
A Duality Principle for Trigonometric WaveletsJ. Prestin and E. QuakAbstract. The aim of this paper is to give a direct proof of theduality principle for decomposition and reconstruction algorithms fornested spaces of trigonometric polynomials. The scaling functions ofthese spaces are de�ned as fundamental polynomials of Lagrangeinterpolation. The decomposition matrix for these scaling functionsand wavelets is the transpose of the reconstruction matrix for thedual scaling functions and dual wavelets. Analogously, the originalreconstruction matrix is the transpose of the decomposition matrixfor the dual functions. x1. IntroductionThe trigonometric polynomials used in this paper were introduced by A. A.Privalov for the construction of orthogonal bases of the space C2� [6], whoseresults were very recently generalized by R. A. Lorentz and A. A. Sahakian [4]using a wavelet approach. The investigation of nested spaces of trigonometricpolynomials from a wavelet point of view started with a paper by C. K. Chuiand H. N. Mhaskar on trigonometric wavelets [2]. The basic tool in [6] is theconstruction of a suitable interpolation operator of Lagrange type using de laVall�ee Poussin kernels. In [5], the exact structure of the decomposition andreconstruction matrices associated with the nested spaces generated by theseLagrange interpolants was investigated. The use of dual scaling functions andwavelets - as �rst introduced in [3] - turned out to be a crucial step. Theaim of this paper is to prove a duality principle for these nested spaces oftrigonometric polynomials. After de�ning the scaling functions and waveletsand listing their basic properties in Section 2, the corresponding two-scalerelations are recalled from [5] in Section 3. In Section 4, the relationshipbetween the inner product matrices of scaling functions and wavelets at aCurves and Surfaces II 1P. J. Laurent, A. Le M�ehaut�e, and L. L. Schumaker (eds.), pp. 1{13.Copyright oc 1993 by AKPeters, Boston.ISBN 0-12-XXXX.All rights of reproduction in any form reserved.



2 J. Prestin and E. Quaklevel j and the inner product matrix of scaling functions at the next levelj + 1 is described using a convenient matrix notation. Also, the dual scalingfunctions and wavelets are introduced. The more complicated decompositionrelations are again recalled from [5] in Section 5, so that in Section 6 theduality principle can be proven, saying that the decomposition matrix for theoriginal scaling functions and wavelets is the transpose of the reconstructionmatrix for the dual scaling functions and dual wavelets. Analogously, theoriginal reconstruction matrix is the transpose of the decomposition matrixfor the dual functions. x2. De�nitionsFor ` 2 IN, the Dirichlet kernel D` 2 T` is de�ned asD`(x) = 12 + X̀k=1 cos kx = ( sin(`+ 12 )x2 sin x2 for x =2 2�ZZ,`+ 12 for x 2 2�ZZ,where T` denotes the linear space of trigonometric polynomials of degree `.In the following, two di�erent kinds �Dj;0 and �Fj;0 of de la Vall�ee Poussinkernels are used to construct certain interpolatory operators. Therefore, let�Dj;0(x) = 13 � 22j+1 2j+2�1X`=2j+1D`(x)= � sin(3�2jx) sin(2jx)3�22j+2 sin2(x2 ) for x =2 2�ZZ,1 for x 2 2�ZZand �Fj;0(x) = 13 � 2j+1 3�2jX`=3�2j�1D`(x)= � sin(3�2jx) cot x23�2j+1 for x =2 2�ZZ,1 for x 2 2�ZZ .While the �rst kernel represents the classical de la Vall�ee Poussin ap-proach, the second one is only a slight modi�cation of a simple Dirichlet ker-nel. In the following, the superscripts will be dropped whenever a statementholds for both cases.The crucial interpolatory property of �j;0 is�j;0( k�3 � 2j ) = �k;0; k = 0; 1; : : : ; 3 � 2j+1 � 1:



A Duality Principle 3De�nition 2.1. For j 2 IN0, the spaces Vj are de�ned by Vj = spanf�j;n :n = 0; : : : ; 3 � 2j+1 � 1g, where �j;n(x) = �j;0(x� n�3�2j ).For notational convenience, let �j;n = �j;n mod 3�2j+1 for any n 2 ZZ. Notethat V Dj as generated by �Dj;n and V Fj generated by �Fj;n are di�erent spaces.Nevertheless, they have the same dimension 3 � 2j+1 as can be deduced fromthe corresponding interpolatory property �j;n( k�3�2j ) = �k;n, for all k; n 2 ZZ.De�nition 2.2. For any j 2 IN0, the interpolation operator Lj mapping anyreal-valued 2�-periodic function f into the space Vj is de�ned asLjf(x) = 3�2j+1�1Xn=0 f( n�3 � 2j )�j;n(x):The following properties of the operators Lj are well-known ([6],[7]):LDj f 2 T2j+2�1; LFj f 2 T3�2j(i) Ljf( k�3 � 2j ) = f( k�3 � 2j ); k 2 ZZ(ii) LDj f = f for all f 2 T2j+1 [ V Dj ;(iii) LFj f = f for all f 2 T3�2j�1 [ V Fj ;hence T2j+1 � V Dj � T2j+2�1;(iv) T3�2j�1 � V Fj � T3�2j :Moreover, property (iv) implies thatVj � Vj+1 ;i.e., the spaces Vj form a sequence of nested subspaces of L2, the space of2�-periodic square integrable functions. Setting V�1 = f0g, it is also clearthat L2 = L2 � closure of 1[j=�1Vj and 1\j=�1Vj = f0g :As the next step, the orthogonal complement of Vj relative to Vj+1, i.e.,the so-called wavelet space Wj needs to be described in more detail.De�nition 2.3. For j 2 IN0, the spaces Wj are de�ned by Wj = spanf j;n :n = 0; : : : ; 3 � 2j+1 � 1g, where j;n(x) = 2�j+1;2n+1(x)� �j;n(x� �3 � 2j+1 ) 2 Vj+1 :



4 J. Prestin and E. QuakThe functions  j;n also show interpolatory properties, namely for all k 2 ZZ j;n( (2k + 1)�3 � 2j+1 ) = �k;n; j;n( k�3 � 2j ) = ��j;n( (2k � 1)�3 � 2j+1 ) :Therefore, dimWj = 3 � 2j+1.Let h�; �i denote the inner product of two functions f and g in L2, i.e.,hf; gi = 12� Z 2�0 f(x)g(x)dx:The following fundamental result was established by A. A. Privalov [6]:Theorem A. The spaces Vj and Wj are orthogonal, i.e.,h�j;n;  j;ki = 0 for all n; k 2 ZZ:Therefore, Vj+1 = Vj �Wj ;where � denotes orthogonal summation.x3. Two-scale RelationsAs Vj � Vj+1, there have to exist speci�c coef�cients pj;n;s such that �j;n =Ps pj;n;s�j+1;s. The following result establishes their precise values.Theorem 3.1. [5] For j 2 IN0 and n = 0; 1 : : : ; 3 � 2j+1 � 1, it holds that�j;n(x) = �j+1;2n(x) + 3�2j+1�1Xs=0 �j;n( (2s+ 1)�3 � 2j+1 )�j+1;2s+1(x):From Wj � Vj+1, it is clear that there also must be coe�cients qj;n;ssuch that  j;n =Ps qj;n;s�j+1;s which are determined using the following.Theorem 3.2. [5] For j 2 IN0 and n = 0; 1 : : : ; 3 � 2j+1 � 1, the two-scalerelation for the wavelet functions  j;n is j;n(x) = �j+1;2n+1(x)� 3�2j+1�1Xs=0 �j;n( (2s� 1)�3 � 2j+1 )�j+1;2s(x):Let �j denote the vector (�j;0; �j;1; : : : ; �j;3�2j+1�1)T and, analogously,  jthe vector ( j;0;  j;1; : : : ;  j;3�2j+1�1)T . Furthermore, we de�ne a reorderingfor the vector of scaling functions by



