
Multivariate cosine waveletsKai Bittner, Charles K. Chui and J�urgen PrestinAbstract. We construct bivariate biorthogonal cosine wavelets on a two-overlapping rectangular grid with bell functions not necessary of tensor producttype. The biorthogonal system as well as frame and Riesz basis conditions aregiven explicitly. Our methods are based on the properties of bivariate totalfolding and unfolding operators.1. IntroductionRecently, local trigonometric bases have been investigated by many authors.Let us mention here only Malvar [8], Coifman and Meyer [5], Daubechies, Ja�ardand Journee [6], Auscher, Weiss and Wickerhauser [1], Wickerhauser [10], Jawerthand Sweldens [7], Matviyenko [9], Xia and Suter [11], Chui and Shi [3,4], and theliterature cited there. In the meantime the idea to use windowed sinusoids as anorthonormal basis for L2(IR) is widely applied, e.g. in image processing to eliminateblocking e�ects in transform coding. Therefore, not only univariate bases but alsobivariate constructions were investigated in more detail.In this paper we are interested in bivariate biorthogonal cosine wavelet basesgenerated on arbitrary `two-overlapping' rectangular grids. In particular, the cor-responding bell functions need not have tensor product structure. Our approachis based on univariate results for a nonuniform grid obtained in [3,4]. As a maintool for our purposes we introduce a bivariate folding operator. Such an operatormaps a function on IR2 into a function which satis�es certain parity conditionson the gridlines of the underlying rectangular grid. Then, frame and Riesz basisproperties of the cosine wavelets could be studied in terms of boundedness of thecorresponding total folding and unfolding operators. In particular, it is pointedout that in this context frame and Riesz basis are equivalent conditions. The bestpossible constants in the inequalities could be given explicitly as minimal andmaximal eigenvalue of certain matrices. In a �nal example we compare a linearbell function of pyramid type with a bilinear bell of tensor product type.Multivariate Approximation and Splines 29G. N�urnberger, J. W. Schmidt, and G. Walz (eds.), pp. 29{43.Copyright oc 1997 by Birkh�auser, BaselISBN 3-7643-5654-5.All rights of reproduction in any form reserved.



30 K. Bittner, C. K. Chui and J. Prestin2. The bivariate folding operatorLet (ar)r2ZZ, (a+r )r2ZZ, (a�r )r2ZZ and (bs)s2ZZ, (b+s )s2ZZ, (b�s )s2ZZ be given se-quences withar < a+r � a�r+1 < ar+1 and ar � a�r = a+r � ar for r 2 ZZand analogous conditions for bs, so these numbers generate a rectangular grid forIR2 (see Figure 1).We consider now bivariate bell functions wr;s : IR2 ! Cjj with support[ar; ar+1]� [bs; bs+1] � suppwr;s � [a�r ; a+r+1]� [b�s ; b+s+1] : (1)Then suppwr;s \ suppwp;q = ; if jr � pj > 1 or js� qj > 1 ;which means that at most 4 bell functions overlap. Further we de�ne the functionsCk[�;�](x) :=r 2� � � cos��k + 12� x� �� � ��� ; k; l 2 IN0which form an orthonormal basis of L2([�; �]). The main properties of these par-ticular trigonometric polynomials used in the sequel are that Ck[�;�] is even withrespect to �, i.e. Ck[�;�](�� x) = Ck[�;�](�+ x)and odd with respect to �, i.e.Ck[�;�](� � x) = �Ck[�;�](� + x) :Now we introduce the bivariate cosine wavelets	k;lr;s(x; y) := wr;s(x; y)Ck[ar ;ar+1](x)Cl[bs;bs+1](y) ; r; s 2 ZZ; k; l 2 IN0 :To investigate the basis properties of 	k;lr;s we de�ne the matricesKKKKr;s(x; y) :=KKKKwr;s(x; y) := � wr;s(x; y) wr;s(ur; y)�wr�1;s(x; y) wr�1;s(ur; y)� ;LLLLr;s(x; y) := LLLLwr;s(x; y) := � wr;s(x; y) wr;s(x; vs)�wr;s�1(x; y) wr;s�1(x; vs)�andMMMMr;s(x; y) :=MMMMwr;s(x; y):= 0B@ wr;s(x; y) wr;s(ur; y) wr;s(x; vs) wr;s(ur; vs)�wr�1;s(x; y) wr�1;s(ur; y) �wr�1;s(x; vs) wr�1;s(ur; vs)�wr;s�1(x; y) �wr;s�1(ur; y) wr;s�1(x; vs) wr;s�1(ur; vs)wr�1;s�1(x; y) �wr�1;s�1(ur; y) �wr�1;s�1(x; vs) wr�1;s�1(ur; vs)1CA



