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274 Mhaskar and Prestinof time series, and antenna technology, one needs to determine the locationof the singularities of a function of various orders.There has been a tremendous amount of research on the problem ofdetection of singularities using wavelets, see for example, the recent book ofMeyer [14] and references therein. Of course, to apply the wavelet analysis,one needs either to know or to compute the wavelet coe�cients of the targetfunction. In some applications (e.g., [25]), the known information about thefunction consists of the Fourier coe�cients of the function or the coe�cientsin some orthogonal polynomial expansion. Since the function is not smooth,it is not economical �rst to compute an approximation to the function, andthen to use this approximation to compute the wavelet coe�cients. We alsoobserve that the ability of the wavelets to detect singularities stems fromtheir vanishing moment property. Therefore, a single compactly supportedwavelet cannot detect singularities of all orders. (cf. Figure 1).In [3], the authors constructed certain \wavelets" consisting of trigono-metric polynomials. This idea has been developed in [21], [22]. For amore general approach to periodic multiresolution analysis and correspond-ing wavelets, compare [23], [12], [19], [9]. An important application of thisdomain of ideas is in the construction of optimal order bases for the class of2�-periodic continuous functions [13], [10].There have been e�orts to construct a \multiresolution analysis" consist-ing of algebraic polynomials, for example [11]. However, it is not possiblein general to construct wavelets consisting of translations of an algebraicpolynomial. For example, it is proved in [16, Theorem 11.3.1] that it is notpossible to construct a polynomial P of degree 2n and points x1; � � � ; xn suchthat ZIR P (t� xj)R(t) exp(�t2)dt = 0for all polynomials R of degree at most n.A di�erent construction of polynomial wavelets was given in [5], wherecertain \generalized translates" were used instead of the usual translations.Motivated by the work [5], we propose in this paper a variety of polynomial\frames" which span the previously studied polynomial spaces. Comparedto the wavelets studied in [5], it is computationally easier to obtain a decom-position of a function in terms of these frames. Further, unlike the waveletsin [5], the frame bounds (with respect to suitably weighted Lp norms) forour frames is independent of the system of orthogonal polynomials used. Toexamine the localization properties of our frames, we discuss how they canbe used to detect singularities. In fact, we provide a precise quantitative de-scription of how the frame coe�cients may be used to detect the singularitiesof all orders.



Polynomial frames for the detection of singularities 275Finally, we point out that our primary interest is to construct localizedpolynomials with properties similar to those of wavelets. Although we usethe language of wavelet analysis, it should be kept in mind that the startingpoints in the construction of our frame operators and the classical wavelets,such as the Daubechies wavelets, are di�erent, and hence, they are not reallycomparable.We de�ne our frames in a general setting in Section 2. In Section 3, wespecialize to the case of Jacobi polynomials, and describe the detection ofsingularities. The stability properties of our frames are described in Section4. In Section 5, we discuss a number of numerical experiments to demon-strate the advantages, disadvantages, and limitations of our frames, treatingthe Daubechies wavelets as a bench-mark.We thank Professor C. K. Chui and Dr. C. A. Micchelli for many valuablediscussions which have motivated this work.2 Polynomial framesWe denote the class of all algebraic polynomials of degree at most n by�n. Let � be a positive Borel measure on IR with in�nitely many points ofincrease and having �nite moments; i.e.,Z jtjr d�(t) <1; r = 0; 1; 2; : : : :Then there exists a unique system of polynomialspn(x) := pn(d�;x) := 
n(d�)xn + � � � ; 
n(d�) > 0; n = 0; 1; 2; : : : ;such that Z pm(t)pk(t)d�(t) = � 1; if k = m,0; otherwise.In view of this de�nition, it is immediately clear that for any P 2 �n,we have P (x) = Z P (t)Kn(d�;x; t)d�(t); (1)where the Christo�el-Darboux kernel is given byKn(d�;x; t) = nXk=0 pk(x)pk(t):There are well known closed form formulas for Kn(d�;x; t) ([6], [24]), whichwe do not need in this paper.