A Duality Principle 5Pj�j+1 = (�j+1;0; �j+1;2; : : : ; �j+1;2m; : : : ; �j+1;3�2j+2�2;�j+1;1; �j+1;3; : : : ; �j+1;2m+1; : : : ; �j+1;3�2j+2�1)T ;i.e., Pj is chosen to be the suitable permutation matrix for this ordering.Consequently, the two-scale relation or reconstruction matrix Cj has thefollowing form Cj = � Ij Kj�KTj Ij � ;where Ij is an identity matrix of dimension 3�2j+1 and Kj is a knot evaluationmatrix: Kj = ��j;r� (2s+ 1)�3 � 2j+1 ��3�2j+1�1r;s=0 :Due to the de�nition of the functions �j;r, Cj is a square matrix of dimension3 � 2j+2 with circulant blocks. Theorems 3.1 and 3.2 can now be expressed as� �j j � = CjPj�j+1 :As a consequence of Theorem A, both the sets f�j;r;  j;rg3�2j+1�1r=0 andf�j+1;rg3�2j+2�1r=0 are bases of Vj+1. Therefore, the reconstruction matrix Cjis non-singular and its inverse Dj is the decomposition matrix such thatPj�j+1 = Dj � �j j � :For a detailed analysis of the entries of Dj , it is necessary to investigate innerproducts of scaling functions and to introduce dual scaling functions.x4. Inner Products of Scaling Functions and Wavelets. Dual FunctionsIn order to investigate dual functions and to be able to give a concise formu-lation of the duality principle for trigonometric wavelets, in this section westudy the inner products of the functions �j;k and  j;k.For any level j 2 IN0, the inner product matrix Gj for scaling functionsis de�ned as Gj = (h�j;k; �j;li)3�2j+1�1k;l=0 :Our next goal is to express the matrix Gj in terms of the matrix Gj+1, i.e.,inner products at level j by means of inner products at level j + 1.Lemma 4.1. For j 2 IN0, let Kj be the knot evaluation matrix, Ij theidentity matrix and Pj the permutation matrix de�ned in Section 3. It holdsthat Gj = (Ij Kj)PjGj+1PTj � IjKTj � :



6 J. Prestin and E. QuakProof: Using the two-scale relation for �j;k of Theorem 3.1 yields for k; l =0; : : : ; 3 � 2j+1 � 1h�j;k; �j;li = h�j+1;2k; �j+1;2li+ 3�2j+1�1Xr=0 �j;k � (2r + 1)�3 � 2j+1 � h�j+1;2r+1; �j+1;2li+ 3�2j+1�1Xs=0 �j;l� (2s+ 1)�3 � 2j+1 � h�j+1;2k; �j+1;2s+1i+ 3�2j+1�1Xr=0 3�2j+1�1Xs=0 �j;k � (2r + 1)�3 � 2j+1 ��j;l� (2s+ 1)�3 � 2j+1 � h�j+1;2r+1; �j+1;2s+1i:Introducing the following square matrices of dimension 3 � 2j+1, namely,�e = (h�j+1;2k; �j+1;2li)3�2j+1�1k;l=0 , �o = (h�j+1;2k+1; �j+1;2l+1i)3�2j+1�1k;l=0 and�m = (h�j+1;2k; �j+1;2l+1i)3�2j+1�1k;l=0 ; the relations above can be written inmatrix notation asGj = �e +�mKTj +Kj�Tm +Kj�oKTj= (Ij Kj)� �e �m�Tm �o �� IjKTj � :By careful inspection, it is obtained that indeedPjGj+1PTj = � �e �m�Tm �o �which concludes the proof of the lemma.A similar statement holds for the inner product matrix of the waveletsHj = (h j;k;  j;li)3�2j+1�1k;l=0 :Lemma 4.2. For j 2 IN0, it holds thatHj = (�KTj Ij)PjGj+1PTj ��KjIj � :Proof: This time we use the two-scale relation for the wavelets given byTheorem 3.2, to obtain thatHj = �o �KTj �m ��TmKj +KTj �eKj= (�KTj Ij)� �e �m�Tm �o ���KjIj � :



