A Duality Principle for Trigonometric Wavelets

J. Prestin and E. Quak

Abstract. The aim of this paper is to give a direct proof of the
duality principle for decomposition and reconstruction algorithms for
nested spaces of trigonometric polynomials. The scaling functions of
these spaces are defined as fundamental polynomials of Lagrange
interpolation. The decomposition matrix for these scaling functions
and wavelets is the transpose of the reconstruction matrix for the
dual scaling functions and dual wavelets. Analogously, the original
reconstruction matrix is the transpose of the decomposition matrix
for the dual functions.

§1. Introduction

The trigonometric polynomials used in this paper were introduced by A. A.
Privalov for the construction of orthogonal bases of the space Cs, [6], whose
results were very recently generalized by R. A. Lorentz and A. A. Sahakian [4]
using a wavelet approach. The investigation of nested spaces of trigonometric
polynomials from a wavelet point of view started with a paper by C. K. Chui
and H. N. Mhaskar on trigonometric wavelets [2]. The basic tool in [6] is the
construction of a suitable interpolation operator of Lagrange type using de la
Vallée Poussin kernels. In [5], the exact structure of the decomposition and
reconstruction matrices associated with the nested spaces generated by these
Lagrange interpolants was investigated. The use of dual scaling functions and
wavelets - as first introduced in [3] - turned out to be a crucial step. The
aim of this paper is to prove a duality principle for these nested spaces of
trigonometric polynomials. After defining the scaling functions and wavelets
and listing their basic properties in Section 2. the corresponding two-scale
relations are recalled from [5] in Section 3. In Section 4, the relationship
between the inner product matrices of scaling functions and wavelets at a
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level 5 and the inner product matrix of scaling functions at the next level
j + 1 is described using a convenient matrix notation. Also, the dual scaling
functions and wavelets are introduced. The more complicated decomposition
relations are again recalled from [5] in Section 5. so that in Section 6 the
duality principle can be proven, saying that the decomposition matrix for the
original scaling functions and wavelets is the transpose of the reconstruction
matrix for the dual scaling functions and dual wavelets. Analogously. the
original reconstruction matrix is the transpose of the decomposition matrix
for the dual functions.

62. Definitions

For ¢ € IN, the Dirichlet kernel D, € 1Ty is defined as

51n(£+ )
Dy(x) = 5 —I— Zcos kx = 25111 3 for v ¢ 272,
14 —I— = for x € 277Z,

where Ty denotes the linear space of trigonometric polynomials of degree /.
In the following, two different kinds gbfo and ¢f o of de la Vallée Poussin
kernels are used to construct certain interpolatory operators. Therefore, let

20t+2_q

1 |
Po@) = s 2 Dilo)

¢=25+1

{ sin(3-2'z) sin(2w) o ¢ 2772,

3:22/+2in%( %)

1 for x € 27577
and
1 3.27
. ‘
¢iolr) = 3. 9J+1 Z Delz)
(=327 —1
1 for « € 2774 .

While the first kernel represents the classical de la Vallée Poussin ap-
proach, the second one is only a slight modification of a simple Dirichlet ker-
nel. In the following, the superscripts will be dropped whenever a statement
holds for both cases.

The crucial interpolatory property of ¢; ¢ is
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Definition 2.1. For j € INy, the spaces V; are defined by V; = span{¢;,, :
n=0,...,3-29% — 1}, where din(z) = ¢jo(x — T ).

For notational convenience, let ¢;,, = @, ,, mod 3. 2;+1 for any n € 7. Note
that VD as generated by ¢? and VF generated by ¢f  are different spaces.

7,

I
Nevertheless they have the same dlnleHSlOH 3-27%1 as can be deduced from

the cmrespondlng interpolatory property de?n(:,) 57) = Ok, for all k.n € ZZ.

