Multivariate cosine wavelets

Kai Bittner, Charles K. Chui and Jiirgen Prestin

Abstract. We construct bivariate biorthogonal cosine wavelets on a two-
overlapping rectangular grid with bell functions not necessary of tensor product
type. The biorthogonal system as well as frame and Riesz basis conditions are
given explicitly. Our methods are based on the properties of bivariate total
folding and unfolding operators.

1. Introduction

Recently, local trigonometric bases have been investigated by many authors.
Let us mention here only Malvar [8], Coifman and Meyer [5], Daubechies, Jaffard
and Journee [6], Auscher, Weiss and Wickerhauser [1], Wickerhauser [10], Jawerth
and Sweldens [7], Matviyenko [9], Xia and Suter [11], Chui and Shi [3,4], and the
literature cited there. In the meantime the idea to use windowed sinusoids as an
orthonormal basis for L2(IR) is widely applied, e.g. in image processing to eliminate
blocking effects in transform coding. Therefore, not only univariate bases but also
bivariate constructions were investigated in more detail.

In this paper we are interested in bivariate biorthogonal cosine wavelet bases
generated on arbitrary ‘two-overlapping’ rectangular grids. In particular, the cor-
responding bell functions need not have tensor product structure. Our approach
is based on univariate results for a nonuniform grid obtained in [3,4]. As a main
tool for our purposes we introduce a bivariate folding operator. Such an operator
maps a function on IR? into a function which satisfies certain parity conditions
on the gridlines of the underlying rectangular grid. Then, frame and Riesz basis
properties of the cosine wavelets could be studied in terms of boundedness of the
corresponding total folding and unfolding operators. In particular, it is pointed
out that in this context frame and Riesz basis are equivalent conditions. The best
possible constants in the inequalities could be given explicitly as minimal and
maximal eigenvalue of certain matrices. In a final example we compare a linear
bell function of pyramid type with a bilinear bell of tensor product type.
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2. The bivariate folding operator

Let (ar)rem, (a)rez, (a; )rez and (bs)sez, (b )sem, (by )scm be given se-
quences with

ar<aj§a;+1<ar+1 and ar—a;:aj—ar forr e 72

and analogous conditions for bs, so these numbers generate a rectangular grid for
R? (see Figure 1).
We consider now bivariate bell functions w5 : R? — C with support
[ar, ars1] X [bs, bs41] C suppwy,s C [ar, a7y,] X [b7,5544]- (1)
Then
supp w,,s Nsuppw, , =0 if|[r—p|>1lor|s—q| >1,

which means that at most 4 bell functions overlap. Further we define the functions

[ 2 T —
C[Igmg](il') = ﬂ_aCOS <(k+%) ﬂ—aﬂ-> , k,l1 €Ny

which form an orthonormal basis of L?([a, 3]). The main properties of these par-
ticular trigonometric polynomials used in the sequel are that C[’“a 3] is even with
respect to a, i.e.

C[’“aﬁ](a —z) = C[’“aﬁ](a + )
and odd with respect to 3, i.e.

C[ka,fx] (B—z)= _C[ka,,ﬁ] B+ ).
Now we introduce the bivariate cosine wavelets
\If’f.é(a:,y) = wys(z,y) C[’Zm%“](az) C’[lbs,bsﬂ](y) , 1r,s€Z, kleNg.

To investigate the basis properties of %! we define the matrices

Ko(z,y) = K}, (2,1) ::( wre(B,) | Wnelur,y) )

—’IUT,LS(CL‘, y) UJT,LS(UT, y)

Lr,s(az,y) = L:«ljs(CU,y) = ( wr’s(x’y) wT78(mavs) >

—Wpr,s—1 (1'7 y) Wr,s—1 (1'7 'Us)

and
M, (z,y) :== M, (z,y)
wns(way) wms(uray) wns(mavs) wr,s(uravs)
— _wrfl,s(xay) wr*l,s(uray) _wrfl,s(xavs) wrfl,s(uravs)
_wr,sfl(xay) _wr,sfl(uray) wr,sfl(xavs) w’r‘,sfl(u’r‘yvs)

wr71,s71($,y) _wrfl,sfl(uray) _wrfl,sfl(xyvs) wrfl,sfl(uryvs)
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where u, := 2a, — x and vs := 2bs; — y. For further discussion we consider the
partition of IR? into the disjoint rectangles (see Figure 1)

i.e.