276 Mhaskar and PrestinWe will need another representation, which is a discretized version ofthe above representation. It is well known (see e.g. [6], [24]) that for eachm = 1; 2; : : : ; the polynomial pm(d�) has m distinct zeros, all in the smallestinterval containing the support of d�. We denote these zeros by xk;m =xk;m(d�), with the orderingxm;m(d�) < xm�1;m(d�) < � � � < x1;m(d�) :The Cotes' numbers are de�ned by�k;m := �k;m(d�) := �Km(d�;xk;m; xk;m)��1:In this paper, an important role is played by the (Gauss) quadratureformulaZ P (t)d�(t) = mXk=1�k;mP (xk;m); P 2 �2m�1; m = 0; 1; 2; � � � : (2)As a result of the quadrature formula, we have the following representa-tion for all P 2 �n, m � n+ 1, n = 1; 2; � � � ;P (x) = mXk=1�k;mP (xk;m)Kn(d�;x; xk;m); (3)which is actually the Lagrange interpolation formula (cf. [6, xI.4]).Next, we de�ne an analogue of the multiresolution analysis as in [5]. Forinteger n � 0, we let N = 2n. We write Vn := �N , andWn := fP 2 Vn+1 : Z P (t)R(t)d�(t) = 0; R 2 Vng:We note that the dimensions of Vn and Wn are N + 1 and N respectively.The formula (3) shows that the functions KN (d�; �; xk;N+1) form a basisfor Vn. In [5] (cf. [16]), it is shown that the functions P2Nj=N+1 pj(xk;N)pjform a basis for Wn. Using the dual basis consisting of multiples of theLagrange fundamental polynomials in Wn, one can obtain a representationsimilar to (3) with m = N . A simpler representation, with better stabilityproperties, is obtained in the frame case, m � 2N +1, i.e., in the case whenthe \oversampling" m is bigger than two times the dimension of Wn. Oneof the major themes of this paper is to describe a class of such frames.Let G = fgk;`gk=0;���;`;`=1;2;��� be a triangular matrix, and for integer ` � 0,let



Polynomial frames for the detection of singularities 277K`(G;x; t) := K`(d�;G;x; t) := X̀k=0 gk;`pk(x)pk(t):One may think of K`(G) as a summability kernel.We now de�ne the frame operator by�`(G; f; x) := �`(d�;G; f; x) := Z f(t)K`(G; t; x)d�(t);whenever the integral is well de�ned, and write�`;k;m(G; f) := �`;k;m(d�;G; f) := Z f(t)K`(G; t; xk;m)d�(t): (4)We will say that G is a scaling matrix if gk;` 6= 0; k = 0; : : : ; `, and thatG is a frame matrix if gk;2` = 0; k = 0; : : : ; `; gk;2` 6= 0; k = ` + 1; : : : ; 2`.More generally, for 0 < s < N , the matrix G will be called a (s-) partialframe matrix if gk;2` = 0, 0 � k < s; gk;2` 6= 0, s � k � 2`. For a triangularmatrix G, the matrix G[�] is de�ned for integer � byg[�]k;` = � g�k;`; if gk;` 6= 0,0; otherwise.Theorem 1 Let ` � 0 be an integer, G = fgk;`gk=0;���;`;`=1;2;���, H =fhk;`gk=0;���;`;`=1;2;��� be triangular matrices, GH :=fgk;`hk;`gk=0;���;`;`=1;2;���. Then for m � `+ 1mXk=1�k;mK`(G; t; xk;m)K`(H;x; xk;m) = K`(GH;x; t): (5)If G is a scaling matrix, then for every P 2 Vn, N = 2n, and m � N + 1,P (x) = mXk=1�k;m�N;k;m(G;P )KN (G[�1];x; xk;m) :If G is a scaling or partial frame matrix, then for every P 2 Wn and m �2N + 1, P (x) = mXk=1�k;m�2N;k;m(G;P )K2N (G[�1];x; xk;m): (6)Moreover, if G is a frame matrix, the functions K2N (G[�1]; �; xk;m) 2Wn.



278 Mhaskar and PrestinProof. Using the quadrature formula (2), we obtainmXk=1�k;mKN (G; t; xk;m)KN (H;x; xk;m) = Z KN (G; t; u)KN (H;x; u)d�(u):The formula (5) follows from the orthogonality relations. The remainingassertions of the theorem are now immediately clear from (1). 2If f is a Lebesgue measurable function, we may writeak(f) := ak(d�; f) := Z fpkd� ; k = 0; 1; : : : ;whenever the integrals are well de�ned.If f 2 L2d�, and n � 0 is an integer, the orthogonal projection of f ontoWn is given by 2NXk=N+1 ak(f)pk :Further, if G is a frame matrix then we can use Theorem 1 to obtain for theframe decomposition (convergent in L2d�):f = 2Xr=0 ar(f)pk + 1Xn=0 mXk=1 �2N;k;m(G; f)	n;k;m;where m = mn � 2N + 1; n = 0; 1; : : : and the frame elements 	n;k;m arede�ned for integers k = 1; : : : ;m, n = 0; 1; : : :, by	n;k;m(x) := 	n;k;m(G;x) := �k;mK2N (G[�1];x; xk;m) :3 Detection of singularitiesIn this section, we restrict our attention to the case of Jacobi polynomials.These are de�ned for �; � > �1 by the Rodrigues' formula:(1� x)�(1 + x)�P (�;�)n (x) := (�1)n2nn! � ddx�n�(1� x)n+�(1 + x)n+��: (7)It is well known thatZ 1�1 P (�;�)n (x)P (�;�)k (x)w�;�(x)dx = � 0; if k 6= n,h(�;�)n ; if k = n,where the Jacobi weight w�;� is de�ned by