Definition 2.2. For any j € INy, the interpolation operator L; mapping any
real-valued 2m-periodic function f into the space V; is defined as

3.2/ 1
Lif(e)= Y. flg=g)binle).

n=0

The following properties of the operators L; are well-known ([6],[7]):

(i) LPf € Tyvay, LFf € Ty

(47) ,f(3 2,) f(3 2j) ke

(ii1) LPf=f forall fe€Th UV,
LYf=f forall feTyy_ UV,

hence

(4v) Thi+1 C V]-D CToi+2_1.

T53.5i_1 C V;F C T5.9;.
Moreover, property (iv) implies that
Vj - Vj+1 )

i.e., the spaces V; form a sequence of nested subspaces of L?, the space of
27-periodic square integrable functions. Setting V_; = {0}, it is also clear
that

L? = L? — closure of U V; and ﬂ Vi = {0}

j=—1 j=—1

As the next step, the orthogonal complement of Vj relative to V11, i.e.,
the so-called wavelet space W, needs to be described in more detail.

Definition 2.3. For j € INy, the spaces W are defined by Wj = span{;n
n=20,...,3-2%" 1} where

%}n(x) = 2<Z5j+1,2n+1(£6) - <]5jm,(:c -
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The functions ; ,, also show interpolatory properties, namely for all k£ € 7ZZ

2k +1
ial g ) = e
km 2k —1
w] n(g 23) = _(ij'n((g . 2]+)17T)

Therefore, dim W; = 3 - 2911,
Let (-,-) denote the inner product of two functions f and g in L2,

1 27

(f.9) =5 fx)g(a)da

0

The following fundamental result was established by A. A. Privalov [6]:

Theorem A. The spaces V; and W; are orthogonal, i.e.,
(Pjm-Vjn) =0 foral n,keZ.
Therefore,
Vit1 =V; @ Wj,

where @& denotes orthogonal summation.

63. Two-scale Relations

As V; C Vj41, there have to exist specific coefficients p; ,, ¢ such that ¢;, =
Y o Pjn.stjt+1,s- The following result establishes their precise values.

Theorem 3.1. [5] For j € Ny andn =0,1...,3 27Tt — 1, it holds that

3. i +1l_

(25
gbj,n( ) d)j—l—l 2n Z ¢51 n —2|—]+)1 )qu-l-l,Zs—l—l(x)'

From W; C Vj41, it is clear that there also must be coefficients ¢; ,
such that 9, =3, ¢jn.s¢j+1.s which are determined using the following.

Theorem 3.2. [5] For j € INg and n = 0,1...,3-2/t! — 1, the two-scale
relation for the wavelet functions ;,, is

3.2/ 1

/l//)jvn( ) ¢j+1 ‘)n-l-l(x Z (f)jn (3 23+)1 )¢j+1 29( )

Let Qj denote the vector (¢, 0. ¢,1...., ¢j73.2j+1_1)T and, analogously, ﬁj

the vector (¢0,1;1,... ,'¢‘ja3.2,¢+1_1)T. Furthermore, we define a reordering
for the vector of scaling functions by
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Pj?j—l—l = (¢j+1,07 ¢j+1,27 R ¢j+1.,2’m7 R ¢j—|—1,3~2j+2—27

T
Dit1,15 Pj41.3 - Pit1.2mt1s - Pyp13.2i42-1) "

i.e., P; is chosen to be the suitable permutation matrix for this ordering.
Consequently, the two-scale relation or reconstruction matrix C; has the

following form
I, K,
C: = J .7> 1
J < —KJT I;

where I is an identity matrix of dimension 3-2771 and K is a knot evaluation

matrix: .
. ‘ (25 + 1)m sl
=\l )

Due to the definition of the functions ¢; ., C; is a square matrix of dimension
3 - 2772 with circulant blocks. Theorems 3.1 and 3.2 can now be expressed as

¢
<$> = Cilid;

—J

As a consequence of Theorem A, both the sets {gbja,,‘,wj?,,.}iﬁéﬁ_] and

Qit2_ . . . .
{¢_7-+15,,‘}?:20 1 are bases of Vi+1. Therefore, the reconstruction matrix C);
is non-singular and its inverse D; is the decomposition matrix such that

¢
: —D. | =7
P]éj_l_l D; (t/l .
]
For a detailed analysis of the entries of D, it is necessary to investigate inner
products of scaling functions and to introduce dual scaling functions.