121 __Izrs_
122 ——12TS‘
R3 _Rrs'
Ry =R
R’ =

r,sEXL

[ar7 Appq) X
[a, ,al) x
[af,a Qpy1) X
=[a, ,al) x

bs?b;+1)

bs7b;+1)

b, ,bh),

s 7s

x by ,b),

s§17s

|J RI®PURS URL URY®.

In this way we obtain that on R; only the function w, s is not zero, on Ry resp.
R3 we have two non-vanishing functions w, ; and w;,_1 s resp. w, s and w, ;1 and
finally on R4 only the four functions w, s, wy_1,5, Wys—1 and w,_1 51 are not
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Fig. 1. Grid for the support of the bell function wys.

With the help of these matrices we introduce the total folding operator 7. For
a given measurable function f we define T, f separately in every of the rectangles
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R®,i=1,2,3,4; r,s € 7ZZ in the following way

(3

Tuf@y) = wea(my) fl@y)  for (z,y) € R},
Twf(z,y) ._ f(z,y) ar <z <af,
(nﬂur,y)) = Krsla,y) <f<ur,y>) for pe <y <y,
Tufew)) f(z) af <z <a,
(m(:n,m) R C) (f(:v,vs)> for o <y<or, @
;Zu ff((w, y)) ff((w, y)) .
w) (Ur, Y o Ur, Y ar <z <a,,
Tuf(wy | = M@ Gay | 0 <y <t
%f(um%) f(ur7US)

Note that this definition determines 7, f uniquely a.e. on IR?.
We want to emphasize that the introduction of 7T,, is motivated by the follow-
ing observation. Since C{’“a 3] is even with respect to o and odd with respect to 3

one can ‘fold” ¥FL into [a,, ar11] X [bs, bsy1] to obtain

Grg1 bsy1

/ Uhl (2, ) f(x,y) dedy = / / Ol @ Cly o 1) Td (,y) dzdy (3)
R?2 ar bs

if the integrals are well-defined. Only for simplicity we have restricted ourselves
to the particular cosine functions Cka 5] which then determine the structure of the
folding operator T, f. Other trigonometric bases would work as well but lead to
modified folding operators.

Applying formula (3) we will deduce basis properties of the \Il:fé from norm
estimates of T,,. In particular, we are interested in the L2-boundedness of T, and in
the existence and boundedness of 7, . For this we consider the following functions
|2

Ak (2,y) = lwrs(@,9)° + [wrs (ur, )17 + [wr—1,s(2, ) + lwr—1,s(ur, ),

Ap(z,y) := |wr78($7y)|2 + |wr,5(ma95)|2 + |wr7s—1($ay)|2 + |wr7s—1(ma95)|2
and constants
B := esssup |wys(z,y)]?,
(z,y)ERT”
B;’s := eSsssup ||K7«’s(l‘,y)||§
a,q<z<a:r
vf<y<o )
Ax(z A2 (z,
= esssup K(2 1)) +\/ KEL Y _ |det K, s(z,v)|?,
a.,‘<z<a;!—
phevar
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By = esssup ||Lys(z,y)|3
ai(m(a;+1
bs<y<bd
A A% (z.
= esssup L(@,y) -I-\/ L@:y) |det L, s(z,y)|?,
a+<m<a7 2 4
» 1
bs<y<bd

B}® := esssup ||M,s(z,y)5.
ar<z<al

bs <y<b;"

Here

IAll2 := sup |Az| = \/p(A" A)

[Z|=1

is the spectral norm of a matrix A.
Now we can establish the following assertion.

