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Polynomial Wavelets on the Interval

Theodore Kilgore, and Jurgen Prestin

Abstract. We investigate a polynomial wavelet decomposition of the
L2(—1,1)-space with Chebyshev-weight, where the wavelets fulfill certain
interpolatory conditions. For this approach we obtain the two-scale rela-
tions and decomposition formulas. Dual functions and Riesz-stability will
be discussed.

1. Introduction

The wavelet approach has been proved already as an efficient tool to analyze
functions (compare [1], [4], [6]). Starting from considerations on IR" there are
also well-known results on bounded intervals and in the periodic case. In par-
ticular, in the periodic case a wavelet analysis by trigonometric polynomials is
obtained for the first time by C.K. Chui, H.N. Mhaskar [2]. A corresponding ap-
proach where the wavelets and scaling functions fulfill interpolatory conditions is
outlined in [11] and [12] and is based on results of A.A. Privalov [13]. Here we use
algebraic polynomials to obtain orthogonality with respect to the Chebyshev-
weight between the wavelets and corresponding scaling functions. These under-
lying functions fulfill interpolatory conditions on certain Chebyshev-nodes. Thus
they are bounded and localized. In fact, we use here the extrema of the Cheby-
shev polynomials 75, as nodes which guarantee the nesting property from one
level to the next (see e.g. [7], [5]).

The organization of the paper is as follows. In Section 2 we introduce the
necessary preliminaries and definitions. With Lemmas 2.1 and 2.2, we give a
helpful representation of our scaling functions and wavelets which is in particular
reasonable for efficient calculations. Here we also formulate our basic result,
namely the orthogonality between the scaling functions and the wavelets from
the same level. In Section 3 we consider algorithms for the basis transformations;
i.e., we represent scaling functions and wavelets from the level j in the basis of
scaling functions from the level j 4+ 1, named two-scale relations, and backwards,
called decomposition.
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Dual scaling functions and wavelets are studied by C.K. Chui and J.Z. Wang
in [3]. Here we obtain representations for the dual functions of our algebraic
polynomial approach, which are again well-localized. In Section 5 we investigate
the Riesz stability of our bases. Therefore we state Marcinkiewicz-Zygmund-type
inequalities for weighted LP-spaces. As an easy consequence we obtain error
estimates for the interpolatory projection into the space of scaling functions
using the concept of the best one-sided approximation by algebraic polynomials.

2. Scaling functions and wavelets

In the sequel we denote by I, the set of all polynomials of degree at most n.
Furthermore let 7;, and U, be the Chebyshev polynomials of first and second
kind, respectively; 1.e.,

To(z) :=cosnarccosz and U,_1(x):= %.

Important identities for our purposes are

Una(o) = 2T (2)

and
Uzn_l(l‘) = 2Un_1(l‘)Tn(l‘)
Furthermore we denote by w; the product
wi(z) = (1—a))Upy_1(z) , j=0,1,2,....

The zeros of w; are

coskl for k=0,...,2,
2

which are in fact nothing else but the extrema of T5;. Let us remark here that
the zeros of w; are also zeros of w; 1. Now we are able to introduce the so-called
scaling functions

jilw) = — l:’j(x) . 1=0,...,2, j=0,1,....
wj(cos 57) (& — cos 37)

Easily we conclude the representation (see e.g. [14], p. 33)

(1= 2?)Usi_a(2)

N p Ej,la
27 (=1)H*1 (z — cos lz—]—)

(2.1) ¢ji(x) =

where, here and in the following,
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Furthermore we have the interpolatory property

k .
(2.2) ;. (cos 2”) =0 , ki1=0,... 2
and the equality V; = II,;, where V; denotes, as usual, the space of scaling
functions

Vi ==span{¢;; : [ =0,.. L 27)
Hence,
(2.3) dimV; = 27/ 4+ 1.

In the sequel we also need a somewhat different representation of the scal-
ing functions ¢;;, which is in particular useful for the application of the fast
Chebyshev transform to compute the interpolants (see also [5]).

Lemma2.1. The scaling functions can be written as

1 l
95(2) = 35 O Tr(@)Tr(cos S )ejrc

Proof. By the identity
(1- IZ)Uzj_1(l‘) =Tyi_q(x) — xThi(x) ,

one concludes from (2.1) that

¢ji(z)

[l
|r‘h
=
——
n
—
~—
e
e
—_
=
=
+
3

ir
l‘—COSZ—]'

N Ti_1(cos —)sz( ) — Tyi(cos —)sz 1(z )} ’

from which the assertion follows directly by the Christoffel-Darboux formula (see
e.g. [14], p. 35). O

Now it is straightforward to define a corresponding interpolation operator L;
for given functions on [—1,1] by the Lagrange formula

Lif —chos )i

with the simple properties
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lr lr
L;f(cos 2—]) = f(cos 2—]) , 1=0,...,27,
LifeV;

and
Lif=f forall feV.