64. Inner Products of Scaling Functions and Wavelets. Dual Functions

In order to investigate dual functions and to be able to give a concise formu-
lation of the duality principle for trigonometric wavelets, in this section we
study the inner products of the functions ¢; 5 and ¢ ;.

For any level j € INg, the inner product matrix G for scaling functions
is defined as .

327111
G = ((Djk: D5))k1=0

Our next goal is to express the matrix G; in terms of the matrix G, ie.,
inner products at level j by means of inner products at level j + 1.

Lemma 4.1. For j € INy, let K; be the knot evaluation matrix, I; the

identity matrix and P; the permutation matrix defined in Section 3. It holds

that
v 1
Gj=(I; K;)PGiaPF( ).
J
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Proof: Using the two-scale relation for ¢; of Theorem 3.1 yields for k,] =
0,...,3-29t1 —1

(Dj>Pja) = <¢5j+1 2k Pj41,21)

3. i+l _

2 )ynm
+ E ¢J (37“'2"”)1 >(¢j+1,27«+17¢j+1,2l>

3. 2J+

2s+ 1)w
+ Z ¢Jl( 3. 97+1 )<¢j+1,2k7¢j+1,23+1>

3.29+t1_13.20+1 1 :
(2r+1)m (2s+1)m
+ Z Z ¢j,k <W ¢gl W <q/)j+172r+1: ¢j+1,2s+1>-

Introducing the following square matrices of dimension 3 - 2711, namely,
3 2]+ —1 327411

P = ((Pjt12m D120k 1m0+ Po = ((Djr12mt1, Dj1,2041))) =g and
+
D, = ((¢jt1.28, Pjt1, 2l+1>)2 ?JO , the relations above can be written in

matrix notation as

Gj=C.+ QK] + K;®) + K;®,K]

m

-0 (35 ()

m

By careful inspection, it is obtained that indeed

¢, P,
PjGj-i-leT = (@T o >

which concludes the proof of the lemma. W
A similar statement holds for the inner product matrix of the wavelets

Hy = ()32, 7

Lemma 4.2. For j € INy, it holds that

1,

K.
Hj = (-K] I)P;Gj. P} ( '7> :

Proof: This time we use the two-scale relation for the wavelets given by
Theorem 3.2, to obtain that

= (-KT I, ( o o )( )
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In a similar way, the orthogonality relations
(jrstia) =0, jk=0,....3.-27T1 -1
of Theorem A can be written in matrix terms using Theorems 3.1 and 3.2:

(I; Kj)PiGin P} ( Ijj) =(-K] I)PiGjaP] (K]-T) = (0).
J

Putting all the above matrix relations together, one obtains

i Ki\pea pr(di —Kij\_ (G 0
(‘KjT IJ>P‘7G‘7+1P'7 (KJT L ) \0 H)

i.e., the following

Proposition 4.1. For j € INy, the two-scale relation for the inner product
matrices G, H; and Gj41 is given by

G; 0
( o Hj) = C; PG P]CT.