Multivariate cosine wavelets 31where ur := 2ar � x and vs := 2bs � y. For further discussion we consider thepartition of IR2 into the disjoint rectangles (see Figure 1)R1 := Rr;s1 := [a+r ; a�r+1)� [b+s ; b�s+1) ;R2 := Rr;s2 := [a�r ; a+r )� [b+s ; b�s+1) ;R3 := Rr;s3 := [a+r ; a�r+1)� [b�s ; b+s ) ;R4 := Rr;s4 := [a�r ; a+r )� [b�s ; b+s ) ;i.e. IR2 = [r;s2ZZRr;s1 [ Rr;s2 [ Rr;s3 [Rr;s4 :In this way we obtain that on R1 only the function wr;s is not zero, on R2 resp.R3 we have two non-vanishing functions wr;s and wr�1;s resp. wr;s and wr;s�1 and�nally on R4 only the four functions wr;s, wr�1;s, wr;s�1 and wr�1;s�1 are notzero. b+s+1bs+1b�s+1
b+sbsb�s a�r ar a+r a�r+1 ar+1 a+r+1

R2 R1
R3R4

Fig. 1. Grid for the support of the bell function wr;s.With the help of these matrices we introduce the total folding operator Tw. Fora given measurable function f we de�ne Twf separately in every of the rectangles



32 K. Bittner, C. K. Chui and J. PrestinRr;si , i = 1; 2; 3; 4; r; s 2 ZZ in the following wayTwf(x; y) := wr;s(x; y) f(x; y) for (x; y) 2 Rr;s1 ;� Twf(x; y)Twf(ur; y)� := KKKKr;s(x; y)� f(x; y)f(ur; y)� for ar < x < a+r ;b+s < y < b�s+1 ;� Twf(x; y)Twf(x; vs)� := LLLLr;s(x; y)� f(x; y)f(x; vs)� for a+r < x < a�r+1;bs < y < b+s ;0B@ Twf(x; y)Twf(ur; y)Twf(x; vs)Twf(ur; vs)1CA := MMMMr;s(x; y)0B@ f(x; y)f(ur; y)f(x; vs)f(ur; vs)1CA for ar < x < a+r ;bs < y < b+s : (2)
Note that this de�nition determines Twf uniquely a.e. on IR2.We want to emphasize that the introduction of Tw is motivated by the follow-ing observation. Since Ck[�;�] is even with respect to � and odd with respect to �one can `fold' 	k;lr;s into [ar; ar+1]� [bs; bs+1] to obtainZIR2 	k;lr;s(x; y) f(x; y) dx dy = ar+1Zar bs+1Zbs Ck[ar ;ar+1](x)Cl[bs;bs+1](y) Twf(x; y) dx dy (3)if the integrals are well-de�ned. Only for simplicity we have restricted ourselvesto the particular cosine functions Ck[�;�] which then determine the structure of thefolding operator Twf . Other trigonometric bases would work as well but lead tomodi�ed folding operators.Applying formula (3) we will deduce basis properties of the 	k;lr;s from normestimates of Tw. In particular, we are interested in the L2-boundedness of Tw and inthe existence and boundedness of T �1w . For this we consider the following functions�K(x; y) := jwr;s(x; y)j2 + jwr;s(ur; y)j2 + jwr�1;s(x; y)j2 + jwr�1;s(ur; y)j2 ;�L(x; y) := jwr;s(x; y)j2 + jwr;s(x; vs)j2 + jwr;s�1(x; y)j2 + jwr;s�1(x; vs)j2and constantsBr;s1 := ess sup(x;y)2Rr;s1 jwr;s(x; y)j2 ;Br;s2 := ess supar<x<a+rb+s <y<b�s+1 kKKKKr;s(x; y)k22= ess supar<x<a+rb+s <y<b�s+1 �K(x; y)2 +r�2K(x; y)4 � j detKKKKr;s(x; y)j2 ;



