xk=0  4N�1Xs=0 Cj+1;sAjs�2k!�lj;k(x)+ 2N�1Xk=0  4N�1Xs=0 Cj+1;sBjs�2k! lj;k(x):The linear independence of the basis functions �lj;k and  lj;k implies thatthe coe�cients of fj and gj are uniquely determined and we obtain fork = 0; : : : ; 2N � 1 thatCj;k = 4N�1Xs=0 Cj+1;sAjs�2k ;Dj;k = 4N�1Xs=0 Cj+1;sBjs�2k:Now we want to describe the opposite direction. With the help of the se-quence of coe�cients (Cj;k)2N�1k=0 and (Dj;k)2N�1k=0 we reconstruct a func-tion fj+1 2 Vj+1 out of fj 2 Vj and gj 2 Wj . For k = �4N + 2; : : : ,4N � 1 we de�ne using (19) and (20)P jk := 12NRj(xj+1;k) (51)and Qjk := 12N �Rj (xj+1;k): (52)



210 PrestinThen the two-scale relations (17) and (18) for s = 0; : : : ; 2N � 1 can bewritten as �lj;s(x) = 4N�1Xk=0 P jk�2s�lj+1;k(x); lj;s(x) = 4N�1Xk=0 Qjk�2s�lj+1;k(x):That means we can reformulatefj+1(x) = fj(x) + gj(x)as 4N�1Xk=0 Cj+1;k�lj+1;k(x)= 2N�1Xs=0 Cj;s 4N�1Xk=0 P jk�2s�lj+1;k(x)!+2N�1Xs=0 Dj;s 4N�1Xk=0 Qjk�2s�lj+1;k(x)!= 4N�1Xk=0  2N�1Xs=0 Cj;sP jk�2j +Dj;sQjk�2j!�lj+1;k(x):By comparison of coe�cients for k = 0; : : : ; 4N � 1 we �nish withCj+1;k = 2N�1Xs=0 Cj;sP jk�2j +Dj;sQjk�2s:Finally we want to describe these algorithms in matrix notation whichenables us also to introduce the Fast Fourier Transform methods in a simplemanner. For l 2 N0 we de�ne the vectors of translates of the level j�j;l := ��lj;s�2N�1s=0 and 	j;l := � lj;s�2N�1s=0 :Furthermore, let U n+1 be the permutation matrix which sorts theelements of the vector �j+1;l starting with the elements with even indexfollowed by the elements with odd index, i.e.,U j+1�j+1;l = 0@ (�lj+1;2s)2N�1s=0(�lj+1;2s+1)2N�1s=0 1A :



Trigonometric Wavelets 211With the notations (51), (52), and with the matrixCj+1 := 0@ (Pn2s�2k)2N�1k=0;s=0 (P j2s+1�2k)2N�1k=0;s=0(Qj2s�2k)2N�1k=0;s=0 (Qj2s+1�2k)2N�1k=0;s=0 1A (53)we rewrite Theorem 3.1 as �j;l	j;l ! = C j+1 U j+1�j+1;l:Considering the decomposition relation from Theorem 3.2 we obtain from(49), (50) with the matrixD j+1 := 0@ (Aj2k�2s)2N�1k=0;s=0 (Bj2k�2s)2N�1k=0;s=0(Aj2k+1�2s)2N�1k=0;s=0 (Bj2k+1�2s)2N�1k=0;s=0 1Athe representation U j+1�j+1;l = Dj+1 �j;l	j;l ! :Writing P j := (P j2s�2k)2N�1k=0;s=0 and Aj := (Aj2k�2s)2N�1k=0;s=0we summarize our representations in the following result.Theorem 4.1 The coe�cient matrices C j+1 and D j+1 for reconstruc-tion and decomposition are of the following block structureC j+1 = 0@ P j P TjP j �P Tj 1Aand D j+1 =  Aj AjATj �ATj ! :Proof By (53) the equality for C j+1 is equivalent withP j2s+1�2k = P j2k�2s;Qj2s+1�2k = �Qj2k�2s;Qn2j�2k = P j2s�2k



212 Prestinfor s; k = 0; : : : ; 2N � 1 . These scalar equations can be proved by (51)and (19)P j2s+1�2k = 12N (D�N (xj+1;2s+1�2k) +D�N (xj+1;2s+1�2k�1))= 12N (D�N (xj+1;2k�2s�1) +D�N(xj+1;2k�2s))= P j2k�2sand analogously by (52) and (20) for r := 2s�2k; (�4N+1 < r < 4N�1)withQj2r= 12N (D�2N (xj;r)�D�2N (xj;r � xj+1;1)�D�N (xj;r) +D�N(xj;r � xj+1;1))= � 12 + 12ND�N(xj+1;1); if r � 0 mod 2N;12ND�N (xj;r � xj+1;1); if l 6� 0 mod 2N;= 12N (D�N (xj;r) +D�N (xj;r � xj+1;1))= P j2r:The second part can be seen immediately from the fact that D j+1 is theinverse matrix of C j+1 . Indeed, using the identity matrix I j+1 of order4N we have Ij+1 = Cj+1Dj+1= 0@ P j P TjP j �P Tj 1A D11 D12D21 D22 ! : (54)Solving the linear ystem out of (54) we obtainAj = D11 = 12P�1j ; (55)D21 = DT11;D12 = D11;D22 = �DT11;which proves the Theorem. �It is easy to see that the matrices P j and A j are circulant matrices,i.e. P j = circ (P2s)2N�1s=0 ; Aj = circ (A4N�2s)2N�1s=0 : (56)



