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Abstract

We propose a class of algebraic polynomial frames, which are compu-
tationally easier to implement than polynomial bases. We also discuss
the weighted LP- stability of our frames for 1 < p < co. Our analysis
is based on orthogonal polynomials with respect to the weight in ques-
tion, but the frame bounds are independent of the system of orthogonal
polynomials used. In spite of the fact that algebraic polynomials are
inherently nonlocal, our frames provide good localization properties.
In particular, they can be used to detect discontinuities in derivatives
of all orders of a function. We describe asymptotic expressions for the
frame coefficients in the vicinity of a discontinuity.
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1 Introduction

Let I be an open real interval, f : I — IR, and r > 0 be an integer. In this
paper, a point zy € I will be called a singularity of f of order r if the (r—1)-st
derivative, f("~1, is absolutely continuous in a neighborhood of zg, and f(")
is continuous in this neighborhood, except for a jump discontinuity at zg.
In many applications, for example, image and data compression, prediction

“The research of this author was supported, in part, by grant no. F-49620-97-1-0211
from the U. S. Air Force Office of Scientific Research.
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of time series, and antenna technology, one needs to determine the location
of the singularities of a function of various orders.

There has been a tremendous amount of research on the problem of
detection of singularities using wavelets, see for example, the recent book of
Meyer [14] and references therein. Of course, to apply the wavelet analysis,
one needs either to know or to compute the wavelet coefficients of the target
function. In some applications (e.g., [25]), the known information about the
function consists of the Fourier coefficients of the function or the coefficients
in some orthogonal polynomial expansion. Since the function is not smooth,
it is not economical first to compute an approximation to the function, and
then to use this approximation to compute the wavelet coefficients. We also
observe that the ability of the wavelets to detect singularities stems from
their vanishing moment property. Therefore, a single compactly supported
wavelet cannot detect singularities of all orders. (cf. Figure 1).

In [3], the authors constructed certain “wavelets” consisting of trigono-
metric polynomials. This idea has been developed in [21], [22]. For a
more general approach to periodic multiresolution analysis and correspond-
ing wavelets, compare [23], [12], [19], [9]. An important application of this
domain of ideas is in the construction of optimal order bases for the class of
2m-periodic continuous functions [13], [10].

There have been efforts to construct a “multiresolution analysis” consist-
ing of algebraic polynomials, for example [11]. However, it is not possible
in general to construct wavelets consisting of translations of an algebraic
polynomial. For example, it is proved in [16, Theorem 11.3.1] that it is not
possible to construct a polynomial P of degree 2n and points z1, - - -, z, such
that

/ P(t — ;) R(t) exp(—2)dt = 0
R

for all polynomials R of degree at most n.

A different construction of polynomial wavelets was given in [5], where
certain “generalized translates” were used instead of the usual translations.
Motivated by the work [5], we propose in this paper a variety of polynomial
“frames” which span the previously studied polynomial spaces. Compared
to the wavelets studied in [5], it is computationally easier to obtain a decom-
position of a function in terms of these frames. Further, unlike the wavelets
in [5], the frame bounds (with respect to suitably weighted LP norms) for
our frames is independent of the system of orthogonal polynomials used. To
examine the localization properties of our frames, we discuss how they can
be used to detect singularities. In fact, we provide a precise quantitative de-
scription of how the frame coefficients may be used to detect the singularities
of all orders.
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Finally, we point out that our primary interest is to construct localized
polynomials with properties similar to those of wavelets. Although we use
the language of wavelet analysis, it should be kept in mind that the starting
points in the construction of our frame operators and the classical wavelets,
such as the Daubechies wavelets, are different, and hence, they are not really
comparable.

We define our frames in a general setting in Section 2. In Section 3, we
specialize to the case of Jacobi polynomials, and describe the detection of
singularities. The stability properties of our frames are described in Section
4. In Section 5, we discuss a number of numerical experiments to demon-
strate the advantages, disadvantages, and limitations of our frames, treating
the Daubechies wavelets as a bench-mark.

We thank Professor C. K. Chui and Dr. C. A. Micchelli for many valuable
discussions which have motivated this work.

2 Polynomial frames

We denote the class of all algebraic polynomials of degree at most n by
IT,,. Let u be a positive Borel measure on IR with infinitely many points of
increase and having finite moments; i.e.,

/|t|rdu(t)<oo, r=0,1,2,... .

Then there exists a unique system of polynomials

such that

1, ifk=m,
/pm(t)pk(t)d'u(t) = {0 otherwise.