Lemma 1. Let {w,s} be measurable functions such that

By := sup max{B"*, By*,By* B;*} < . (4)
r,s€Z

Then T,, is a bounded operator from L?(IR*) — L?(IR?) with
||7:”||%2(R2)—>L2(R2) = BO .
Proof: For arbitrary f € L?(R?), we have

1T fl 72y =D N T Tz grrey + 1T 2agrn ey + 1Tl 72 grrey + 1T f 12 crre -

r,s€Z

We consider now every term separately. For R; we obtain immediately, by Holder
inequality

1 Teof ey = // wns o, 9)P £ ) dwdy < B 1 o
RY?

where B{"® is the best possible constant. For Ry we have

b

1Tl T2 crpey =

:+1 aj— 2

(ot Tustur)) | dody

:+1 aj— 9

[ 1l (7). s

IN

dzdy .
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In particular, equality is attained if f € L?(Ry*) is given by

< f(f%) _ () (gg((;”{y))) L (@) € (amad) x (67,57,

with an arbitrary function a € L? ((ar,a;}) x (bf,b,,,)) and a normalized eigen-
vector ((g1(z,y),g2(z,y))T corresponding to the maximal eigenvalue of
K, s(z,y)TK, s(z,y). Again By® is the best possible constant in the Holder in-
equality

||7:Df||%2(R;S) < B;’s “a“iZ((ar,ai)x(b:r7b;+1)) = Bg’s ||f||%2(Rgs) '
Analogously we obtain
T f oz, < B N\
and

T f 1oy < BE® N1

with best possible constants B3® and Bj*. Therefore,

1T f172(r2)
< ZB?S ||f||%2(R;’S) +By*® ||f||iz(R;-S) +By* ||f||%2(R;’S) +B;° ||f||iz(RZ’S)
r,s€Z
S sup max {BI7S’B;7S,B§‘,S’BZ,S} ||f||%2(R2) .
r,s€Z

Hence, ||7LJ||2L2(R2)_>L2(R2) =B, N

Remark 2. Note that By < oo iff sup ||lwys||p~r2) < 0o, which is obviously
r,sEZ
equivalent to

H Z |wr,s|2H ,. < oo
r,s€Z L= (R?)

Let us now assume that

wy,s #0 a.e.on R’ (5a)

det K, s # 0 a.e. on Ry*, (5b)

det L, s # 0 a.e. on Ry”®, (5¢)

det M, s #0 a.e. on Ry®. (5d)

In the same way as in (2) we define an operator V,, by replacing w5, K., L,

and M)/ by wi ), (K')7', (L,,)~" and (M, )~", respectively. If the conditions

s
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(5a)-(5d) are satisfied the operator V,, is well-defined a.e. and we obtain by simple
inspection that

Vwﬂuf = nvwf = f a.e..

Analogously to Lemma 1 we introduce the following constants

ADP? = essinf |w,s(2,y)|? o

7,8

(m,y)GRl
A essint (KM@l

ar<e<a)

+
by <y<bSJrl

2
essinf AK(Qx’y) — \/AKE;U’y) — | det K, 5(x,y)|? (7)

ap<z<a,

+ —
by <y<bs+1

r7s .
ADS

. -1 -
+essmf ||Lr7s($7y)||22
ap <E<a, g
bs<y<bi—

2
= essinf AL(;’y) - \/AL(Z’Z/) — | det Ly s(z,y)|? (8)

+ -
af <w<a o

bs<y<bF

. -1 —
ess 1anr IM s (2,9l 2.
ar<e<a)

bs<y<bT

s
AR

Note that for an invertible matrix it holds ||A™"(|;2 = min o(A" A).

Lemma 3. Let {w, s} be measurable functions and the conditions (5a)-(5d) be
satisfied. If
Ay = risnefz min {A7°, AY° AYS AV >0, 9)

then V,, is a bounded operator from L*>(R*) — L*(IR®) with
VallZ2me) s r2me) = Ao
and T, ' = V.

The proof is analogous to the proof of Lemmma 1.

Let us mention here that in the bivariate setting the condition Ag > 0 could
not be rewritten as easy as By < oo in Remark 2. To explain this let us re-
strict ourselves to nonnegative bell functions w; 5. As in the univariate setting and
analogous to Remark 2 it follows from

essinf wys(x,y) >0 (10)

that

inf min {A]®, A%, A2°} > 0.
r.sEZ
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This can be easily derived from (6)-(8). However, if the bell functions are not
tensor products of univariate functions, then Ay > 0 is a stronger assumption than
(10). This can be seen by the following example.