Polynomial frames for the detection of singularities 279w�;�(x) := � (1� x)�(1 + x)�; if �1 < x < 1,0; otherwise,and h(�;�)n := 2�+�+1(2n+ �+ � + 1) �(n+ �+ 1)�(n+ � + 1)�(n+ �+ � + 1)�(n+ 1) :Hence, f(h(�;�)n )�1=2P (�;�)n g is the system of orthonormal polynomials withrespect to w�;� .Let r � 0 be an integer, and f : [�1; 1] ! IR have a singularity of orderr at some point y 2 (�1; 1), In this section, we examine the question ofapproximating y from the behavior of the frame coe�cients f�2N;k;m(G; f)g,or more generally, the functions f�2N (G; f)g. A typical example is given bythe truncated power function de�ned byxr+ := � xr; if x � 0,0; otherwise.In fact, in the general case, if f has a singularity at y with jump equal to d,then the function f � dr! (� � y)r+ is r times continuously di�erentiable at y.Repeating this process, most functions of practical interest can be writtenin the form f(x) = '(x) + RXr=0 1r! krXk=1 dr;k(x� yr;k)r+;where ' is R times continuously di�erentiable on [�1; 1], dr;k 2 IR, andyr;k 2 (�1; 1). For functions of this form,�2N (G; f) = �2N (G;�) + RXr=0 1r! krXk=1dr;k�2N (G; (� � yr;k)r+): (8)In this section, we will examine the sequence of functions f�2N (G; (��y)r+)g.Let g : [0; 2�] ! IR. The matrix G de�ned bygk;` := g� 2�k`+ 1�; k = 0; � � � ; `; ` = 0; 1; � � � ;will be called the matrix generated by g. If g(0) = g(2�) = 0, then Gis a partial frame matrix. In this case, we may (and will) assume that g isextended to the whole real line as a 2�-periodic function, and gk;` are de�nedfor all integer k using this extended function.



280 Mhaskar and PrestinLet q � 0 be an integer. Let BV q0 denote the class consisting of all2�-periodic functions h, which can be expressed in the formh(x) = 1(q � 1)! Z x0 (x� t)q�1+ h(q)(t)dt; for all x 2 [��; �];where h(q) is a function having a bounded total variation on [��; �]. Weobserve that if h 2 BV q0 , then h(k)(0) = h(k)(2�) = 0, k = 0; � � � ; q � 1. Thetotal variation of a function ' on [��; �] will be denoted by V (').Theorem 2 Let �; � > �1, r, q be nonnegative integers. Suppose thatg 2 BV q0 , and for some � > 0, g(t) = 0 for t 2 [0; �]. Let G be the matrixgenerated by g. Let � > 0, y = cos�, � 2 [�; � � �].(a) Uniformly for � 2 [�; � � �], x = cos �, we haveN r�2N (w�;�; G; (� � y)r+; x)= �rr!2�+�+1w�;�(x)�1=2w�;�(y)1=2(1� x2)�1=4(1� y2)r=2�Z 2�� g(t)tr+1 cos�(2N + 12� t+ �+ � + 12 )(�� �) + (r + 1)�� r + 12 ��dt+ O(1=N) : (9)(b) There exists a sequence of complex valued continuous functions C� :=C�(r; �; �) on [�; � � �]2 such that uniformly for x, y as in part (a),�2N + 12� �r�2N (w�;� ; G; (� � y)r+; x)= qX�=0� 2�2N + 1��<�C�(�; �) Z 2�� g(t)tr+1+� exp�i2N + 12� (�� �)t�dt�+O� 1N q+1�: (10)In the above theorem, the constants involved in the O(�) terms depend on�, �, r, g, q, �, and � only. In the sequel, the symbols c; c1; � � � will denotepositive constants depending only on these and other explicitly indicatedparameters.We observe that (9) shows explicitly the leading term of the expansionin (10). In particular, it is not identically equal to zero.Before proving Theorem 2, we point out a corollary to highlight someinteresting aspects of the behavior of �2N (w�;�; G; (��y)r+; x) near and awayfrom y.



Polynomial frames for the detection of singularities 281Corollary 3 With the notation as in Theorem 2, there exist constants a; b 2IR and a positive constant c, (all possibly dependent on y), such thatN rj�2N (w�;� ; G; (� � y)r+; x)j � c; if 2N + 12� (�� �) 2 (a; b): (11)If � 6= �, then N rj�2N (w�;� ; G; (� � y)r+; x)j � c1(N j�� �j)q+1 : (12)Proof of Corollary 3. In this proof, let = �+ � + 12 (�� �) + (r + 1)�� r + 12 �:The function z ! Z 2�� g(t)tr+1 cos(zt+  )dtis an entire function, and hence, nonzero on some interval [a; b]. For j���j �1=N , the numbers a and b may be chosen independent of �. In light of thisobservation, (9) leads to (11). Since the functions g(t)t�r���1, � = 0; � � � ; qare all in BV q0 , a repeated integration by parts shows thatZ 2�� g(t)tr+1+� exp�i2N + 12� (�� �)t�dt = O�(N j�� �j)�q�1�:Therefore, (10) implies (12). 2The proof of Theorem 2 involves certain facts concerning the Jacobipolynomials, which we now recall.Lemma 4 Let �; � > �1, r be a nonnegative integer, �1 < y < 1, � > 0and k � r + 1 be an integer.(a) We haveZ 1y (t� y)rP (�;�)k (t)w�;�(t)dt= (k�r�1)!r!2r+1k! P (�+r+1;�+r+1)k�r�1 (y)w�+r+1;�+r+1(y): (13)(b) Uniformly for � 2 [�; � � �], x = cos �, we haveP (�;�)k (cos �) = (�k=2)�1=2w�;�(x)�1=2�(1� x2)�1=4 cos�(k + �)� � 
�+O(k�3=2); (14)