As a next step, it is possible to describe in detail the entries of the inverse
matrix of G;.
Theorem 4.1. [5] For any j € INy, the inverse matrix for the inner product
matrix G is given by
-1 3.2/ 1
G] = ((‘¥j~,7"~,5) P

r,s=0

where the coefficients for r,s = 0,...,3-2/t1 — 1 are given as

of  =3. 2‘7""1(5}75 +(=1)""° and

j7r78
21+2_1 R
: 22711 Ur —s)w
Lo —g.9itlg — N
Cjirs =327 0rat E_Z;H <g2 — 30291 + 5 . 227+ 1> ST

In order to find the decomposition sequences for the orthogonal sum
Vig1 = V; @ Wj, it is convenient to make use of the so-called dual scaling
functions and wavelets. The concept of duality was introduced in [3] for a
multiresolution analysis of L*(IR) and is used here in a form suitably adapted
to our purposes.

Definition 4.1. For any j € INy, the functions éa}r eVj,r=0,... L3291 1,
uniquely determined by the conditions

(jrs pji) = 6pp forall rk=0,...,3.-27% 1,

are called dual scaling functions (or dual to the functions ¢, ).
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Note that the dual scaling functions ggjx lie in the same space V; as
the original scaling functions ¢; ;. Consequently, the dual functions can be
written as linear combinations of these scaling functions. In fact, for any
J € Ny,

3.2011 1

bir="D_ Ursbis
s=0

Thus, the duality conditions lead to a linear system of equations for each dual

function ¢; ., 7 = 0,...,3 -2/ — 1 namely,
327111 }
Z aj,'r,s<¢j,k> ¢j,s> = é"r',kw k= 07 .. 73 : 2]+1 - 17
s=0

with G as its coeflicient matrix and different right hand sides for the different
dual functions.

Definition 4.2. For j € INy, the functions ‘l;jvr eW;,r=0,...,3-27t1 — 1,
uniquely determined by the conditions

(PjrsPji) =6pp forall v k=0,...,3-27Ft -1

are called dual wavelets (or dual to the functions ;.. ).

As for the scaling functions, the dual wavelets '1[']‘77« lie in the same space
W as the original wavelets 1; .. Therefore, also the dual wavelets can be writ-

ten as linear combinations of the original ones. i.e., forr =0,...,3-2/%1 —1,
~ 3.9 11 _q . . —1
Vi = Zs:() Bjrsljs, Where the 3; . ¢ are the entries of the matrix Hj )

Remark. The dual scaling functions are again translates of a single function
just like the original ones, as the inner product matrices are circulant, i.e.,

. 32711 o 327711 o
¢j,r($) = Z_% Oﬁj,r,s¢j,0(x - 3 2]) = Z:O Oéj,(),s—r¢j,0(aj - 3. 23)
3.291 1
T ST - T
= ; @jp,s P50 = 3.9 3.9 ) = djolx = 3. 2,-)
and, analogously, for the dual wavelets
Djn(r) = Prole — w2). r=0,....3:27%1 1,

3-27
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65. Decomposition Sequences

The other pair of important sequences are the so-called decomposition se-
quences. As V11 =V, W, for j € Ny, any ¢;41,, € Vj41 can be written as
a linear combination of the basis functions of V; and W;, ie., ¢, and ;.
In the following, we will distinguish two cases.

Theorem 5.1. [5] For any j € INg and m = 0,...,3-27t1 — 1, it holds that

3.27 11

¢j+1,2'm(x) - Z (a_j,le,kd)j,k(x) + bj,m,kiﬁj,k(if)) >

k=0

where for n = 0,...,3 - 2711 — 1, the decomposition coeflicients @jmn and
bj m.n are given by

a.: _ &j,m,n
7,1, 3 . 2]‘|‘2 Y

it

. B 32 ! Qjm,s (2n+1)m

ima == 2 g gratie g
s=0

7 2n+1)=w
¢j7m ((3.23'-%—)1 )
- 3.9j+2

with the terms «; , , being the coefficients of the dual scaling functions as
described in Theorem 4.1.

For an even more detailed description of the entries a; ., . and bj,, », see
Corollary 5.1 in [5].