In view of this definition, it is immediately clear that for any P € II,,
we have

/P n(dp; z, t)dup(t), (1)

where the Christoffel-Darbouz kernel is given by

There are well known closed form formulas for K, (du;z,t) ([6], [24]), which
we do not need in this paper.
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We will need another representation, which is a discretized version of
the above representation. It is well known (see e.g. [6], [24]) that for each
m =1,2,..., the polynomial p,,(du) has m distinct zeros, all in the smallest
interval containing the support of du. We denote these zeros by zj , =
Zk,m(dp), with the ordering

Tnm (dp) < Tpo1m(dp) < -+ <z m(dp) .
The Cotes’ numbers are defined by

—1
>‘k:,m = Ak,m(dﬂ) = {Km(dﬂ’;xk,maxk,m)} .

In this paper, an important role is played by the (Gauss) quadrature
formula

/P(t)du(t) => Mo P(Trm), Pelypy_q, m=0,1,2,---. (2)
k=1

As a result of the quadrature formula, we have the following representa-
tion foral Pell,, m>n+1,n=1,2,---,

m
P(ZE) = Z )\k,mP(fEk,m)Kn(dﬂ;fEafEk,m)a (3)
k=1

which is actually the Lagrange interpolation formula (cf. [6, §1.4]).
Next, we define an analogue of the multiresolution analysis as in [5]. For
integer n > 0, we let N = 2". We write V,, := Ily, and

W, = {P € Vi1 : /P(t)R(t)du(t) —0, REV,).

We note that the dimensions of V,, and W,, are N + 1 and N respectively.
The formula (3) shows that the functions Ky (dp;-, 2k n+1) form a basis
for Vi,. In [5] (cf. [16]), it is shown that the functions z§£N+1 Pj(Zk,N)Dj
form a basis for W,,. Using the dual basis consisting of multiples of the
Lagrange fundamental polynomials in W,,, one can obtain a representation
similar to (3) with m = N. A simpler representation, with better stability
properties, is obtained in the frame case, m > 2N + 1, i.e., in the case when
the “oversampling” m is bigger than two times the dimension of W,. One
of the major themes of this paper is to describe a class of such frames.

Let G = {gk ¢} k=0, 0,0=1,2,... be a triangular matrix, and for integer £ > 0,
let
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¢
Ky(Gsm,t) := Ko(dp, G5 2,t) := Y grepi(z)pe(t).-
k=0

One may think of K;(G) as a summability kernel.
We now define the frame operator by

TZ(G; fax) = Tf(dua G; faq;) = /f(t)Kl(Gv tax)d:u(t)a

whenever the integral is well defined, and write

G5 ) = Tean (s G £) = [ FOKAGs tmpm)du(d). (4)

We will say that G is a scaling matriz if g0 # 0, k =0,...,¢, and that
G is a frame matriz if gyop = 0, k = 0,...,0; groe #0, k=4 +1,...,20
More generally, for 0 < s < N, the matrix G will be called a (s-) partial
Jrame matriz if gy 00 = 0,0 <k <55 grpoe #0, s <k <20 For a triangular
matrix G, the matrix Gl is defined for integer o by

gl = 9re i gre#0,
k.t 0, otherwise.

Theorem 1 Let £ > 0 be an integer, G = {gk ¢} k=0, t,0=12,., H =
{Pketh=0,00=12,.. be triangular matrices, GH :=
{9k ehi 0} k=0, p,0=12,... Then form >~£0+1

> NenKeo(Git, ) Ko (H; 3, 0 ) = Ko(GH;w, t). (5)
f=1

If G is a scaling matriz, then for every P € V,, N =2", and m > N + 1,

m
P(z)=> NenTN k(G5 PYK N (G 2, g, 1)
k=1

If G is a scaling or partial frame matriz, then for every P € Wy, and m >
2N +1,

P(z) =Y XemTonjeym (G P)Kon (G2, 2 ). (6)
k=1

Moreover, if G is a frame matriz, the functions KQN(G[*H; Y Thm) € Wh.
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Proof. Using the quadrature formula (2), we obtain

> NenEN (Gt tpm) Kn (H; @, Tp ) = /KN(G; t,u) Ky (H; o, u)dp(u).
k=1

The formula (5) follows from the orthogonality relations. The remaining
assertions of the theorem are now immediately clear from (1). O

If f is a Lebesgue measurable function, we may write

ak(f):ak(d,u,f):/fpkd,u, k=0,1,...,

whenever the integrals are well defined.

If fe Lgu, and n > 0 is an integer, the orthogonal projection of f onto

W, is given by

2N

> aw(f)pk -

k=N+1

Further, if G is a frame matrix then we can use Theorem 1 to obtain for the
frame decomposition (convergent in Lzu):

2 oo m
f= Z ar(f)pk + Z Z TQN,k,m(G§ f)qln,k,ma
r=0

n=0k=1

where m = my, > 2N + 1,n = 0,1,... and the frame elements ¥,, ;. ,, are
defined for integers k =1,...,m, n=0,1,..., by

‘Iln,k,m(x) = \I/n,k,m(G;x) = Ak,mKQN(G[_l};xaxk,m) .