Multivariate cosine wavelets 33Br;s3 := ess supa+r <x<a�r+1bs<y<b+s kLLLLr;s(x; y)k22= ess supa+r <x<a�r+1bs<y<b+s �L(x; y)2 +r�2L(x; y)4 � j detLLLLr;s(x; y)j2 ;Br;s4 := ess supar<x<a+rbs<y<b+s kMMMMr;s(x; y)k22 :Here kAAAAk2 := supjxxxxj=1 jAxAxAxAxj =q�(AAAAHAAAA)is the spectral norm of a matrix AAAA.Now we can establish the following assertion.Lemma 1. Let fwr;sg be measurable functions such thatB0 := supr;s2ZZmax fBr;s1 ; Br;s2 ; Br;s3 ; Br;s4 g <1 : (4)Then Tw is a bounded operator from L2(IR2)! L2(IR2) withkTwk2L2(IR2)!L2(IR2) = B0 :Proof: For arbitrary f 2 L2(IR2), we havekTwfk2L2(IR2) =Xr;s2ZZkTwfk2L2(Rr;s1 ) + kTwfk2L2(Rr;s2 ) + kTwfk2L2(Rr;s3 ) + kTwfk2L2(Rr;s4 ) :We consider now every term separately. For R1 we obtain immediately, by H�olderinequalitykTwfk2L2(Rr;s1 ) = ZZRr;s1 jwr;s(x; y)j2 jf(x; y)j2 dx dy � Br;s1 kfk2L2(Rr;s1 ) ;where Br;s1 is the best possible constant. For R2 we havekTwfk2L2(Rr;s2 ) = b�s+1Zb+s a+rZar �����Twf(x; y); Twf(ur; y)�T ����2 dx dy� b�s+1Zb+s a+rZar kKKKKr;s(x; y)k22 �����f(x; y); f(ur; y)�T ����2 dx dy :



34 K. Bittner, C. K. Chui and J. PrestinIn particular, equality is attained if f 2 L2(Rr;s2 ) is given by� f(x; y)f(ur; y)� = a(x; y)� g1(x; y)g2(ur; y)� ; (x; y) 2 (ar; a+r )� (b+s ; b�s+1)with an arbitrary function a 2 L2 �(ar; a+r )� (b+s ; b�s+1)� and a normalized eigen-vector ((g1(x; y); g2(x; y))T corresponding to the maximal eigenvalue ofKKKKr;s(x; y)TKKKKr;s(x; y). Again Br;s2 is the best possible constant in the H�older in-equality kTwfk2L2(Rr;s2 ) � Br;s2 kak2L2((ar;a+r )�(b+s ;b�s+1)) = Br;s2 kfk2L2(Rr;s2 ) :Analogously we obtain kTwfk2L2(Rr;s3 ) � Br;s3 kfk2L2(Rr;s3 )and kTwfk2L2(Rr;s4 ) � Br;s4 kfk2L2(Rr;s4 )with best possible constants Br;s3 and Br;s4 . Therefore,kTwfk2L2(IR2)�Xr;s2ZZBr;s1 kfk2L2(Rr;s1 ) +Br;s2 kfk2L2(Rr;s2 ) +Br;s3 kfk2L2(Rr;s3 ) +Br;s4 kfk2L2(Rr;s4 )� supr;s2ZZmax fBr;s1 ; Br;s2 ; Br;s3 ; Br;s4 g kfk2L2(IR2) :Hence, kTwk2L2(IR2)!L2(IR2) = B0.Remark 2. Note that B0 < 1 i� supr;s2ZZ kwr;skL1(IR2) < 1, which is obviouslyequivalent to 


 Xr;s2ZZ jwr;sj2


L1(IR2) <1:Let us now assume that wr;s 6= 0 a.e. on Rr;s1 ; (5a)detKKKKr;s 6= 0 a.e. on Rr;s2 ; (5b)detLLLLr;s 6= 0 a.e. on Rr;s3 ; (5c)detMMMMr;s 6= 0 a.e. on Rr;s4 : (5d)In the same way as in (2) we de�ne an operator Vw by replacing wr;s, KKKKwr;s, LLLLwr;sand MMMMwr;s by w�1r;s , (KKKKwr;s)�1, (LLLLwr;s)�1 and (MMMMwr;s)�1, respectively. If the conditions