282 Mhaskar and Prestinwhere � := �+ � + 12 ; 
 := (�+ 12)�2 :(c) There exists a sequence of continuous complex valued functions �� suchthat for any integer p � 1 and uniformly for � 2 [�; � � �], we haveP (�;�)k (cos �) = 2<�eik� p�1X�=0��(ei�)k���1=2�+O� 1kp+1=2�: (15)Proof. Part (a) can be proved easily from (7) by induction (cf. [15]). Parts(b) and (c) are Theorems 8.21.13 and 8.21.9 respectively in [24]. 2Next, we prove a lemma which plays a crucial role in our proof.Lemma 5 Let q � 0 be an integer, h 2 BV q0 , 0 < � < 1, and j�j � 2�(1��),and  2 IR. Then for integer m � 3=�, we have���� 1m m�1Xk=0 h�2�km � cos(k�+  )� 12� Z 2�0 h(t) cos�m2��t+  �dt����� cV (h(q))mq+1 : (16)Proof. Let p be the integer part of �m�2. In view of a well known theoremof Ganelius [8], there are trigonometric polynomials Q1, Q2 of order at mostp, such that Q1(t) � h(t) � Q2(t); t 2 [0; 2�];and Z 2�0 (Q2(t)�Q1(t))dt � cV (h(q))mq+1 : (17)Hence, if ` is an integer, j`j � m� p� 1, then1m m�1Xk=0 Q1�2�km ��2 + cos�2�k`m +  ��� 1m m�1Xk=0 h�2�km ��2 + cos�2�k`m +  ��� 1m m�1Xk=0 Q2�2�km ��2 + cos�2�k`m +  ��;



Polynomial frames for the detection of singularities 283and 12� Z 2�0 Q1(t)(2 + cos(`t+  ))dt� 12� Z 2�0 h(t)(2 + cos(`t+  ))dt� 12� Z 2�0 Q2(t)(2 + cos(`t+  ))dt:Now, in view of a quadrature formula valid for trigonometric polynomials(cf. [26, Chapter X, Formula (2.5)]), we have for j = 1; 2,1m m�1Xk=0 Qj�2�km ��2 + cos�2�k`m +  �� = 12� Z 2�0 Qj(t)(2 + cos(`t+  ))dt:Hence, in view of (17), we obtain����� 1m m�1Xk=0h�2�km ��2 + cos�2�k`m +  ��� 12� Z 2�0 h(t)(2 + cos(`t+  ))dt������ c Z 2�0 (Q2(t)�Q1(t))dt� c1V (h(q))mq+1 : (18)Using (18) with ` = 0, we conclude���� 1m m�1Xk=0 h�2�km �� 12� Z 2�0 h(t)dt���� � cV (h(q))mq+1 :Together with (18), this gives���� 1m m�1Xk=0 h�2�km � cos�2�k`m +  �� 12� Z 2�0 h(t) cos(`t+  )dt���� � cV (h(q))mq+1 :Thus, we have proved (16) in the case when � is of the form 2�`=m for someinteger `. (Since j�j � 2�(1� �), necessarily, j`j � m� p� 1.) In general,� = 2�(`+ �)m



284 Mhaskar and Prestinfor some j�j < 1 and integer `, j`j � m� p� 1. The functions hc := h cos(��)and hs := h sin(��) are both in BV q0 , and V (hc(q)), V (hs(q)) are both lessthan or equal to cV (h(q)). Sinceh�2�km � cos(k�+  ) = hc�2�km � cos�2�k`m �� hs�2�km � sin�2�k`m �;and h(t) cos�m�t2� +  � = hc(t) cos(`t)� hs(t) sin(`t);we may apply (16) once with hc and once with hs (and  + �=2 in place of ), and derive (16) in this general case by a simple computation. 2Proof of Theorem 2. Using the de�nition of �2N and (13), we obtain�2N (G; (� � y)r+; x)= 2NXk=0 gk;2Nfh(�;�)k g�1P (�;�)k (x) Z 1y (t� y)rP (�;�)k (t)w�;�(t)dt= 2NXk=0 gk;2Nfh(�;�)k g�1P (�;�)k (x)(k � r � 1)!r!2r+1k! (19)�P (�+r+1;�+r+1)k�r�1 (y)w�+r+1;�+r+1(y):We will prove part (b). The proof of part (a) is simpler, and we willindicate the di�erences. In the remainder of this proof, the symbols d� ,will denote constants dependent on �, �, r, and q. They may or may notbe positive, and their value may be di�erent at di�erent occurences, evenwithin the same formula. In view of (15), there are continuous functions ~��and functions ~
� such that exp(i~
�) are continuous, with the property thatP (�+r+1;�+r+1)k�r�1 (cos �)= qX�=0(k � r � 1)���1=2 ~��(�) cos(k�� ~
�(�)) +O(k�q�3=2)= qX�=0 qX̀=0 d`k���`�1=2~��(�) cos(k�� ~
�(�)) +O(k�q�1) :Similarly, there are continuous functions �j , and functions 
j such thatexp(i~
j) are continuous, with the property thatP (�;�)k (cos �) = qXj=0 k�j�1=2�j(�) cos(k� � 
j(�)) +O(k�q�3=2) :