3 Detection of singularities

In this section, we restrict our attention to the case of Jacobi polynomials.
These are defined for o, B > —1 by the Rodrigues’ formula:

(1= 2)°(1 + )P Pd) () = E1" ( d )n{u —pymtel 4 x)"+/3}. (1)

onpl \ dr
It is well known that

1 .
(@) () plsf) _ {0, itk £ n,
/_ PO @) P @ p(ade = o oy T

where the Jacobi weight we g is defined by
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=21 +2)8, if-1<z<],
Wa,(7) : {0, otherwise,

and

p@B) g0+A+1 Fn+a+DT(n+p+1)
" 2n4+a+B+)T(n+a+B+1)I(n+1)

Hence, {(h%a’ﬁ))*l/ 2 pfef )} is the system of orthonormal polynomials with
respect to wy g.

Let r > 0 be an integer, and f : [-1,1] — IR have a singularity of order
r at some point y € (—1,1), In this section, we examine the question of
approximating y from the behavior of the frame coefficients {Ton 1.m(G; )},
or more generally, the functions {Ton(G; f)}. A typical example is given by
the truncated power function defined by

o ', ifx >0,
710, otherwise.
In fact, in the general case, if f has a singularity at y with jump equal to d,

then the function f — —(- —y), is r times continuously differentiable at y.

Repeating this process, most functions of practical interest can be written
in the form

R 1 kr
f(l") = ‘:0(33) + Z ") Z dr,k(gj - yr,k):—a
r=0"" k=1

where ¢ is R times continuously differentiable on [-1,1], d,, € IR, and
yrk € (—1,1). For functions of this form,

R k
1 & ,
TaN(G; f) = 1on (G ¢) + Zo ] kzldr,kﬁN(G; (= yrk)y) (8)
In this section, we will examine the sequence of functions {ron (G (- —y)% )}
Let g : [0,27] — IR. The matrix G defined by

27k
=gl — k=0,---,4, £=0,1,---
[ g(f—i-l), ) s Ly s Ly )

will be called the matrix generated by g. If g(0) = g(2r) = 0, then G
is a partial frame matrix. In this case, we may (and will) assume that g is
extended to the whole real line as a 2m-periodic function, and g;, o are defined
for all integer k using this extended function.
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Let ¢ > 0 be an integer. Let BV{ denote the class consisting of all
27-periodic functions A, which can be expressed in the form

W) = ﬁ / ‘@ — 0T O (dr,  forall w € [~ 7,

where A9 is a function having a bounded total variation on [—m,7]. We
observe that if h € BVy, then h(*)(0) = h®)(27) =0, k =0,---,q — 1. The
total variation of a function ¢ on [—7, 7] will be denoted by V' (y).

Theorem 2 Let o, > —1, r, q be nonnegative integers. Suppose that
g € BV, and for some k > 0, g(t) =0 for t € [0,k]. Let G be the matriz
generated by g. Let 6 >0, y = cos ¢, ¢ € [§, 7 — §].
(a) Uniformly for 6 € [0,m — 6], x = cos B, we have

N"Ton (wa,g, G (- — y)y, )

! _ _ ,
Wwa,ﬂ(m) 1/2wa,6(y)1/2(1 —a?) 1/4(1 ) /2

2 2N +1 1 1
fr(f)l s<( 2: t+a+§+ )(¢—9)+(7’+1)¢—r—; 7r>dt

+ O(1/N). 9)

(b) There exists a sequence of complex valued continuous functions C, :=
Cy(r,a, B) on [6, 7 — 8] such that uniformly for x, y as in part (a),

<2N+1

r
) o Gs - = )7 2)
q

S (2;7; 1>V§R{C,,(9, %) /:ﬂ ﬂﬂ(% exp <22]\;: Lo 9)t> dt}

v=0
+0 (1 ) (10)

In the above theorem, the constants involved in the O(-) terms depend on
«a, B, 1,9, q, kK, and 0 only. In the sequel, the symbols ¢, ¢y, - -- will denote
positive constants depending only on these and other explicitly indicated
parameters.

We observe that (9) shows explicitly the leading term of the expansion
in (10). In particular, it is not identically equal to zero.