Multivariate cosine wavelets 35(5a)-(5d) are satis�ed the operator Vw is well{de�ned a.e. and we obtain by simpleinspection that VwTwf = TwVwf = f a.e. :Analogously to Lemma 1 we introduce the following constantsAr;s1 := ess inf(x;y)2Rr;s1 jwr;s(x; y)j2 (6)Ar;s2 := ess infar<x<a+rb+s <y<b�s+1 kKKKK�1r;s(x; y)k�22= ess infar<x<a+rb+s <y<b�s+1 �K(x; y)2 �r�2K(x; y)4 � j detKKKKr;s(x; y)j2 (7)Ar;s3 := ess infa+r <x<a�r+1bs<y<b+s kLLLL�1r;s (x; y)k�22= ess infa+r <x<a�r+1bs<y<b+s �L(x; y)2 �r�2L(x; y)4 � j detLLLLr;s(x; y)j2 (8)Ar;s4 := ess infar<x<a+rbs<y<b+s kMMMM�1r;s(x; y)k�22 :Note that for an invertible matrix it holds kAAAA�1k�22 = min �(AAAAHAAAA):Lemma 3. Let fwr;sg be measurable functions and the conditions (5a)-(5d) besatis�ed. If A0 := infr;s2ZZmin fAr;s1 ; Ar;s2 ; Ar;s3 ; Ar;s4 g > 0 ; (9)then Vw is a bounded operator from L2(IR2)! L2(IR2) withkVwk2L2(IR2)!L2(IR2) = A�10and T �1w = Vw.The proof is analogous to the proof of Lemma 1.Let us mention here that in the bivariate setting the condition A0 > 0 couldnot be rewritten as easy as B0 < 1 in Remark 2. To explain this let us re-strict ourselves to nonnegative bell functions wr;s. As in the univariate setting andanalogous to Remark 2 it follows fromess infx;y2IR Xr;s2ZZwr;s(x; y) > 0 (10)that infr;s2ZZmin fAr;s1 ; Ar;s2 ; Ar;s3 g > 0 :



36 K. Bittner, C. K. Chui and J. PrestinThis can be easily derived from (6)-(8). However, if the bell functions are nottensor products of univariate functions, then A0 > 0 is a stronger assumption than(10). This can be seen by the following example.Let the bell functions in Rr;s4 be uniquely de�ned by setting them piecewiseconstant � or 1 for all (x; y) 2 (ar; a+r )� (bs; b+s ) and such thath(�) := detMMMMwr;s(x; y) = det0B@ 1 � � ��� � �1 ��� �1 � �� �� �� 11CA :Then we obtain h(�) = (� + 1)3(3� � 1) ; i.e., h(1=3) = 0. In other words, thisyields an example that all four bell functions supported in R4 are greater or equal1=3 but Ar;s4 is unbounded. 3. Biorthogonal basesWe start this section with the de�nition of a bell function ~wr;s withsupp ~wr;s � [a�r ; a+r+1]� [b�s ; b+s+1] :We de�ne ~wr;s by giving the complex conjugate of ~wr;s in the following way
~wr;s(x; y) =

