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ABSTRACT. Extending a result of A. A. Privalov [2] we prove the diagonal dominance of
the Gram matrix of bases of translates of de la Vallée poussin kernels. This can be used to

show the uniform boundedness of a corresponding orthogonal projection operator.
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1 Introduction

In this note we investigate arithmetic means of Dirichlet kernels, namely the de la Vallée

Poussin kernels for N;M € N and 1 < M < N, defined by

N+M-—1
N+M-—7
M
x) = coslx + ————coslx
#x (o) x/QN VN Z - NEA:M MV2ZN
sim]\facsim]\4:){;7 for ¢ 2n7,
2MV2NSiH2§
V2N, for x€2nZ.

For s =0,... ,2N — 1, the translates
M e M ﬂ)
M (2) = N (o= 3

satisfy the interpolatory condition c,o]\N{ (ﬁ) V2N, for k=0,...,2N — 1. Hence, the

space of translates

V]y = span{@%s:SZO,... ,2N—1}



106 J. Prestin; K. Selig

has the dimension dim V¥ = 2N which is independent of M. For a further discussion of
these functions and spaces and for corresponding multiresolution analyses and wavelet spaces
see e.g. A. A. Privalov [2] and the authors [1].

2 The Gram matrix

Since the basis of translates {¢ 12V is not an orthogonal one, we are interested in its

Gram matrix

GY = ((eN, o))

with the inner product
2
(19) = o= [ F@)gtayde.
0

As discussed in [1] the circulant matrix G¥ can be diagonalized by means of the 2N-th

Fourier matrix; i.e., G]\N4 = Fyn D]\N4 F,n, where
1 amirs\ 2N -1 _ "
F2N = —\/2]\[ <€ o >7’,5:0 ’ F2N - (F2N) ‘ (1)

The diagonal matrix DY = diag (d%»zN_l contains the eigenvalues

r=0
1 N —r\? .
d%r _ 5 + (W) 5 if |N — T| < ]\47
1, otherwise.

From this representation one rewrites immediately

(1) = k(s — )7

2 2
T TN (M —k ) COS ————
ANM k:Z_MH N

<S‘Q%J’ 79‘9%5> = 5577’

A. A. Privalov [2] computed the entries of G in a closed form, namely

M 1
M M
- 1 )
N o) SN T 12NM (2)
and, for r # s,
2M cos MUZAT iy U=oIm i MOZST (o o)
(eNoeha) = (17 xS oy I cos U5 (3)

8N M2 sin® =8
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In order to investigate the quantity of the main diagonal dominance, we will estimate the

difference
IN—1
p(N.M) = (oM oN )= D (el oN,)

s=0
sEr

Y

which is independent of r due to the circulant structure of the Gram matrix.

Our main objective of this paper is to prove the following inequality.

Theorem 1 For N, M € N, with AM|N, we have
p(N,M) > 0.28.

For special choices of the indices N, M the value of p can be exactly determined.

Remark: In case of the modified Dirichlet kernel (M = 1), we have

(_1)5—7’

1 1
— 557’ - )
<S‘9N,r 7S‘QN,5> ) AN

which gives p(N,1) = £, for every N. For the Fejer kernel (N = M), from
2 1
N N\ _ o=, b
<S‘QN77’7SON,T’> - 3 —I_ 12N2 Y
1
N N
PN ) = for r # s,
<99N, N, > AN sin? (,,2_]3)7r #
df (15) btai (N, N) ! + !
and from one obtains = - :
P 37 6N

Note that from numerical computations one can suggest that

1 1
= N, M) < —

for all N, M € N, and that for fixed N the function p(N, M) is monotone decreasing with
respect to M, for 1 < M < N. In [2] A. A. Privalov proved

p(3M, M) >

Lo =

Theorem 1 is an extension of his result to the case 4M|N .

The main diagonal dominance of the Gram matrix shows the almost orthogonality of the basis
{c,o]\N{s 2N=1. We need Theorem 1 in order to estimate the boundedness of the orthogonal
projection operator P : Cy, — VM. This is in particular interesting for N = 27 and

M = 2= for large j € N and fixed A € N.
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Corollary 2 The orthogonal projection PY onto VM, with N/M = 2" > 4, satisfies

1P ey me,, < (BA+10)°

Proof of the Corollary: Writing

2N -1

PYT = ) e oNgs (4)

k=0

we obtain by Hélder’s inequality and by a well-known inequality for trigonometric polyno-

mials (see A. F. Timan [3], Chap. 4.9)