Before proving Theorem 2, we point out a corollary to highlight some
interesting aspects of the behavior of 7oy (wa,g, G; (- —¥y)',, ) near and away
from y.
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Corollary 3 With the notation as in Theorem 2, there exist constants a,b €
IR and a positive constant c, (all possibly dependent on y), such that

Nl Gs (= p)a) 2 e, i S (@—0) € @b). (1)
If ¢ # 0, then
N {72 (w3 G5 (- = )00 < s g (12)
Proof of Corollary 3. In this proof, let
b= g

2

The function
m g(t)
z — A mCOS(Zt‘l'w)dt

is an entire function, and hence, nonzero on some interval [a, b]. For |¢p—6| <
1/N, the numbers a and b may be chosen independent of #. In light of this
observation, (9) leads to (11). Since the functions g(¢)t " *" !, v =0,---,q
are all in BV, a repeated integration by parts shows that

/:” t,i(i)rl, exp <Z 2]\;: 1 (¢ — 9)t> dt =0 ((N|¢ _ 9|)—q—1>.

Therefore, (10) implies (12). O
The proof of Theorem 2 involves certain facts concerning the Jacobi
polynomials, which we now recall.

Lemma 4 Let o, > —1, r be a nonnegative integer, —1 <y <1, § > 0
and k > r 4+ 1 be an integer.
(a) We have

[ = B W sty
Y

k—r—1)!r! +r+1,8+r+1
= e p e L) (g 1 g1 (9)- (13)

(b) Uniformly for 6 € [§, 7 — §], x = cos @, we have
PL (cos ) = (wk/2) ™2 we g (z) 112
x (1 — z2)~1/4 cos((k—l—k)@—ﬁ/) +O(k™3/2), (14)



282 Mhaskar and Prestin

where

a+pB+1 1.7

72 s Y= (Oé + 5)5

(c) There exists a sequence of continuous complex valued functions ¢, such
that for any integer p > 1 and uniformly for 6 € [0, — 6], we have

A=

(2.8) _ iko i0y . —v—1/2 1
P, (cosf) = 2§R{ qu )k~ /}+O<kl’+1/2> (15)

v=0

Proof. Part (a) can be proved easily from (7) by induction (cf. [15]). Parts
(b) and (c) are Theorems 8.21.13 and 8.21.9 respectively in [24]. O

Next, we prove a lemma which plays a crucial role in our proof.

Lemma 5 Let q > 0 be an integer, h € BV, 0 < § < 1, and |¢| < 2m(1-9),
and ¢ € IR. Then for integer m > 3/, we have

‘i mz_l h<2;k> cos(ko + ) — 2i 2m h(t) cos (%@f + 1/)) dt‘

< CM. (16)

- md+1

Proof. Let p be the integer part of dm —2. In view of a well known theorem
of Ganelius [8], there are trigonometric polynomials )1, Q2 of order at most
p, such that

Qu(t) < h(t) < Qa(t), £ €[0,2n],

and

T (9)
[ @utt) - ueopar < MU, (17

Hence, if £ is an integer, |[¢| < m —p — 1, then

L) (e )
1h<2;;k> <2+c0 (2—M +¢>>
() (e (S5 0))

I

1
m

3

IA
3=

k=

(==

7 1

172
my
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and

% /O% Q1(£)(2 + cos(£t + 1)) dt

1 2w

2r Jo

1

< [T Qa)@ + cos(et + )t
21 Jo

< h(t)(2 + cos(0t + o))dt

Now, in view of a quadrature formula valid for trigonometric polynomials
(cf. [26, Chapter X, Formula (2.5)]), we have for j = 1,2,

1 Z QJ(Z’“)( (2” ¢ )) % Q;(£)(2 + cos(£t + 1)) dt

Hence, in view of (17), we obtain

mzlh<@> <2 + cos <2%M n w)) - % OQWh(t)(2 + cos(P + b))dt

IN

e [ @ult) - uioya

V(h(Q))

Cl—————.
1 ma+1

(18)

Using (18) with £ = 0, we conclude

Z h<@> L QWh(t)dt‘ < CM.

‘ q+1
m = m 21 Jo m

Together with (18), this gives

‘mz_jhcw) (%M“”) : 2Wh(t)cos(rzt+z/))dt‘Sc‘;gL(Q)).

Thus, we have proved (16) in the case when ¢ is of the form 27¢/m for some
integer £. (Since |¢| < 2m(1 — §), necessarily, |[¢| < m — p — 1.) In general,

2m(0 + ¢€)

m

¢ =
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for some |e| < 1 and integer ¢, |¢| < m —p — 1. The functions h. := hcos(e-)
and hy := hsin(e-) are both in BVY, and V(. (?), V(h,(?) are both less
than or equal to ¢V (h(?)). Since

h<2mk> cos(k¢p + 1) = he (2:;k> cos(#) — hs <2;k> sin <2%M>,

and

h(t) cos (”;—‘/) + ¢> he(t) cos(£t) — hy(t) sin(£t),
s
we may apply (16) once with h. and once with hs (and ¢ + /2 in place of
1), and derive (16) in this general case by a simple computation. O