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
1=wr;s(x; y) ; if (x; y) 2 Rr;s1 ,wr�1;s(ur; y)= detKKKKr;s(x; y) ; if (x; y) 2 Rr;s2 ,wr+1;s(ur+1; y)= detKKKKr+1;s(x; y) ; if (x; y) 2 Rr+1;s2 ,wr;s�1(x; vs)= detLLLLr;s(x; y) ; if (x; y) 2 Rr;s3 ,wr+1;s(x; vs+1)= detLLLLr;s+1(x; y) ; if (x; y) 2 Rr;s+13 ,detMMMM1;1r;s (x; y)= detMMMMr;s(x; y) ; if (x; y) 2 Rr;s4 ,detMMMM2;1r+1;s(x; y)= detMMMMr+1;s(x; y) ; if (x; y) 2 Rr+1;s4 ,detMMMM3;1r;s+1(x; y)= detMMMMr;s+1(x; y) ; if (x; y) 2 Rr;s+14 ,detMMMM4;1r+1;s+1(x; y)= detMMMMr+1;s+1(x; y) ; if (x; y) 2 Rr+1;s+14 ,0 otherwisewhere MMMM i;jr;s(x; y) is the minor of the matrix MMMMr;s(x; y) canceling the i-th row andthe j-th column.Let us mention here that the continuity of wr;s, for all r; s 2 ZZ implies thecontinuity of ~wr;s.Remark 4. If the bell functions wr;s are tensor products of univariate bells, i.e.wr;s = w1r 
 w2swe obtain that MMMMr;s(x; y) =MMMM1r(x) 
MMMM2s(y) ;KKKKr;s(x; y) =MMMM1r(x) ;LLLLr;s(x; y) =MMMM2s(y) :In this case the bell functions ~wr;s are also tensor products of univariate bellfunctions.



Multivariate cosine wavelets 37With ~wr;s de�ned above we can describe biorthogonal functions~	r;s := ~wr;s Ck[ar;ar+1] 
 Cl[bs;bs+1] :Lemma 5. Let wr;s 2 L2(IR2) for all r; s 2 ZZ. Let the functions f ~wr;sg be wellde�ned, i.e. (5a)-(5d) are satis�ed. If ~	k;lr;s 2 L2(IR2) for all r; s 2 ZZ; k; l 2 IN0,then the system f~	k;lr;sg is biorthogonal to f	k;lr;sg, i.e.h	k0;l0r0;s0 ; ~	k;lr;siL2(IR2) = �r;r0�s;s0�k;k0�l;l0 : (11)Proof: If min(jr � r0j; js � s0j) � 2, then the condition (11) follows immediatelyfrom supp ~wr;s � [a�r ; a+r+1]� [b�s ; b+s+1] :Now we show (11) for r0 = r� 1 and s0 = s� 1. Because Ck0[a;b] Ck[b;c] is an oddfunction with respect to b we concludeh	k0;l0r�1;s�1 ; ~	k;lr;siL2(IR2)= ZRr;s4Z wr�1;s�1(x; y) ~wr;s(x; y)� Ck0[ar�1;ar](x)Ck[ar;ar+1](x)Cl0[bs�1 ;bs](y)Cl[bs;bs+1](y) dx dy= a+rZar b+sZbs �wr�1;s�1(x; y) ~wr;s(x; y)� wr�1;s�1(ur; y) ~wr;s(ur; y)� wr�1;s�1(x; vs) ~wr;s(x; vs) + wr�1;s�1(ur; vs) ~wr;s(ur; vs)�� Ck0[ar�1;ar](x)Ck[ar;ar+1](x)Cl0[bs�1 ;bs](y)Cl[bs;bs+1](y) dx dy :From the de�nition of ~wr;s(x; y) on Rr;s4 it follows thatdetMMMMr;s(x; y)�wr�1;s�1(x; y) ~wr;s(x; y)� wr�1;s�1(ur; y) ~wr;s(ur; y)� wr�1;s�1(x; vs) ~wr;s(x; vs) + wr�1;s�1(ur; vs) ~wr;s(ur; vs)�= wr�1;s�1(x; y) detMMMM1;1r;s (x; y)� wr�1;s�1(ur; y) detMMMM1;1r;s (ur; y)� wr�1;s�1(x; vs) detMMMM1;1r;s (x; vs) + wr�1;s�1(ur; vs) detMMMM1;1r;s (ur; vs)= wr�1;s�1(x; y) detMMMM1;1r;s (x; y) + wr�1;s�1(ur; y) detMMMM1;2r;s (x; y)� wr�1;s�1(x; vs) detMMMM1;3r;s (x; y)� wr�1;s�1(ur; vs) detMMMM1;4r;s (x; y)= detM4!1r;s (x; y) = 0 ;