A Duality Principle 7In a similar way, the orthogonality relationsh�j;k;  j;li = 0; j; k = 0; : : : ; 3 � 2j+1 � 1of Theorem A can be written in matrix terms using Theorems 3.1 and 3.2:(Ij Kj)PjGj+1PTj ��KjIj � = (�KTj Ij)PjGj+1PTj � IjKTj � = �0�:Putting all the above matrix relations together, one obtains� Ij Kj�KTj Ij �PjGj+1PTj � Ij �KjKTj Ij � = �Gj 00 Hj � ;i.e., the followingProposition 4.1. For j 2 IN0, the two-scale relation for the inner productmatrices Gj ; Hj and Gj+1 is given by�Gj 00 Hj � = CjPjGj+1PTj CTj :As a next step, it is possible to describe in detail the entries of the inversematrix of Gj .Theorem 4.1. [5] For any j 2 IN0, the inverse matrix for the inner productmatrix Gj is given by G�1j = (�j;r;s)3�2j+1�1r;s=0 ;where the coe�cients for r; s = 0; : : : ; 3 � 2j+1 � 1 are given as�Fj;r;s = 3 � 2j+1�r;s + (�1)r�s and�Dj;r;s = 3 � 2j+1�r;s + 2j+2�1X`=2j+1+1� 22j+1`2 � 3`2j+1 + 5 � 22j+1 � 1� cos `(r � s)�3 � 2j :In order to �nd the decomposition sequences for the orthogonal sumVj+1 = Vj �Wj , it is convenient to make use of the so-called dual scalingfunctions and wavelets. The concept of duality was introduced in [3] for amultiresolution analysis of L2(IR) and is used here in a form suitably adaptedto our purposes.De�nition 4.1. For any j 2 IN0, the functions ~�j;r 2 Vj ; r = 0; : : : ; 3�2j+1�1,uniquely determined by the conditionsh~�j;r; �j;ki = �r;k for all r; k = 0; : : : ; 3 � 2j+1 � 1;are called dual scaling functions (or dual to the functions �j;r).



8 J. Prestin and E. QuakNote that the dual scaling functions ~�j;r lie in the same space Vj asthe original scaling functions �j;k. Consequently, the dual functions can bewritten as linear combinations of these scaling functions. In fact, for anyj 2 IN0, ~�j;r = 3�2j+1�1Xs=0 �j;r;s�j;s:Thus, the duality conditions lead to a linear system of equations for each dualfunction ~�j;r; r = 0; : : : ; 3 � 2j+1 � 1, namely,3�2j+1�1Xs=0 �j;r;sh�j;k; �j;si = �r;k; k = 0; : : : ; 3 � 2j+1 � 1;with Gj as its coe�cient matrix and di�erent right hand sides for the di�erentdual functions.De�nition 4.2. For j 2 IN0, the functions ~ j;r 2 Wj ; r = 0; : : : ; 3 � 2j+1 � 1,uniquely determined by the conditionsh ~ j;r;  j;ki = �r;k for all r; k = 0; : : : ; 3 � 2j+1 � 1;are called dual wavelets (or dual to the functions  j;r).As for the scaling functions, the dual wavelets ~ j;r lie in the same spaceWj as the original wavelets  j;k. Therefore, also the dual wavelets can be writ-ten as linear combinations of the original ones, i.e., for r = 0; : : : ; 3 � 2j+1 � 1,~ j;r =P3�2j+1�1s=0 �j;r;s j;s, where the �j;r;s are the entries of the matrix H�1j .Remark. The dual scaling functions are again translates of a single functionjust like the original ones, as the inner product matrices are circulant, i.e.,~�j;r(x) = 3�2j+1�1Xs=0 �j;r;s�j;0(x� s�3 � 2j ) = 3�2j+1�1Xs=0 �j;0;s�r�j;0(x� s�3 � 2j )= 3�2j+1�1Xs=0 �j;0;s�j;0(x� r�3 � 2j � s�3 � 2j ) = ~�j;0(x� r�3 � 2j )and, analogously, for the dual wavelets~ j;r(x) = ~ j;0(x� r�3 � 2j ); r = 0; : : : ; 3 � 2j+1 � 1:



A Duality Principle 9x5. Decomposition SequencesThe other pair of important sequences are the so-called decomposition se-quences. As Vj+1 = Vj �Wj for j 2 IN0, any �j+1;n 2 Vj+1 can be written asa linear combination of the basis functions of Vj and Wj , i.e., �j;k and  j;k.In the following, we will distinguish two cases.Theorem 5.1. [5] For any j 2 IN0 and m = 0; : : : ; 3 � 2j+1 � 1, it holds that�j+1;2m(x) = 3�2j+1�1Xk=0 (aj;m;k�j;k(x) + bj;m;k j;k(x)) ;where for n = 0; : : : ; 3 � 2j+1 � 1, the decomposition coe�cients aj;m;n andbj;m;n are given byaj;m;n = �j;m;n3 � 2j+2 ;bj;m;n = � 3�2j+1�1Xs=0 �j;m;s3 � 2j+2�j;s�(2n+ 1)�3 � 2j+1 �= � ~�j;m � (2n+1)�3�2j+1 �3 � 2j+2 ;with the terms �j;m;n being the coe�cients of the dual scaling functions asdescribed in Theorem 4.1.For an even more detailed description of the entries aj;m;n and bj;m;n, seeCorollary 5.1 in [5].For the basis functions in Vj+1 with odd indices the result isTheorem 5.2. [5] For any j 2 IN0 and m = 0; : : : ; 3 � 2j+1 � 1, it holds that�j+1;2m+1(x) = 3�2j+1�1Xk=0 �~aj;m;k�j;k(x) + ~bj;m;k j;k(x)� ;where for n = 0; : : : ; 3 � 2j+1 � 1, the decomposition coe�cients ~aj;m;n and~bj;m;n are given as ~aj;m;n = �bj;n;m;~bj;m;n = aj;m;n;and the terms aj;m;n and bj;m;n are de�ned in Theorem 5.1.By slightly modifying the symmetric and circulant duality matrix of Sec-tion 4, i.e., ~G�1j = 13 � 2j+2G�1j = � �j;r;s3 � 2j+2�3�2j+1�1r;s=0 ;