Proof of Theorem 2. Using the definition of oy and (13), we obtain

T2N(G; ( - y)ﬁrv 33)
1

2N
= Y aean 7Y R @) [ - P w0yt
=0 Y

2N
)1 (@), (k=7 — 1)l
= ngz\f{hi =1 pf B)(l‘)% (19)

+r41,84r+1
ka(arr1 o )(y)wa+r+1,ﬂ+r+1(y)-

We will prove part (b). The proof of part (a) is simpler, and we will
indicate the differences. In the remainder of this proof, the symbols d,,
will denote constants dependent on «, 3, r, and q. They may or may not
be positive, and their value may be different at different occurences, even
within the same formula. In view of (15), there are continuous functions p,
and functions 4, such that exp(i9,) are continuous, with the property that

+r+1,04r+1
P,ggril ! )(cos ?)
q

= Yo(k—r =15, (¢) cos(kd — 7 () + Ok )

v=0

q q
= SN dek 2y (¢) cos (kg — A (¢)) + Ok )

v=0/¢=0

Similarly, there are continuous functions pj;, and functions <y; such that
exp(#y;) are continuous, with the property that

P (cos 0) Z k=9~ 1/2,0] ) cos(kO — v;(6)) + O(k~973/2)
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Therefore,

PP (cos 6) P T (cos )

q q q
= > N> dek I 5 ()5 (0) cos (kO — v;(0)) cos (ke — i ()

=0 v=0£=0
+O(k~171)

1449 4a .
= 5 2 Y Sk T (90 cos (KO + )= ,0) ~ 2(0))

§=0v=0¢=0
+ cos (k(¢ —0) +7,(0) — &u(qb)) } + Ok~ .

We expand each of the cosine terms using the addition formula, rearrange
the triple sum, relabel the indices, and collect all O(k~9"1) terms together
to obtain

Pk(a’ﬁ) (cos 9)Pk(°_¥—:ﬂ_1’ﬂ+r+1) (cos @)
q

= ¥ kVI%{QU(O, $) exp <7jk(9 + ¢)> + wy (0, ¢) exp (ik(qb - 0)) }

v=0

+O(k™ 771y, (20)

where w, and @, are continuous functions on [§, 7 — 6]?, dependent also on

a, 0, and r.
Next, by ([20], Eqn. (5.02)), we have

af)y 1 (k—r—1)!
(plemy-il Z! )
2k+a+p+1T(k+a+p+1) T'(k+1) T(k—r)
20+f+1 Nk+a+1) TE+B+1)T(k+1)
k=T q
= — dek ™t + Ok 971 . (21)
2+ﬁ{£§é }

Substituting from (20) and (21) into (19) and simplifying as before, we
get

TN (G5 (- — y)’jr,x)

2N ¢ q
w ’ y)r! ey _ —q—
_ oz+r24;ilﬁi;i;( ) sz r—v 19k,2N{§ :dgk é—i—(’)(k q 1)}

< (#]60,0) exo (140 + 0)) + 1 (0,0) ex0 (39— 0)) |
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(22)
+Ok1)

= Zq: % kTSIQk,zNéR{C‘s(cb, 0) exp (ik(G + ¢)>

s=0k=0

+C(4,6) exp (ik(qﬁ _ 9)) } + O% T

where C; and Cy are continuous functions on [§, 7 — 6]?, dependent also on
a, 0, and r.
Using Lemma 5,

2N
> k"5 gp o exp(ik(d — 0))
k=0
o \rtst1 2N s oonk N\ ros—l '
= <2N+1> ];)<2N+1> gr.2n exp(ik(¢ —0))
o 27 r+s 2 N ,(2N + 1)(¢ . 0)
= (avir) {0 e (e
+ O(N—q—l)} : (23)
Similarly,
2N
S kT g oy exp(ik(d + 6))
k=0
_ 27 s ¢ p2om N (2N +1)(+6)
= (aver) (L s en (T a
+ O(qu)} _

Since the functions g(#)t~"=*~! are all in BV{/, a repeated integration by

parts gives

2N

Z kfrfsflgk,gN exp(ik(¢p + 0))
k=0

- (wi) {olean) o)

= O(N7TsTITh, (24)
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Substituting from (23) and (24) into (22), we obtain

v (G (- ) ) = 2(2;1 ) w{cwn

X o g(t)t_’"_s_1 exp (z (2N + ;jr((ﬁ —f)

K

t) dt} + O(N—TI7hy

This completes the proof of (10).

The proof of part (a) of the theorem is similar; we use the asymptotics
(14) instead of (15) in (20), and keep only the O(k~!) terms in the rest of
the proof. O

4 Stability

Let n > 0 be an integer, P € W,, and G be a triangular matrix. We
are interested in comparing suitably weighted LP norms of the sequence
{Ton k;m(G; P)} with suitably weighted LP norms of P for 1 < p < oo.
Obviously, the case p = 2 is the simplest, and the following proposition
summarizes the results for an arbitrary mass distribution.