S S
M M _. M
1Y F, < 280+ 20 ol ol = 2801+ 27 ol el
Taking the inner product with ¢}/, in (4), we estimate
2IN-1
|<P]¥f, ‘P%,M = Z 6k<99]\N4,k7 @%D
k=0
2IN-1
> el (ehes oM = D oM, M) -
izt

Applying Theorem 1 yields

el < 36PN Foonal = 361(F, eNal < 361 F1 llenll, -

Hence,

%8 2
1PV fll. < T2N(1+ ) N oll} 111l -

Using known results on the Lebesgue constants with respect to the de la Vallée Poussin

kernel (see e.g. [1]) the Corollary is proved. [ |

3 Proof of the Theorem

The proof is based on three Lemmata concerning the function

2m cos 2mz sin T — Sin 2mx cos

fm(z) = 3 (5)

sin” x

for any m € N, m > 2. Since cos k(m — z) = (—1)* cos kz and sin k(7 — z) = (—1)*!sinkx
for all k£ € N, we have

fm(ﬂ'—l‘) = fm(x)v (6)
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i.e., [y, is symmetric in [0, 7] with respect to 7.

Using the rule of I’'Hopital, we compute

2m(1 — 4m?)
fu0y = 2D )
The first Lemma describes the behaviour of f,, in the interval [0, %]
Lemma 3 For all m € N, m > 2, the function f,, is negative and monotone increasing
i [0, %] .

Proof: In order to prove the monotonicity of f,, we show that for all 0 <z < -

fn(x) >0
We have
) G ()
fm(x) = c 4
sin* x
with
Gm(z) = 3sin2mz cos® x — 6m cos 2mz cos rsinx — (4m? — 1) sin 2mazsin’z

which has the Taylor expansion

8m(4m* — 5m? + 1) 45 gg)(ﬁ) 7
15 5040

gm(x) =

for a certain 8 € (0, %) We have to verify that g, (z) > 0 in (0, %) If gg)(ﬁ) > 0, then
it is evident. If gg)(e) < 0, then with

dD0) = (2m* —2){(11(2m)® + 100(2m)* — 48(2m)? — 64) sin 2m4 sin 20
—|—(—48(2m)5 — 80(2m)3 + 128(2m)) cos 2m# cos 260 + 2(2m)7 cos 2m0 sin? (9},

we estimate

a0 < (2m? — 2)(2m)P(48 + 5), for 0 < 0 < =,
(2m? — 2)(2m)27*, for - <0< -

Hence,

(2] > 8m(4m* — 5m? + 1):1;5 B 53(2m)° (2m? — 2) 7
15 5040

B m(m2 — 1)51/'5 2 4 2
= 560 (672(4m* — 1) — 53(2m)*z?)

m(m? — 1)z®

>
- 1260

(672(4m* — 1) — 537*(2m)*) > 0,
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which proves that f,, is monotone increasing in the interval [0, %]
Since f,,(0) < 0 (see (7)) and
T 2m
ml=—) = — < 0,
/ <2m> in? L

Sin m

the monotonicity of f,, assures further that f,, is strictly negative in the interval [0, %] .

In the second Lemma, we analyze the sign behaviour of f,, in the interval [%, T — %] .

Lemma 4 Let m € N, with m > 2. Then for { =1,...,m — 1, we have

[ (4 2)] = (=) fu (2 +2) for0<w <o, (8)

fn (= +2)| < (-1) fm(m+x)+mﬂ;(‘% Jor & <a < L, (9)

[ (52| = (=1 (5 + ) Jorgmse<gs,  (10)
and for { =m,...,2m — 2, we have

| (=4 2)| = (=1 fu (= 4 2) Joro<az< I (11)

fn (2 +2)] < (- 1)4+1fm(m+x)+mn;(‘% for—<:1;<8m, (12)

o (G5 +2)| = (=D fo (55 +2) forZZ <a< £ (13)

Proof: By (5) we can write

m(ae) = SET

with
a = 2m cos2mzx sin (f—;—l—@, b = sin2max cos (f—fn—l—@.
Forall/=1,...,m—1and 0 <z < ;- we have

T U T

L o< i< D

2m T 2m - 2
We use that sina > 2—1’, and consider three intervals for z.
(i) For 0 <z < -, we estimate