38 K. Bittner, C. K. Chui and J. PrestinwhereM j!ir;s is the matrixMr;s with its i-th row replaced by the j-th row. Thereforewe obtain h	k0;l0r�1;s�1 ; ~	k;lr;siL2(IR2) = 0 :Analogously we can show (11) for all other r0; s0 with max(jr � r0j; js� s0j) = 1.Finally, since Ck0[a;b] Ck[a;b] is even with respect to a and b we obtainh	k0;l0r0;s0 ; ~	k;lr;siL2(IR2)= ar+1Zar Ck0[ar;ar+1](x)Ck[ar ;ar+1](x) dx bs+1Zbs Cl0[bs;bs+1](y)Cl[bs;bs+1](y) dy= �k;k0�l;l0 :We de�ne now the total unfolding operator Uw by replacing in (2) wr;s, KKKKwr;s,LLLLwr;s and MMMMwr;s by wr;s, (KKKKwr;s)H , (LLLLwr;s)H and (MMMMwr;s)H , respectively. From the de�-nition of ~wr;s we deduce �MMMMwr;s��1 = �MMMM ~wr;s�H :Therefore we obtain T �1w =U ~w.Furthermore, the norm of Uw can be determined in the following way. For anon-singular matrix AAAA it holds that AAAAAAAAH = AAAAAAAAHAAAAAAAA�1. Hence AAAAAAAAH and AAAAHAAAAhave the same eigenvalues and thus kAAAA�1k2 = kAAAA�Hk2. Therefore, it follows thatkUwk = kTwk and kU�1w k = kT�1w k if Tw and T �1w are bounded operators.For many applications one needs that f	k;lr;sg is a frame, i.e. there exist num-bers 0 < A � B <1 such thatAkfk2L2(IR2) � Xr;s;k;l ��hf;	k;lr;si��2 � Bkfk2L2(IR2)or that f	k;lr;sg is a Riesz basis, i.e. it is complete in L2(IR2) andA Xr;s;k;l ���Df; ~	k;lr;sE���2 � kfk2L2(IR2) � B Xr;s;k;l ���Df; ~	k;lr;sE���2with 0 < A � B <1. For cosine wavelets, it turns out that there is no di�erencebetween Riesz bases and frames, as stated in the following.Theorem 6. Let fwr;sg be measurable functions such that 	k;lr;s 2 L2(IR2). Thenthe following statements are equivalent.(i) The system f	k;lr;sg is a frame of L2(IR2) with frame bounds A and B.(ii) The system f	k;lr;sg is a Riesz basis of L2(IR2) with Riesz bounds A and B.(iii) It holds 0 < A � A0 � B0 � B <1 with A0 and B0 from (9) and (4).



Multivariate cosine wavelets 39Proof: First we show (i) () (iii). It is known that the functions Ck[�;�], k 2 IN0form an orthonormal basis of L2([�; �]). Therefore with (3) we obtainXr;s2ZZ Xk;l2IN0 ��hf;	k;lr;si��2 = kTwfk2L2(IR2) :Hence, f	k;lr;sg satis�es the frame inequality with the best possible frame boundsA0 = kT �1w k�2 and B0 = kTwk2.Now we show that (i, iii)() (ii). In particular, (i) follows from (ii) immedi-ately. Furthermore, if the implicationXr;s;k;l ak;lr;s	k;lr;s = 0 ) ak;lr;s = 0; 8r; s; k; l (12)is proved, the statement (ii) follows from (i) (see e.g. [2] Theorem 2.1). To show(12) let us notice that	k;lr;s = Uw ��[ar;ar+1]�[bs;bs+1] Ck[ar ;ar+1] 
 Cl[bs;bs+1]� ;where �[ar;ar+1]�[bs;bs+1] is the characteristic function of [ar; ar+1]�[bs; bs+1]. From(iii) it follows, that U�1w is a bounded operator. Therefore we obtain thatXr;s2ZZ Xk;l2IN0 ak;lr;s	k;lr;s = 0implies0 = U�1w Xr;s2ZZ Xk;l2IN0 ak;lr;s Uw ��[ar ;ar+1]�[bs;bs+1] Ck[ar ;ar+1] 
 Cl[bs;bs+1]�= Xr;s2ZZ�[ar;ar+1]�[bs;bs+1] Xk;l2IN0 ak;lr;s Ck[ar;ar+1] 
 Cl[bs;bs+1] :This means that for all r; s 2 ZZ it holds thatXk;l2IN0 ak;lr;s Ck[ar;ar+1] 
 Cl[bs;bs+1] = 0 a.e on [ar; ar+1]� [bs; bs+1] :Since fCk[ar;ar+1] 
 Cl[bs;bs+1] : k; l 2 IN0g is a basis of L2([ar; ar+1]� [bs; bs+1]) itfollows that ak;lr;s = 0 for all r; s 2 ZZ and k; l 2 IN0. Hence, (12) is proved.Finally we present conditions on the bells to obtain orthonormal bases. Ob-viously the 	k;lr;s constitute an orthonormal basis i�wr;s = ~wr;s for all r; s 2 ZZ :