Let the bell functions in Rj® be uniquely defined by setting them piecewise
constant ¢ or 1 for all (z,y) € (ar,a,) x (bs,bl) and such that

L& & ¢

— w _ _f f -1 f

h(§) := det M, ((z,y) = det ¢ 1o ¢
& ¢ ¢ 1

Then we obtain h(£) = (€ + 1)3(3¢ — 1) , i.e., h(1/3) = 0. In other words, this
yields an example that all four bell functions supported in R4 are greater or equal
1/3 but A}® is unbounded.

3. Biorthogonal bases
We start this section with the definition of a bell function @, ; with
supp 'UN}ns - [ar_a a’j—}-l] X [bs_a bs++1] -

We define @, ; by giving the complex conjugate of w, s in the following way

( l/wr,s(x,y) ) lf (x,y) € R?sa
wrfl,s(uray)/det Kr,s(l‘,y) ) if (x,y) € R;sa
wr+1,s(ur+1,y)/ det Kr+178($:y) ) if (z,y) € R72“+1’sv
wy s—1(z,vs)/ det Ly s(z,y), if (z,y) € Ry,

- wr+1,s(x7 Us+1)/ det Lr,s+1 (x, y) , if (x, y) € R;’SH,
(V) =9 det MY (2,y)/ det My, ) if (a,y) € B},
det Miim(az, y)/ det M, 11 s(z,y), if (z,y) € RZH’S,
det M35, (z,y)/ det My 11 (2, 9), if (z,y) € Ry™,
det Miil,erl(wv y)/ det MT+178+1 (CU, y) ) if (CU, y) € RZ+1’S+1’
\ 0 otherwise

where qu]s (z,y) is the minor of the matrix M, s(z,y) canceling the i-th row and
the j-th column.
Let us mention here that the continuity of w, s, for all 7,s € 7ZZ implies the

continuity of W, s.
Remark 4. If the bell functions w, s are tensor products of univariate bells, i.e.
Wr,s = Wy & W]

we obtain that
M,  (z,y) =M () ® M3(y)

r
Kr,s(way) ZM,l,(CU) )
L, (z,y) =M.(y).
In this case the bell functions W, are also tensor products of univariate bell
functions.
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With 1, s defined above we can describe biorthogonal functions

T, I k 1
\I’T”S = Wrs C[ar,ar+1] ® C[bs7bs+1] :

Lemma 5. Let w,s € L*>(R?) for all r,s € 7Z. Let the functions {w, s} be well
defined, i.e. (5a)-(5d) are satisfied. If Ukl € L*(R?) for all r,s € 7, k,l € Ny,
then the system {\i!’,?é} is biorthogonal to {¥}!}, ie.

<\I/k”l’ @£,7£>L2(R2) = 6,,,7««55,3/6;6,;6/61,1/ . (].].)

Proof: If min(|r — '|,|s — s'|) > 2, then the condition (11) follows immediately
from
supp Wy,s C [a;, a7y, % [b7,b344] -

Now we show (11) for ' =r —1 and s’ = s — 1. Because C'[ka’ b C'[kb o is an odd
function with respect to b we conclude

k' T k.l
<\I’T‘71,sfl ) q’r,s)LZ(RZ)

= //wr_m_l(w,y)m

Ry*
x CE 1@ CE o @) Cly W) Cly ey () dady
af bt
=// (wr—1,s—1(w,y)wr,s(w,y) _wr—Ls—l(Uray)uN}ns(ur:y)
ar bs

- wrfl,sfl (Q?, Us)mr,s(xa Us) + wrfl,sfl(ura Us)wr,s(ura Us))

X C[k;ﬂr‘—17ar] ({L‘) C[kar,ar+1] ({L‘) C[lbs—1,bs] (y) C[lb57bs+1] (y) dzr dy.
From the definition of w, 4(z,y) on R}* it follows that

det Mns(wa y) (wr—l,s—l (37; y)UN)r,s (377 y) — Wr—1,5—1 (U'T7 y)wns(ura y)

- wrfl,sfl(xa Us)wr,s(xa Us) + Wr—1,5—1 (ur; Us)mr,s(ura Us))

= ’w,-_173_1(1', y) det M}«:; (ZL', y) - wr—l,s—l(ura y) det M}«:; (U'T7 y)

— wp_1,5—1(x,vs) det M}q; (®,vs) + wr—1,5—1(ur, vs) det Mi; (ur,vs)

= wr—Ls—l(wa y) det Malﬂji (ZL', y) + wr—l,s—l(ura y) det Malﬂjz (CU, y)
— wp_1,s-1(z,vs) det Mif(:n, Y) — Wp—1 s—1(up, vs) det M},;l(a:, y)

= det M, (z,y) =0,
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where Mﬂ?l is the matrix M, s with its i-th row replaced by the j-th row. Therefore
we obtain
K Tkl _
<\Ilr—17s—1 ’ ‘I,'r‘,s>L2(R2) =0.