Theorem 6 Let 4 be a mass distribution, G be a frame matriz, n > 0 be
an integer, and P € W,. Then for m > 2N + 1

U [ Pduc)

m
Z kaQNkaP < By2(G /P 2du(t) (25)

where
Bnpo(G) == o max, lgj2n] -

Moreover, there exists Py € Wy, (respectively Py € Wy,) for which equality is
attained in the lower (respectively upper) inequality of (25).

Proof. From formulas (4) and (5), we obtain

Z Ak,mT]%f,k,m(G; P)
k=1

i / (t)Kon (G t, T m) dps(t) /P VKon (G u, T g ) dps (1)



288 Mhaskar and Prestin

//Pmpu

<i Me,mKon (G t, T m) Kon (G u, xk,m)) dp(t)dp(u)
= [ [ POP@ Ko (Gt w)du(t)dp(w)

If P= ZiZNH aipk, we have

2N+1
Z Me2N 417N e (G5 P)

2N+1

//P (w) Kon (Gt w)dp(t) Z g]’QNa .

j=N+1

Formula (25) can now be deduced easily from the Parseval identity. It is
also immediately clear that the bounds cannot be improved. O

We compare the bounds in (25) with Riesz bounds in the case of the
basis when m = N (cf. [5], Theorem 4.1). The frame bounds in (25) depend
only on G; whereas in the basis case, the Riesz bounds depend heavily on
the system of orthogonal polynomials. To explain this, we rewrite (25) in
the form that for every non-vanishing

=3 /MmN em(G; P) ( Ak,szN(G[_H;fE,fEk,m)) ,

k=1
we have
2?21 Ak mTQQN k (G; P)
B (G2 < T < Bno(G)?. 26
A T P@2d(2) A6
On the other hand, it is proved in [5] that
X, v Eon (G5 v) s=1,...,N,

is a basis for W,,. (Actually, it is proved for a frame matrix G with g, on =
0, k=0,....,N; gkon =1, k= N+1,...,2N, but the generalization is
straightforward.) Hence, every P € W), has the representation

Z\/ s,NQs sNKQNG[ ]xst)a
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where the coefficients \/A; nyas are the inner products with the dual func-
tions. The basis is a Riesz-basis with the upper and lower estimates given
by

Boa(G 1) 20, 5(A) 2 < DRI NG B o0 a2 (o

A= <pN+k($s,N)m> ;

k,s=1,--N

where

A~! denotes, as usual, the inverse matrix of A, and Q,2(A4) denotes the
spectral norm of the matrix A. The proof of these estimates is again a
simple extension of the proof given in [5] (Theorem 4.21).

The tightness of the stability estimates (26) and (27) is given by the
quotients

By 2(G) _ Maxo<i<an |gion| Bno(G)  Quo(A1)
Bn2(GE=1 ming<i<on |gian]|’ B 2(GE) =1y o(A)~1

)

We observe that while the first ratio depends entirely on G, the second
depends also on the particular system of orthogonal polynomials in question.
If G is generated by a function g € BV such that ||g||ec = 1 and V (¢(?) =V,
then it is easy to see that

B, 2(G)
2> Vq!(

2N +1 ) a
Bn,Q(G[fu) .

2

Thus, there seems to be a trade off between the stability and the ability of
detecting singularities.

At this time, we are able to analyze the case p # 2 only for special classi-
cal polynomials; in particular, the generalized Jacobi polynomials and Freud
polynomials. We will discuss only the case of classical Jacobi polynomials;
the generalized Jacobi and Freud polynomials can be dealt with using the
same ideas.

In the remainder of this section, a,3 > —1 are fixed parameters, du

denotes the measure w, g(z)dz, and we write w = wq g, P = {hgca,ﬂ)}flﬂ

Pk(a’ﬁ), etc. For integer m > 1, v,;, denotes the measure that associates the
mass Ay, with the point z ,,, k = 1,---,m. We observe that the estimates
(25) can be written for P € W,,, m > 2N + 1 in the form

By 2 (G 7Y Pllzy < |Iren (G5 P)

l2.m < Bn2(G)Pll2u- (28)
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The upper estimates analogous to these in the LP norms can be deduced
using the multiplier criteria of Gasper and Trebels [7] in the case 1 < p < oo
and «, 8 > —1/2. We will use easier ideas to prove estimates applicable for
all values of a,8 > —1 and 1 < p < oo. In general, our estimates are not
comparable to those obtained using the multiplier criteria.

The LP analogues of the estimates (28) require certain additional weight-
ing factors, which we now introduce. Let —1 < v < 1. For integer £ > 1 and

€ [-1,1], we write

?

i = (1) )

Uy(z) = 27712, Jw(z).