For the basis functions in V41 with odd indices the result is

Theorem 5.2. [5] For any j € INg and m = 0,...,3-27t1 — 1, it holds that

3.27 11

¢j—|—1,2'm+1 (T) — Z (Zlymkqu,k(l:) + Bj,wrb,kd)_i,k($)> 9

k=0

where for n = 0,...,3 -2/l — 1, the decomposition coeflicients ajm,n and
bjm,n are given as

A5 mn = _b_y','rz.,'rrby

b} sman — Qfomons
and the terms a; , , and b; , , are defined in Theorem 5.1.

By slightly modifying the symmetric and circulant duality matrix of Sec-
tion 4, i.e.,

é,_l i 1 Gfl o ( Qg or.s )3'2j+1_1
77 3.925t2 77 \3.927+2 ’

r,5=0
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one obtains by using the notation of Section 3 that the decomposition relations
of Theorems 5.1 and 5.2 can be expressed as

b
3%H:%(E)v

using the decomposition matrix with circulant blocks

-1 =1
D.zc.—1:< ¢ G Kj)
J i KTG—l G'_l
i J
As Vi1 =V, @ Wy, a function f;1 € V41 can be written uniquely as
fi+1=f;+g;, with f;€V; and g; € W;

Using the basis functions of these spaces, one obtains

327121
+1
fisrlw) = Y i),
s=0
327721 327721
fite) = Y, cldjalz) and gz Z Al o(w
s=0
Denoting coefficient vectors by c = (CO,C‘{,...,C%IW_H_]) and also d? =
(al‘7 .. d3.2]+1_1), respectively, one obtains

R N . T
fg+1 = £j+1fj+1: fg =& fj and 95 = dj ﬁj
As £?+1¢j-|—1 = (P c]_|_1) Pjgbj_H, the matrix form of the decomposition rela-
tion yields

, }.
fi+1 = (chj—l—l) P}'?ﬂ_l = (P)Cg+1) D; (1]])
=
On the other hand, it holds that

fi+yg;= ( dT) (%)

Comparing coefficients leads to

T T T
(Qj dj) (PJ(]-l-l) Dj,
and taking the transpose finally gives the matrix form of one step of the

decomposition algorithm
c;
<d ) D P]Cj+1
=j

Multiplying by the inverse (DT) =C; T vields the matrix representation of
one step of the reconstruction algouthm

T L
Pen =t (1)
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§6. The Duality Principle

The duality principle in the sense that will be used here was first introduced
by C. K. Chui and J. Z. Wang in [3] for spline wavelets on the real axis and
described in a much more general form in the monograph [1]. In short, it
says that the decomposition sequences for the original scaling functions and
wavelets become the reconstruction sequences for the dual scaling functions
and wavelets, as well as the reconstruction sequences for the original functions
are the decomposition sequences for the duals.

In this context of trigonometric scaling functions and wavelets, the duality
principle can be formulated as follows.

Theorem 6.1. (The duality principle). For any j € INy, the decomposition
matrix for the dual functions is C’jT and the reconstruction matrix for the

duals is DjT, i.e., for the original scaling functions and wavelets it holds that

<§J) = CijQj+1 (reconstruction),
P =D fﬂ' (decomposition)
1541 T\, b ’

while for the dual functions

3 )
(i] — DJTPj—j—l—l (reconstruction),

7]

; ¢
. —cT | = COTDOSIEL O
Pjéj—I—l = Cj (TL (decomposition).

—J
Proof: Using D, = C'j_1 and Pj_1 = PjT7 Proposition 4.1 can be rewritten as

G; 0
@Hzﬁa(f )Wﬂ.

0 H;
Therefore, .
G- 0
-1 _ pTHT P
i+1 = P Cj ( (‘7) Hj_l) CjPj.
Consequently, using the reconstruction relation for P; QH 1
-1
Fijin = LiGimigs
Gt 0
— 0T P
() o,
j

and the reconstruction relation for the duals follows by a simple matrix inver-
sion. W
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