Polynomial frames for the detection of singularities 285Therefore,P (�;�)k (cos �)P (�+r+1;�+r+1)k�r�1 (cos�)= qXj=0 qX�=0 qX̀=0 d`k���j�`�1~��(�)�j(�) cos(k� � 
j(�)) cos(k�� ~
�(�))+O(k�q�1)= 12 qXj=0 qX�=0 qX̀=0 d`k���j�`�1~��(�)�j(�)�cos�k(� + �)� 
j(�)� ~
�(�)�+cos�k(�� �) + 
j(�)� ~
�(�)��+O(k�q�1) :We expand each of the cosine terms using the addition formula, rearrangethe triple sum, relabel the indices, and collect all O(k�q�1) terms togetherto obtainP (�;�)k (cos �)P (�+r+1;�+r+1)k�r�1 (cos�)= qX�=0 k���1<�~!�(�; �) exp�ik(� + �)�+ !�(�; �) exp�ik(�� �)��+O(k�q�1) ; (20)where !� and ~!� are continuous functions on [�; � � �]2, dependent also on�, �, and r.Next, by ([20], Eqn. (5.02)), we havefh(�;�)k g�1 (k � r � 1)!k!= 2k + �+ � + 12�+�+1 �(k + �+ � + 1)�(k + �+ 1) �(k + 1)�(k + � + 1) �(k � r)�(k + 1)= k�r2�+�� qX̀=0 d`k�` +O(k�q�1)�: (21)Substituting from (20) and (21) into (19) and simplifying as before, weget�2N (G; (� � y)r+; x)= w�+r+1;�+r+1(y)r!2r+1+�+� 2NXk=0 qX�=0 k�r���1gk;2N� qX̀=0 d`k�` +O(k�q�1)���<�~!�(�; �) exp�ik(� + �)�+ !�(�; �) exp�ik(�� �)��



286 Mhaskar and Prestin(22)+O(k�q�1)�= qXs=0 2NXk=0 k�r�s�1gk;2N<� ~Cs(�; �) exp�ik(� + �)�+Cs(�; �) exp�ik(�� �)��+ O(k�r�q�1) ;where Cs and ~Cs are continuous functions on [�; � � �]2, dependent also on�, �, and r.Using Lemma 5,2NXk=0 k�r�s�1gk;2N exp(ik(� � �))= � 2�2N + 1�r+s+1 2NXk=0� 2�k2N + 1��r�s�1gk;2N exp(ik(�� �))= � 2�2N + 1�r+s�Z 2�� g(t)t�r�s�1 exp�i(2N + 1)(� � �)2� t�dt+ O(N�q�1)� : (23)Similarly,2NXk=0 k�r�s�1gk;2N exp(ik(� + �))= � 2�2N + 1�r+s�Z 2�� g(t)t�r�s�1 exp�i(2N + 1)(� + �)2� t�dt+ O(N�q�1)� :Since the functions g(t)t�r�s�1 are all in BV q0 , a repeated integration byparts gives 2NXk=0 k�r�s�1gk;2N exp(ik(�+ �))= � 2�2N + 1�r+s�O� 1N(�+ �)�q+1 +O(N�q�1)�= O(N�r�s�q�1): (24)



Polynomial frames for the detection of singularities 287Substituting from (23) and (24) into (22), we obtain�2N (G; (� � y)r+; x) = qXs=0� 2�2N + 1�r+s<�Cs(�; �)� Z 2�� g(t)t�r�s�1 exp�i(2N + 1)(� � �)2� t�dt�+ O(N�r�q�1) :This completes the proof of (10).The proof of part (a) of the theorem is similar; we use the asymptotics(14) instead of (15) in (20), and keep only the O(k�1) terms in the rest ofthe proof. 24 StabilityLet n � 0 be an integer, P 2 Wn, and G be a triangular matrix. Weare interested in comparing suitably weighted Lp norms of the sequencef�2N;k;m(G;P )g with suitably weighted Lp norms of P for 1 � p � 1.Obviously, the case p = 2 is the simplest, and the following propositionsummarizes the results for an arbitrary mass distribution.Theorem 6 Let � be a mass distribution, G be a frame matrix, n � 0 bean integer, and P 2Wn. Then for m � 2N + 1Bn;2(G[�1])�2 Z P (t)2d�(t)� mXk=1�k;m�22N;k;m(G;P ) � Bn;2(G)2 Z P (t)2d�(t) ; (25)where Bn;2(G) := max0�j�2N jgj;2N j :Moreover, there exists P1 2Wn (respectively P2 2Wn) for which equality isattained in the lower (respectively upper) inequality of (25).Proof. From formulas (4) and (5), we obtainmXk=1�k;m�2N;k;m(G;P )= mXk=1�k;m Z P (t)K2N (G; t; xk;m)d�(t) Z P (u)K2N (G;u; xk;m)d�(u)