>ﬁ+1/2

Theorem 7 Let o, > —1, 1 <p<oo,p =p/lp—1) (= ifp =1),
—1<y<1,L>4,n>0 be an integer, N =2", 4N +1 < m < LN be an
integer, K > 0, and G be a kN -partial frame matriz. Let o denote either p
T Um, and f € LI,. We write

2N

Bnso(G) :=> (5 +1)|gj2n — 29j+12N + gj+22N]s
§=0
and define
By, (G) = 4 Br2(GVPBucc(G) 27, if 2 <p < o0,
P - By (G), if1<p<2

(a) If 2 < p < oo,
1) P on (G5 f)llpio < Buagp(GYITL2/2 f 1. (29)
(b) If1<p<2,
U271y 5 (G5 ) prr < By (G 162%™ Fllpoe (30)
(c) If Pe W, and 2 < p < co then
1) P Pllpy < Bp(G UL 2P 155 (G5 Pl - (31)
(d) If Pe W, and 1 <p <2 then

r 2
NUZP 1Py < B (G N 1a2/8 ™ a5 (G5 P)
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Remark 8 If the matriz G in Theorem 7 is generated by a function g € BV}
such that g(t) = 0 for all t € [0,k], then it is not difficult to check that the
quantities By, «(G) and hence, By ,(G) are bounded from above, indepen-
dently of n. Further, if [a,b] C (—1,1), then (29) with —min(a, 3,1) <y < 1
shows that

“TQN(G; f)“oo,[a,b] < CHfHoo,[fl,l}'
Since on (G5 P) =0 for all P € V,,, this leads to

1728 (G F)lloo,fab] < ¢ inf 1f = Pllso,—1,1)-

In particular, it follows from the theorem of Jackson that for an R times
continuously differentiable function ¢ : [—1,1] — IR, we have

]\;im NR||T2N(G; W)Hoo,[a,b} =0. (32)
—00

It is not possible to choose « so that the factor u, n is bounded from
below as well. However, if max(«a,3) < 0, and f is zero outside [a,b],
then instead of choosing 7 as above, we may choose v with —1 < v <
—2max(a, ) — 1 and obtain

172n (G5 s, =1,1] < el fllooyas) < ell fllooy=1,17-

Hence, in this case, one gets

172n (G5 oo, =1, < Cljiél‘f;n 1f = Plloo,j=1,1]-

As before, if ¢ is R times continuously differentiable on [—1, 1], and equal
to zero outside [a, b], then

Jim N (G5 @)1,y = 0. (3)
—00
In view of (8), the formulas (32) (respectively (33)), (11), and (12)
demonstrate why the operators 75 (G; f) can be used to detect singulari-
ties of f. We illustrate this further in Section 5.
Proof of Theorem 7. The proof relies upon a connection between the oper-
ators 7y and the operator of arithmetic averages of Jacobi expansions of a
function. If o denotes either p or one of the measures v,, £ > 0 is an integer,
and f € L., we write
1 &
ve(o; f,z) iz/f(t){mz a

j=0k

pu(a)pn(t) o ().

0
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In [18], we have proved that

[y, eve (1t ) oo, < U flloo, s (34)

and

“U'y,éW(Vma f)HOO,u < CHU'nyOO,Vma (35)

if 2¢ < m < L{ for some L > 2. In this proof, we may assume that kN > 2,
so that gopy12¢ = 924220 = 0 for all integer £ > 1. Using summation by
parts twice, we obtain the following connection between 7, and the operators
Vj:

20

T20(G; f) = ZAj,ﬂ(G)Uj(M;f)a (36)

=0

where

ANy (G) = (5 +1)(9j,0 — 29410 + Gj+2,0), v=1,2,---.

Since G is a kN-partial frame matrix, the summation in the formula (36)
for 7on(G; f) is actually for kN < j < 2N. For these values, we have
Uy,j ~ Uy, N. Hence, the estimate (34) yields

||U'y,N7'2N(G§ f)”oo,vm < ||U'y,N7'2N(G§ f)HOO,u
< > 18N (@)l v (5 Pl < €Broo(G)IUx f llooyu- (37)
kN<j<2N

Since m > 2N + 1, we may use the quadrature formula and the Bessel
inequality to deduce that

1/2
Irow (Gs 2 = ||T2N<G;f>||z,u={ ) g?,maﬁm;f)}

kN<j<2N

In view of the Stein-Weiss interpolation theorem (cf. [1], Theorem 5.5.2),
(37) and (38) yield for 2 < p < oo,

it P 7on (G5 )l < €Bup(G)?P B oo (G) 2P| UL 20 f

p’ll’.