40 K. Bittner, C. K. Chui and J. PrestinBecause MMMM ~wr;s = (MMMMwr;s)�H this is equivalent tojwr;sj =1 a.e on Rr;s1 ;KKKKHr;sKKKKr;s =IIII a.e on Rr;s2 ;LLLLHr;sLLLLr;s =IIII a.e on Rr;s3 ;MMMMHr;sMMMMr;s =IIII a.e on Rr;s4 :It is easy to see, that the last three equations can be written asKKKKHr;s� wr;swr�1;s� =� 10� a.e on Rr;s2 ;LLLLHr;s� wr;swr;s�1 � =� 10� a.e on Rr;s3 ;MMMMHr;s0B@ wr;swr�1;swr;s�1wr�1;s�11CA =0B@ 10001CA a.e on Rr;s4for all r; s 2 ZZ. Similar conditions can be found also in [11].4. ExamplesFirst we want to consider a continuous, piecewise linear non-tensor productbell function in more detail. We restrict ourselves to the simple rectangular pyra-mid w1r;s = w10;0(� � r; � � s) withw10;0(x; y) = 8>>><>>>: y; if 0 � x � 2 and 0 � y � min(x; 2� x),1� y; if 0 � x � 2 and max(x; 2� x) � y � 2,x; if 0 � y � 2 and 0 � x � min(y; 2� y),1� x; if 0 � y � 2 and max(y; 2� y) � y � 2,0 otherwisefor the grid ar = r+ 12 , bs = s+ 12 , a+r�1 = a�r = r and b+s�1 = b�s = s (see Fig. 2).As dual bell ~wr;s we obtain a piecewise rational, continuous function (see Fig. 2)with ~w10;0(x; y) = y �2y2 � 2x2 + 4x� 1�4x4 � 8x3 + 8x2 � 4x+ 8xy2 � 8x2y2 + 4y4 + 1for 0 � x � 1 and 0 � y � min(x; 1� x) and~w10;0(x; y) = 2x2 � 4x� 2x2y + 4xy � y � 2y2 + 2y3 + 24y4 � 8y3 + 4y + 16xy2 � 8x2y2 + 8x2y � 16xy � 16x+ 24x2 � 16x3 + 4x4 + 5
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2Fig. 2. The piecewise linear bell w10;0 and the dual bell ~w10;0.for 12 � x � 1 and 1 � x � y � x. The remaining values of the function can bedetermined by symmetry arguments as follows~w10;0(x; y) = ~w10;0(y; x) ; if 0 � x � 1 and x � y � 1,~w10;0(x; y) = ~w10;0(�x; y); if 1 � x � 2 and 0 � y � 1,~w10;0(x; y) = ~w10;0(x;�y); if 0 � x � 2 and 1 � y � 2.To compute the best possible Riesz bounds for this bell function followingTheorem 6 we have to consider the eigenvalues of the corresponding matrix(MMMMw10;0)TMMMMw10;0. By the above mentioned symmetry we only have to deal with x; yfrom the triangle 0 � x � 1, 0 � y � min(x; 1 � x). In this case the eigenvaluesare �1(x; y) = �2(x; y) = 2(x� y � 12 )2 + 12 ;�3(x; y) = �4(x; y) = 2(x+ y � 12 )2 + 12 :By easy calculations we obtain the Riesz bounds A0 = 12 and B0 = 1.The second example is the tensor productw20;0(x; y) := h(x)h(y)of the linear B-spline h(x) := (x; if 0 � x < 1,2� x; if 1 � x < 2,0 otherwise(see Fig. 3).
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