Analogously we can show (11) for all other ', s" with max(|r —7/|,|s — s'|) = 1.

Finally, since C[’“a’ 0] C[’fl 0] is even with respect to a and b we obtain

U Gkl
<\Ilr’7s’ ’ \Ijr7s>L2(R2)

Ap 41 bs+1

= [ @) Charn@ e [ Ch @) Ch @)
ar bs

= Ok 1011 -

We define now the total unfolding operator U, by replacing in (2) w, s, K.,
LY, and M}, by w,;, (K’ )", (L))" and (M’ )¥, respectively. From the defi-
nition of , ; we deduce

(M:‘ljS) = (M:‘st

Therefore we obtain 7,, ' =U.

Furthermore, the norm of i/, can be determined in the following way. For a
non-singular matrix A it holds that AA” = AA” AA™'. Hence AA™ and A" A
have the same eigenvalues and thus ||A*"||, = ||AT"]|,. Therefore, it follows that
Ul = ||Tw|| and ||, | = || Ty if Tw and 7,1 are bounded operators.

For many applications one needs that {\Il’ﬁé} is a frame, i.e. there exist num-
bers 0 < A < B < oo such that

2
AlflF2mey < D (£ TED] < BlIfll72me)

r,s,k,l

)H

or that {¥¥!} is a Riesz basis, i.e. it is complete in L*(R*) and

A (D] <Ry < B Y [(5,550)

‘ 2
r,s,k,l r,s,k,l

with 0 < A < B < oo. For cosine wavelets, it turns out that there is no difference
between Riesz bases and frames, as stated in the following.

Theorem 6. Let {w, s} be measurable functions such that ¥%! € L? (R?). Then
the following statements are equivalent.

(i) The system {¥k:!} is a frame of L*(R*) with frame bounds A and B.

(i) The system {®*!} is a Riesz basis of L*(R?) with Riesz bounds A and B.
(iii) It holds 0 < A < Ap < By < B < 00 with Ay and By from (9) and (4).
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Proof: First we show (i) <= (iii). It is known that the functions C'[ka g k€ No
form an orthonormal basis of L?([, 8]). Therefore with (3) we obtain

SO A EED = 1Tl

r,s€Z k,lIEN,

Hence, {U¥!} satisfies the frame inequality with the best possible frame bounds
Ao = 17,1172 and By = ||,

Now we show that (i, iii) <= (ii). In particular, (i) follows from (ii) immedi-
ately. Furthermore, if the implication

S ablebl=0 = abl =0, ¥r,s,k,1 (12)
r,s,k,l

is proved, the statement (ii) follows from (i) (see e.g. [2] Theorem 2.1). To show
(12) let us notice that

\I’f,’é = Uy (X[ar7ar+1]><[b57bs+1] C[kar,ar+1] ® C[lbs,bs+1]) ’

where X[amar+1]><[bs,bs+q is the characteristic function of [a, a,+1] X [bs, bs+1]. From
(iii) it follows, that U" is a bounded operator. Therefore we obtain that

Z Z akl‘pkl

r,s€Z k,leNg
implies
_1/1 k,l k [
0=U, § : E : Ay)s Unp (X[amar+1]><[bsybs+1] C[amar+1] ® O[bsybs+1])
r,s€Z k,lENg

_ kJ vk I
= E X[ar,art1]X[bs,bst1] E Qs C[[Lr,ﬂq_‘,l] ® O[bs,strl] .