288 Mhaskar and Prestin= Z Z P (t)P (u) mXk=1�k;mK2N (G; t; xk;m)K2N (G;u; xk;m)! d�(t)d�(u)= Z Z P (t)P (u)K2N (G[2]; t; u)d�(t)d�(u):If P =P2Nk=N+1 akpk, we have2N+1Xk=1 �k;2N+1�22N;k;m(G;P )= Z Z P (t)P (u)K2N (G[2]; t; u)d�(t)d�(u) = 2N+1Xj=N+1 g2j;2Na2j :Formula (25) can now be deduced easily from the Parseval identity. It isalso immediately clear that the bounds cannot be improved. 2We compare the bounds in (25) with Riesz bounds in the case of thebasis when m = N (cf. [5], Theorem 4.1). The frame bounds in (25) dependonly on G; whereas in the basis case, the Riesz bounds depend heavily onthe system of orthogonal polynomials. To explain this, we rewrite (25) inthe form that for every non-vanishingP (x) = mXk=1q�k;m�2N;k;m(G;P )�q�k;mK2N (G[�1];x; xk;m)� ;we have Bn;2(G[�1])�2 � Pmk=1 �k;m�22N;k;m(G;P )R P (t)2d�(t) � Bn;2(G)2 : (26)On the other hand, it is proved in [5] thatq�s;NK2N (G[�1]; �; xs;N ) ; s = 1; : : : ; N ;is a basis for Wn. (Actually, it is proved for a frame matrix G with gk;2N =0; k = 0; : : : ; N ; gk;2N = 1; k = N + 1; : : : ; 2N , but the generalization isstraightforward.) Hence, every P 2Wn has the representationP (x) = NXs=1q�s;Nasq�s;NK2N (G[�1];x; xs;N ) ;



Polynomial frames for the detection of singularities 289where the coe�cients p�s;Nas are the inner products with the dual func-tions. The basis is a Riesz-basis with the upper and lower estimates givenby Bn;2(G[�1])�2
n;2(A)�2 � PNs=1 �s;Na2sR P (t)2d�(t) � Bn;2(G)2
n;2(A�1)2; (27)where A := �pN+k(xs;N )q�s;N�k;s=1;���;N ;A�1 denotes, as usual, the inverse matrix of A, and 
n;2(A) denotes thespectral norm of the matrix A. The proof of these estimates is again asimple extension of the proof given in [5] (Theorem 4.21).The tightness of the stability estimates (26) and (27) is given by thequotientsBn;2(G)Bn;2(G[�1])�1 = max0�i�2N jgi;2N jmin0�i�2N jgi;2N j ; Bn;2(G)Bn;2(G[�1])�1 
n;2(A�1)
n;2(A)�1 :We observe that while the �rst ratio depends entirely on G, the seconddepends also on the particular system of orthogonal polynomials in question.IfG is generated by a function g 2 BV q0 such that kgk1 = 1 and V (g(q)) = V ,then it is easy to see thatBn;2(G)Bn;2(G[�1])�1 � V q!�2N + 12� �q:Thus, there seems to be a trade o� between the stability and the ability ofdetecting singularities.At this time, we are able to analyze the case p 6= 2 only for special classi-cal polynomials; in particular, the generalized Jacobi polynomials and Freudpolynomials. We will discuss only the case of classical Jacobi polynomials;the generalized Jacobi and Freud polynomials can be dealt with using thesame ideas.In the remainder of this section, �; � > �1 are �xed parameters, d�denotes the measure w�;�(x)dx, and we write w = w�;�, pk = fh(�;�)k g�1=2P (�;�)k , etc. For integer m � 1, �m denotes the measure that associates themass �k;m with the point xk;m, k = 1; � � � ;m. We observe that the estimates(25) can be written for P 2Wn; m � 2N + 1 in the formBn;2(G[�1])�1kPk2;� � k�2N (G;P )k2;�m � Bn;2(G)kPk2;�: (28)