This completes the proof of part (a).
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Theorem 1 in [17] implies that the estimates (34) and (35) lead to

105 vep; Pl < ellus o f

1,00

and
tom < el i f 1l

10 M oe(ps; f)
for/=1,2,---,and f € L}L, 2¢ <m < L{. From (36), this yields as above

IUF ' 7on (G Pl < Byoo(@)lug i flliu

for 0 = p,vy,. Along with (38) and the Stein-Weiss interpolation theorem,
this implies the estimate (30). The part (b) is now proved.
To prove parts (c) and (d), we define, in this proof only, H := G~ and

2N
T(f;x) := h;, t)p; (t)dv, (t i(x).
(i) i= i | 10mse)tn 0 o)

Summing by parts twice, we obtain

2N
T(f) = Ajon(H)vj(Vm, f). (39)
5=0
Using (35), we get
[y, NT (f) oo, < €Broo (H) Uy flo0,0m - (40)

Since m > 4N + 1, the quadrature formula implies that

1, ifj=k,
/pjpkd’/m = {0 J

otherwise.

Hence, {p; }?ZO is an orthonormal system of polynomials in LZ . Therefore,
Parseval identity in Li, followed by Bessel inequality in L,%m lead to

2
OB = 3 sa{ [ 1m0 (0}
2
< BI,H t)pj (t)dvm (t
< s 3 { im0}
< BLH)f,

ie.,
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1T ()2 < Br2(H) f 2,0 - (41)

Applying the Stein-Weiss interpolation theorem, we obtain from (40) and
(41) that for 2 < p < oo,

1-2 _
) P T(F)llpyu < B (U7 £ Iy, - (42)
If Pe W, and f = mon(G; P), then (6) implies

Pz) — / ron (G P,t) Kon (H: 2, £) vy (£)
~ [ @Koy (Hw Odvm(t) = T(f,)

Hence, (42) leads to (31). This completes the proof of part (c).
Theorem 1 in [17] and the estimates (34) and (35) lead to the estimate

U5 o (vins Pl < elluy v f

|1an'

Therefore, (39) implies

IO T ()l < eBryoo(H) [l f 11 (43)
The proof of part (d) is now completed using (43), (41), the Stein-Weiss
interpolation theorem, and (43) as before. O

5 Numerical experiments

In this section, we present the results of some numerical computations. As
a test case, we are interested in detecting the singularities of the function

f(z) = (v +1/2)3 + (z —1/2)%.

Figure 1 shows the wavelet coefficients with the standard Daubechies wave-
lets (cf. [4],[2]) 3¢ and 41). Here we have plotted

1
17P@) = [ F(E)6at —a) d
for z € [-1,1] and L = 3,4.
The singularity at —1/2 (but not the one at 1/2) can easily be seen by

a “spike” in the wavelet coefficients in the case L = 4. None of the two
singularities produce a similar “spike” in the case L = 3.
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0 0
: 1070
510
200
-8
-1:10 _3'10-10
-10
-1.5.10° 410
51070

Figure 1: 377 (left) and 477 (right).

In our experiments described below, we considered the case @ = =
—1/2. The matrix G := Gy, is generated by the B-spline of order ¢ + 1,
supported on [r,2n]. We recall that this function is in BVj.

Figure 2 shows the behavior of 7512(Gw,0; f) on [—1,1] and (a zoomed
in view on) [0, 1] respectively. Even though one detects a sharp rise in the
value of the transform near +1/2, the lack of localization is also clear, in
spite of the high value of N. In contrast, Figure 3 shows the detection of
the approximate location of both the singularities already with N = 128 and
q = 1, 3 respectively.

310"

21071

1101

05 1 ﬂ
100

10

-2:10

31070

Figure 2: a) and b) 7512(Gw,; f, ).

Figure 4 shows the graph of 7512(Gw3; f) on [—1,1] and (a zoomed in
view on) [0, 1] respectively, where a good localization is observed. Comparing
these with Figure 5, we see that the localization is not significantly improved
with ¢ = 5, an indication of the importance of the unspecified constants in
(11) and (12).
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4107 240"
2107 110’
1 AVAV/\ [ 51\ An Ay o Vﬂu 5 Uf\v oy i
-2-10” 1107
4107 2107

Figure 3: a) T128(Gw,1; f,z) and b) T128(Gw3; f, x).

3-10° 3901
2-10° 2108
1.10°° 1108
05 1 02 o040 0s 1
1.10°° 10t
2.10° 2.0
3-10° 3108

Figure 4: a) and b) 7512(Gw3; f, ).

4 h%
2:10°° 210"
1-10° 10
1 X 05 1 02 0 5 08 1
-9
-1:10 10t
-9
.2-10 gt

Figure 5: a) and b) 7512(Gw;s; f, ).
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