Trigonometric Wavelets 213Remember that for a vector a = (a0; a1; : : : ; aN�1)T the circulant matrixconstructed from a is given bycirc a := �a(k�s)modN�N�1s=0;k=0= (as;k)N�1s=0;k=0 := 0BBB@ a0 a1 � � � aN�1aN�1 a0 � � � aN�2... ... . . . ...a1 a2 � � � a0 1CCCA :For more details cf. Davis [4]. Particularly important is the factorizationof a circulant matrix by Fourier matricesF N = 1pN �wskN �N�1k=0;s=0 with wN = e�2�iNso that one obtains for an N�N circulant matrix Y the diagonal matrixF N Y F N = diag d( Y );which contains on the main diagonal the eigenvalues dr( Y ) (r = 0; : : : ; N�1) of Y . Finally, for applying fast algorithms we only have to determinethese eigenvalues.Lemma 4.1 The matrices P j und A j are uniquely determined by thevector of their eigenvaluesdr(P j) = 8>>><>>>: 1; if r = 0;12 + 12e i�r2N ; if 1 � r � N � 1;12 ; if r = N;12 � 12e i�r2N ; if N + 1 � r � 2N � 1;and dr(A j) =8>>>><>>>>: 12 ; if r = 0;11+e i�r2N ; if 1 � r � N � 1;1; if r = N;11�e i�r2N ; if N + 1 � r � 2N � 1:Proof One easily computes the eigenvalues dr(P j) (r = 0; : : : ; 2N � 1)



214 Prestinby (cf. [4])dr(P j) = 12N 2N�1Xs=0 P j2se is�rN= 12N 2N�1Xs=0 (N�0;s +D�N (xj;s � xj+1;1))e is�rN= 12 + 12N 2N�1Xs=0  12 + N�1Xm=1 cos�m�sN � m�2N �+ 12 cos�N�sN � N�2N ���cos r�sN + i sin r�sN � :The addition formulas together with2N�1Xs=0 cos�x� sk�N � = � 2N cosx; if k � 0 mod 2N;0; otherwise,and 2N�1Xs=0 sin�x� sk�N � = � 2N sinx; if k � 0 mod 2N;0; otherwise,imply the assertion for dr(P j) .Taking into account (55) we obtain the eigenvalues of the matrix A j .Namely with F 2N = F �12N we haveF 2N diag d(Aj)F 2N = 12 �F 2N diag d(P j)F 2N��1= 12F 2N (diag d(P j))�1 F 2N ;which �nally yieldsdr(A j) = 12 dr(P j) for r = 0; : : : ; 2N � 1: �Let us �nish this section with the investigation of the basis transforma-tions between di�erent bases��lj;s(x)�2N�1s=0 and ��l�mj;s (x)�2N�1s=0of the same space Vj . That means we seek for the matrix T j;m =(tj;ms;k )2N�1s=0;k=0 with �j;l = T j;m�j;l�m:



Trigonometric Wavelets 215Again the circulant structure of the matrix T j;m is the main ingredientof our considerations.Lemma 4.2 The matrix T j;m = F 2N diag d( T j;m) F 2N has the en-tries tj;ms;k = 12N 2N�1Xr=0 sincm rb e ir(k�s)�Nwith eigenvalues dr( T j;m) = sincm rb:Proof Considering for s = �N; : : : ; N the complex Fourier coe�cientscs(�lj) and cs(�l�mj ) we obtain with (11), (12) and�lj(x� xj;q) = (�l�mj � �Hm) (x� xj;q)= 2N�1Xk=0 tjq;k�l�mj (x� xj;k) for q = 0; : : : ; 2N � 1;that for s = �N; : : : ; Ncs ��lj �� � �qN �� = 2� cs(�l�mj ) cs( �Hm) e� i�sqN= 2N�1Xk=0 tj;mq;k cs(�l�mj ) e� i�skN :Hence 2N�1Xk=0 tj;mq;k e� i�s(k�q)N = 2� cs( �Hm) = sincm sbwhich means that we have computed the eigenvalues of T j;m so thatdr( T j;m) = 2N�1Xk=0 tj;m0;k e i�rkN = sincm rb:By discrete Fourier transform the matrix T j;m has the entriestj;mq;k = 12N 2N�1Xr=0 dr( T j;m) e ir(k�q)�N : �Let us �nally mention that the inverse relation reads as�j;l�m = T �1j;m�j;l;
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