r,sE€Z k,leNg

This means that for all r, s € 7ZZ it holds that

kil ik ! —
Z a5 Clay i) @ Clo, b, =0 ace on [ar, apy1] X [bs, bsta] -
k,lENg

Since {C’a anpa] © C[lbmbs“] : k,l € No} is a basis of L%([ay,ary1] X [bs, bs1]) it
follows that all =0 for all r, s € Z and k,I € Ny. Hence, (12) is proved. W

Finally we present conditions on the bells to obtain orthonormal bases. Ob-
viously the \II ! constitute an orthonormal basis iff

Wy s =Wy, forallr,seZ.
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Because ijs = (M) " this is equivalent to

|w,s| =1 a.eon R},

KESKT’s =I a.on Ry’

L L.,=I aeonRy°,
M M, ,=I aeonR}*

It is easy to see, that the last three equations can be written as

K", (wwns > = <(1)> a.e on Ry*® |
’ r—1,s
H Wr,s _ 1 T,§
L, <wr,51> = <0> a.e on Ry,

Wy s 1

H Wp—1 0
M, S a.e on Ry

’ Wy s—1 0

Wr—1,5—1 0

for all r, s € ZZ. Similar conditions can be found also in [11].

4. Examples

First we want to consider a continuous, piecewise linear non-tensor product
bell function in more detail. We restrict ourselves to the simple rectangular pyra-
mid w, , = wjo(- —r,- — s) with

v, if 0<z<2 and 0<y <min(z,2— z),
1—y, if 0<z<2 and max(z,2 —z) <y <2,

w(1)70(:v,y): x, if 0<y<2 and 0<z<min(y,2—y),
1—=z, if 0<y<2 and max(y,2—y) <y <2,
0 otherwise

for the grida, =r+1,b; =s+1,a] | =a; =rand b/ | =b; =s (see Fig. 2).
As dual bell w, ; we obtaln a p1ecew1se ratlonal, continuous function (see Fig. 2)
with

Y (2y2 — 222 + 4z — 1)
— 823 + 822 — 4z + 8xy? — 8x2y? + 4yt + 1

~1 _

wo’o(az,y) = 4t

for0 <z <1and 0<y <min(z,1—z) and
~1 _
UJO,O(x,y) =

222 — dx — 222y + 4oy —y — 2% + 2y° + 2
4yt — 8y3 + 4y + 16xy2 — 8x2y? + 82y — 16zy — 162 + 2422 — 1623 + 424 + 5
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X3
R
K3 NS
R

R
SRR
R

Fig. 2. The piecewise linear bell wé,o and the dual bell ﬁzé,o.

for % <z <1land 11—z <y < 2. The remaining values of the function can be

determined by symmetry arguments as follows

Who(z,y) =Who(y,z), if0<z<landz<y<l,
Who(T,y) = Who(—2,y), f1<z<2and0<y<l,

'lf)é’o(:l?,y) = u"Jé’O(x,—y), if0<zr<2and1<y<2.

To compute the best possible Riesz bounds for this bell function following
Theorem 6 we have to consider the eigenvalues of the corresponding matrix

( (’)",;)TM(’)'”;. By the above mentioned symmetry we only have to deal with z,y
from the triangle 0 < 2z < 1, 0 < y < min(z,1 — z). In this case the eigenvalues

are
A(z,y) = Xa(z,y) =

A3(m7y) ==A4(m,y):=

By easy calculations we obtain the Riesz bounds Ag = 5 and By = 1.
The second example is the tensor product

wy (2, y) = h(z)h(y)

of the linear B-spline

x, ifo<z<l,
h(z):=q¢2—2, ifl<z<?2,
0 otherwise

(see Fig. 3).
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Fig. 3. The piecewise bilinear bell wg,o and the dual bell ﬁ)g,o.

The corresponding dual bell function is given by

Ty
222 —2x+1)(2y2 — 2y + 1)

“70,0(937 y) = (

for 0 < z,y < 1. The remaining values can be determined by the same symmetry
conditions as in the first example.

In the tensor product case the four eigenvalues of Mg, oMo o are products of
the eigenvalues of (My)T My, and (M;)” M} (see Remark 4). Easily one computes

M(@,y) = Xe(@,y) = As(z,9) = Nalz,9) = 20z = 3)° +3) 2y —3)° +3) -

Here we obtain the best possible Riesz bounds Ag = i and By = 1.
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