290 Mhaskar and PrestinThe upper estimates analogous to these in the Lp norms can be deducedusing the multiplier criteria of Gasper and Trebels [7] in the case 1 < p <1and �; � � �1=2. We will use easier ideas to prove estimates applicable forall values of �; � > �1 and 1 � p � 1. In general, our estimates are notcomparable to those obtained using the multiplier criteria.The Lp analogues of the estimates (28) require certain additional weight-ing factors, which we now introduce. Let �1 < 
 < 1. For integer ` � 1 andx 2 [�1; 1], we writeu
;`(x) := �p1� x2 + 1p`�
�p1� x+ 1̀��+1=2�p1 + x+ 1̀��+1=2;U
(x) := (1� x2)
=2qw(x):Theorem 7 Let �; � > �1, 1 � p � 1, p0 = p=(p � 1) (= 1 if p = 1),�1 < 
 < 1, L � 4, n � 0 be an integer, N = 2n, 4N + 1 � m � LN be aninteger, � > 0, and G be a �N -partial frame matrix. Let � denote either �or �m, and f 2 Lp�. We writeBn;1(G) := 2NXj=0(j + 1)����gj;2N � 2gj+1;2N + gj+2;2N ����;and de�neBn;p(G) := (Bn;2(G)2=pBn;1(G)1�2=p; if 2 < p <1,Bn;p0(G); if 1 � p < 2.(a) If 2 � p � 1,ku1�2=p
;N �2N (G; f)kp;� � cBn;p(G)kU1�2=p
 fkp;�: (29)(b) If 1 � p � 2,kU2=p0�1
 �2N (G; f)kp;� � cBn;p0(G)ku2=p0�1
;N fkp;�: (30)(c) If P 2Wn and 2 � p � 1 thenku1�2=p
;N Pkp;� � cBn;p(G[�1])kU1�2=p
 �2N (G;P )kp;�m : (31)(d) If P 2Wn and 1 � p � 2 thenkU2=p0�1
 Pkp;� � cBn;p0(G[�1])ku2=p0�1
;N �2N (G;P )kp;�m :



Polynomial frames for the detection of singularities 291Remark 8 If the matrix G in Theorem 7 is generated by a function g 2 BV 10such that g(t) = 0 for all t 2 [0; �], then it is not di�cult to check that thequantities Bn;1(G) and hence, Bn;p(G) are bounded from above, indepen-dently of n. Further, if [a; b] � (�1; 1), then (29) with �min(�; �; 1) < 
 < 1shows that k�2N (G; f)k1;[a;b] � ckfk1;[�1;1]:Since �2N (G;P ) = 0 for all P 2 Vn, this leads tok�2N (G; f)k1;[a;b] � c infP2Vn kf � Pk1;[�1;1]:In particular, it follows from the theorem of Jackson that for an R timescontinuously di�erentiable function ' : [�1; 1]! IR, we havelimN!1NRk�2N (G;')k1;[a;b] = 0: (32)It is not possible to choose 
 so that the factor u
;N is bounded frombelow as well. However, if max(�; �) < 0, and f is zero outside [a; b],then instead of choosing 
 as above, we may choose 
 with �1 < 
 ��2max(�; �) � 1 and obtaink�2N (G; f)k1;[�1;1] � ckfk1;[a;b] � ckfk1;[�1;1]:Hence, in this case, one getsk�2N (G; f)k1;[�1;1] � c infP2Vn kf � Pk1;[�1;1]:As before, if ' is R times continuously di�erentiable on [�1; 1], and equalto zero outside [a; b], thenlimN!1NRk�2N (G;')k1;[�1;1] = 0: (33)In view of (8), the formulas (32) (respectively (33)), (11), and (12)demonstrate why the operators �N (G; f) can be used to detect singulari-ties of f . We illustrate this further in Section 5.Proof of Theorem 7. The proof relies upon a connection between the oper-ators �` and the operator of arithmetic averages of Jacobi expansions of afunction. If � denotes either � or one of the measures �m, ` � 0 is an integer,and f 2 L1�, we writev`(�; f; x) := Z f(t)� 1`+ 1 X̀j=0 jXk=0 pk(x)pk(t)�d�(t):



292 Mhaskar and PrestinIn [18], we have proved thatku
;`v`(�; f)k1;� � ckU
fk1;�; (34)and ku
;`v`(�m; f)k1;� � ckU
fk1;�m ; (35)if 2` � m � L` for some L � 2. In this proof, we may assume that �N � 2,so that g2`+1;2` = g2`+2;2` = 0 for all integer ` � 1. Using summation byparts twice, we obtain the following connection between �2` and the operatorsvj : �2`(G; f) = 2X̀j=0�j;2`(G)vj(�; f); (36)where �j;�(G) := (j + 1)(gj;� � 2gj+1;� + gj+2;�); � = 1; 2; � � � :Since G is a �N -partial frame matrix, the summation in the formula (36)for �2N (G; f) is actually for �N � j � 2N . For these values, we haveu
;j � u
;N . Hence, the estimate (34) yieldsku
;N�2N (G; f)k1;�m � ku
;N�2N (G; f)k1;�� X�N�j�2N j�j;2N(G)jku
;jvj(�; f)k1;� � cBn;1(G)kU
fk1;�: (37)Since m � 2N + 1, we may use the quadrature formula and the Besselinequality to deduce thatk�2N (G; f)k2;�m = k�2N (G; f)k2;� = � X�N�j�2N g2j;2Na2j(�; f)�1=2� Bn;2(G)kfk2;� : (38)In view of the Stein-Weiss interpolation theorem (cf. [1], Theorem 5.5.2),(37) and (38) yield for 2 � p � 1,ku1�2=p
;N �2N (G; f)kp;� � cBn;2(G)2=pBn;1(G)1�2=pkU1�2=p
 fkp;�:This completes the proof of part (a).