10 J. Prestin and E. Quakone obtains by using the notation of Section 3 that the decomposition relationsof Theorems 5.1 and 5.2 can be expressed asPj�j+1 = Dj � �j j � ;using the decomposition matrix with circulant blocksDj = C�1j = � ~G�1j � ~G�1j KjKTj ~G�1j ~G�1j � :As Vj+1 = Vj �Wj , a function fj+1 2 Vj+1 can be written uniquely asfj+1 = fj + gj ; with fj 2 Vj and gj 2 Wj :Using the basis functions of these spaces, one obtainsfj+1(x) = 3�2j+2�1Xs=0 cj+1s �j+1;s(x);fj(x) = 3�2j+2�1Xs=0 cjs�j;s(x) and gj(x) = 3�2j+2�1Xs=0 djs j;s(x) :Denoting coe�cient vectors by cTj = (cj0; cj1; : : : ; cj3�2j+1�1) and also dTj =(dj0; dj1; : : : ; dj3�2j+1�1), respectively, one obtainsfj+1 = cTj+1�j+1; fj = cTj �j and gj = dTj  j :As cTj+1�j+1 = (Pjcj+1)TPj�j+1, the matrix form of the decomposition rela-tion yields fj+1 = (Pjcj+1)TPj�j+1 = (Pjcj+1)TDj � �j j � :On the other hand, it holds thatfj + gj = �cTj dTj �� �j j � :Comparing coe�cients leads to�cTj dTj � = (Pjcj+1)TDj ;and taking the transpose �nally gives the matrix form of one step of thedecomposition algorithm � cjdj � = DTj Pjcj+1 :Multiplying by the inverse (DTj )�1 = CTj yields the matrix representation ofone step of the reconstruction algorithmPjcj+1 = CTj � cjdj � :



A Duality Principle 11x6. The Duality PrincipleThe duality principle in the sense that will be used here was �rst introducedby C. K. Chui and J. Z. Wang in [3] for spline wavelets on the real axis anddescribed in a much more general form in the monograph [1]. In short, itsays that the decomposition sequences for the original scaling functions andwavelets become the reconstruction sequences for the dual scaling functionsand wavelets, as well as the reconstruction sequences for the original functionsare the decomposition sequences for the duals.In this context of trigonometric scaling functions and wavelets, the dualityprinciple can be formulated as follows.Theorem 6.1. (The duality principle). For any j 2 IN0, the decompositionmatrix for the dual functions is CTj and the reconstruction matrix for theduals is DTj , i.e., for the original scaling functions and wavelets it holds that� �j j � = CjPj�j+1 (reconstruction);Pj�j+1 = Dj � �j j � (decomposition);while for the dual functions ~�j~ j ! = DTj Pj ~�j+1 (reconstruction);Pj ~�j+1 = CTj  ~�j~ j ! (decomposition):Proof: Using Dj = C�1j and P�1j = PTj , Proposition 4.1 can be rewritten asGj+1 = PTj Dj �Gj 00 Hj �DTj Pj :Therefore, G�1j+1 = PTj CTj �G�1j 00 H�1j �CjPj:Consequently, using the reconstruction relation for Pj�j+1,Pj ~�j+1 = PjG�1j+1�j+1= CTj �G�1j 00 H�1j �CjPj�j+1= CTj �G�1j 00 H�1j �� �j j �= CTj  ~�j~ j !and the reconstruction relation for the duals follows by a simple matrix inver-sion.
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