) Ir ) I
a—b = 2m cos2mzx sin| — 4+ x| —sin2mx cos| — + =z
2m 2m

) .7 ) I
> 2m sin2mx sin— —sin2mz cos | — + x
2m 2m

> sin2mx (2—COS (g—ﬁ%—x)) > 0,
2m
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which gives (8).
(ii) For g~ < & < -, we have that a,b > 0 and so we get
la — b a—>b+2b
- = <
w(m0)| = wEs S A
2cos (L& +
< (-1 fo (—+x) g 2ot o)
sin <2m + :1;)
Further we estimate
Ir 1 2m
cot | —Fx ) < 5 < —,
2m ot s
from which (9) follows.
(iii) For = <2 < -, we have ¢ <0 and b >0, i.e., a — b < 0, which yields (10).
In order to obtain (11)—(13), by means of the symmetry (6) we rewrite
l l
() = (- ()
2m
=g (BT ().
2m 2m
Thereby, (11), (12) and (13) follow from (10), (9) and (8), respectively. [ ]

The third Lemma contains special sums of values of f,,

Lemma 5 Forallm eN, m >2, and for 0 <z < 7=, we have

2m—2

> (-1 fm<—+x> = Ufule) = |1 (5= = 7).
and _
jz o (55| = 100

Proof: We use the well-known equality

2m—1
Z 1 4m?
simz(Z + Z—”) ~ sinlmaz’ (14)
£=0 2 2m
from which, by differentiation,
Zm—1 (244 3
Z cos( cos(g + 9,) m) _ 8m”cosma
ac ™ - :3
p sin”(% %) sin” mx
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follows. Then,

2m—1

Y (=1 [ <—+x>

£=0
am 1 2m cos({m + 2ma) sin (Z—W + :L’) — sin({m + 2ma) cos (f—fn + 51?)

= —1)¢ 2m
Z( ) sin® (f—fn—l—@

2m—1 2m—1

1 .
= 2mcos2mzx Z W—stmx Z W

£=0

B 2m cos 2max 4m? sin 2max 8m?> cos 2max _ 0

sin? 2ma sin® 2ma

From Lemma 3 and from the symmetry (6) we further deduce

g (ge) = (WH)JM

/=1
STRE )

Using Lemma 3 and (8), (11) and (13) from Lemma 4, we conclude

mz ()] = 212_11(—1“ Fo(5) = ~5a0) = 150001 .

Proof of Theorem 1 From (3) and definition (5) of f,,, forall s =1,... ;2N — 1, we have

Msm Msm
|<99M SOM >| _ 2M cos N SIHW—SIH N COSW _ fM< >‘
N0 8N M2 sin® 22 8NM2 ‘

In view of the Remark on page 107 we can assume M > 2, and we set K := N/M . Replacing
s=KIl+Fk,where b,/ e Ny, 0<k< K —-1and 0 </ <2M — 1, we can split

2N-1
PN M) = (oMo o) — > [{eNo M)
2?\21 K—12M-1
= <99%,0799%,0> - Z |<<PN07<PNM Z | ‘PN,OWQ%,KZMH-
=1 k=1 (=0
By Lemma 5 we have
2M -1 2M -1

1
M M _
; |<99N,0799N,Kz>| = SN M2 Z
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From Lemmata 4 and 5 and by symmetry (6) we obtain

K—12M—1 K—12 '

SN M? Z Z |<99]\N4,0799]\N4,I(Z+k Z Z fM( ‘
k=1 {=0 k=1 {=0
K—1

S () )£ E

fr | km
2M 2N

k=1 ( k=1
K-1
km T km
< Rhial T
T 2M—2 K-1 2M-2
Ir km Ir km
+ (—1) fM<2M+2N> Z > (-1 fM<2M+2N>+5
k=1 (=1 k=L 1 =1

- S (b)) 2 (e e (o)
5 ) )

k=% 41
L
< km T
! LN ‘ <—>‘ S < AK -1 s
5 o (5 )|+ 2low (73p)] + (K = 1) |fu(0)] +
where
4 M-1 % 2M—2 %—1
S = Z 1% km —I_ Z Z 1% km
™\ = =K sin® (337 + 2%) (=M K 4 in® (537 + %)
From (14) we deduce
2M—1 M-1
1 AM? — 1 1
— = —— = 142 —_—. 15
;:; siHQ;—& 3 ;:; siHQ;—& (15)
which gives
M-1
1 2
s 2 U = _(M2 - 1)
= sin” 537 3

Hence,

In view of the monotonicity of fy; in [0, W] (see Lemma 3), together with (2), (7) and



114 J. Prestin; K. Selig

K > 4, we finally estimate

M 1 1
> ] — -
pINM) 2 1= o+ e = e (2K = )] Ju(0)] 4+ 5)
LM 2K — 1)(AM? —1) (K —2)(M? — 1)
= "T3N TNM 12N M 67 N M
1 1 1 M K -2

- 95, -
3 6r "o Vaeny Yoy o 078
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