Polynomial frames for the detection of singularities 293Theorem 1 in [17] implies that the estimates (34) and (35) lead tokU�1
 v`(�; f)k1;� � cku�1
;`fk1;�;and kU�1
 v`(�; f)k1;�m � cku�1
;`fk1;�;for ` = 1; 2; � � � ; and f 2 L1�, 2` �m � L`. From (36), this yields as abovekU�1
 �2N (G; f)k1;� � cBn;1(G)ku�1
;Nfk1;�for � = �; �m. Along with (38) and the Stein-Weiss interpolation theorem,this implies the estimate (30). The part (b) is now proved.To prove parts (c) and (d), we de�ne, in this proof only, H := G[�1], andT (f ;x) := 2NXj=0hj;2N�Z f(t)pj(t)d�m(t)�pj(x):Summing by parts twice, we obtainT (f) = 2NXj=0�j;2N (H)vj(�m; f): (39)Using (35), we getku
;NT (f)k1;� � cBn;1(H)kU
fk1;�m: (40)Since m � 4N + 1, the quadrature formula implies thatZ pjpkd�m = � 1; if j = k,0; otherwise.Hence, fpjg2Nj=0 is an orthonormal system of polynomials in L2�m . Therefore,Parseval identity in L2�, followed by Bessel inequality in L2�m lead tokT (f)k22;� = X�N�j�2N h2j;2N�Z f(t)pj(t)d�m(t)�2� B2n;2(H) X�N�j�2N�Z f(t)pj(t)d�m(t)�2� B2n;2(H)kfk22;�m ;i.e.,



294 Mhaskar and PrestinkT (f)k2;� � Bn;2(H)kfk2;�m : (41)Applying the Stein-Weiss interpolation theorem, we obtain from (40) and(41) that for 2 � p � 1,ku1�2=p
;N T (f)kp;� � cBn;p(H)kU1�2=p
 fkp;�m : (42)If P 2Wn and f = �2N (G;P ), then (6) impliesP (x) = Z �2N (G;P; t)K2N (H;x; t)d�m(t)= Z f(t)K2N (H;x; t)d�m(t) = T (f; x) :Hence, (42) leads to (31). This completes the proof of part (c).Theorem 1 in [17] and the estimates (34) and (35) lead to the estimatekU�1
 vN (�m; f)k1;� � cku�1
;Nfk1;�m :Therefore, (39) implieskU�1
 T (f)k1;� � cBn;1(H)ku�1
;Nfk1;�m : (43)The proof of part (d) is now completed using (43), (41), the Stein-Weissinterpolation theorem, and (43) as before. 25 Numerical experimentsIn this section, we present the results of some numerical computations. Asa test case, we are interested in detecting the singularities of the functionf(x) := (x+ 1=2)3+ + (x� 1=2)4+:Figure 1 shows the wavelet coe�cients with the standard Daubechies wave-lets (cf. [4],[2]) 3 and 4 . Here we have plottedL�D(x) = Z 1�1 f(t)L (64t� x) dtfor x 2 [�1; 1] and L = 3; 4.The singularity at �1=2 (but not the one at 1=2) can easily be seen bya \spike" in the wavelet coe�cients in the case L = 4. None of the twosingularities produce a similar \spike" in the case L = 3.
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Figure 1: 3�D (left) and 4�D (right).In our experiments described below, we considered the case � = � =�1=2. The matrix G := GW;q is generated by the B-spline of order q + 1,supported on [�; 2�]. We recall that this function is in BV q0 .Figure 2 shows the behavior of �512(GW;0; f) on [�1; 1] and (a zoomedin view on) [0; 1] respectively. Even though one detects a sharp rise in thevalue of the transform near �1=2, the lack of localization is also clear, inspite of the high value of N . In contrast, Figure 3 shows the detection ofthe approximate location of both the singularities already with N = 128 andq = 1; 3 respectively.
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Figure 2: a) and b) �512(GW;0; f; x).Figure 4 shows the graph of �512(GW;3; f) on [�1; 1] and (a zoomed inview on) [0; 1] respectively, where a good localization is observed. Comparingthese with Figure 5, we see that the localization is not signi�cantly improvedwith q = 5, an indication of the importance of the unspeci�ed constants in(11) and (12).
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Figure 3: a) �128(GW;1; f; x) and b) �128(GW;3; f; x).
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Figure 4: a) and b) �512(GW;3; f; x).
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Figure 5: a) and b) �512(GW;5; f; x).
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