Let us continue with the following definition of our wavelets ¢;; for | =
0,...,2 —land j=0,1,2,..., namely

Pir) = sz(l‘) Will) — Wy C087(21+1)7T
Vi) = 2 (o cos L] (2 () = wjeos o ))
Tsi(x)

. (204 Dy
- Gt n (2(1 — &*)Usi_1(x) — (=1)' sin (2]7“)) ,

24 (x — cos “H55T)

Again we have an interpolatory property for the wavelets, not at the original
zeros of w;, but at the zeros of w;11 which are not zeros of wy; i.e.,

2% + 1 g
(2.4) ¢j,,(cos(2j%)”):5ky, for kl=0,...,2 —1.

Hence, we have, for the wavelet space
W; == span{y;,; : [ = 0,...,2 -1},

the properties

(2.5) dim W; = 27
and
(26) W] C H2j+1.

Note that in this approach W; and V; do not have the same dimension. Before
stating the fundamental orthogonality condition between the scaling functions
and the wavelets with respect to the inner product

1

(f.) = / f)g(a)

-1

dx
V1i—22’

let us derive a representation of the wavelets in terms of Chebyshev polynomials,
which 1s also very useful for computational purposes.
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Lemma2.2. The wavelets can be written as

2j+1
1 (2k+ )m
Yik(®) = 55 > T(x)T(cos EETrSe AT

r=2741

Proof. The combination of the two Christoffel-Darboux formulas

Ty () sin CHET (— 1)k

(2k+ )m
23T, o) T os Ty, = T
= 27+1
and
i (2k +1)
™
QZT COS W)Ej-l—l’r
_ Toin () cos PGl — Thinya (a) + Toir () = (1= 2)Usits 1 ()
e 27+1 e
r — cos %ﬁ xr — cos %ﬁ

yields the desired result. a

By Lemmas 2.1 and 2.2, the orthogonality of the scaling functions and wavelets
from the same level now follows directly from the orthogonality of the Chebyshev
polynomials.

Theorem 2.3. Forl=0,...,2 andk =0,...,2 —1,
(@50, ¥jx) = 0.

As an easy consequence of Theorem 2.3, (2.3) and (2.5)-(2.6), we deduce an
orthogonal decomposition of the spaces V.

Corollary2.4. Forallj=0,1,2,..,
(2.7) Viei=V, o W;

and by defining W_1 as Vi we obtain

Hyivr = Vip = @ Wi.
k=—1

For further development we also need the following important relationship
between function values of the scaling functions and the wavelets, which can be
obtained from the following well-known quadrature formula of Lobatto-Markov

type ([14], p. 50)

(28) /1p = %;pm_ T (1) +p(-1)),
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which holds for all polynomials p € ITa,_1. To apply (2.8) for p € T2, we write
p = pan_1 + 1?2 and obtain

L n—1
T T T
(2. — — 1 —1)) — =~.
0 ot = T ptens ST o) 4 = o
—1 m=
Lemma2.5. Forl=0,...,2 and k=0,...,29 —1,

2k+ 1) Im
(2.10) ¢;1(cos (2‘77)) —1h; g (cos 57 —)eir

Proof. Using the quadrature formula (2.8) with n = 2/+! and the interpolatory
conditions (2.2), (2.4) for the scaling functions and the wavelets, respectively,
we get

23+1
™ mm mm
/¢] l 1/)] k m 2j+1 Z Qj)j’l(COS QjT)'l/)j,k(cos QjT)Ej-I-l,m
m=0

™ (2k + L) ™ Im
= QJT%’I(COS 971 )+ 2j+11/{7 k(cos 57 )6

Now the proof is complete by using the orthogonality stated in Theorem 2.3. O

Note that Lemma 2.5 can also be used as a proof of Theorem 2.3 if one
computes the corresponding function-values from the definitions of the scaling
functions and wavelets. Trigonometric identities yield

26+ Drm. _ lr
¢;,(cos (2]%)%,11 = —1j k(cos —)
B (_1)k+l «in2 (2’;;11)77
= 95 +1 gin (%;ﬁi—l)ﬂ sin (Zk;zg—l)w

For completeness we repeat here the interpolatory conditions

km 20+ 1)r

¢;1(cos 2—]) = 1; i (cos 57T ) = Ok

3. Two-scale relations and decomposition

Considering (2.7), one is interested in representing the wavelets from W; and
the scaling functions from V; in terms of the basis from V}41;1.e., determine the
coefficients ¢; ,,; and d; ,,; in the so-called two-scale relations

23+1

Gin = E CGnibij1n, n=0,...,2,

=0
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and
2j+1

Uin= Y dinidjsrs, n=0,...,2 -1
1=0

This can be easily done by applying the interpolation operator L;;;. One ob-
tains, by using the interpolation properties (2.2) and (2.4),

27+1

I
Gjn = Ljt10jn = Z ¢;j,n(cos QjT)¢j+1,l
=0

271
204+ 1)
= @j+1,2n + E ¢ ,n(cos 7( 2j+1) JOi41 2041
1=0

and
23+1

lr
Vjin = Ljp1¥jn = lZ: Y n(cos §)¢j+1,l
:0

2j

lm
= @j41,2n41 + lzzi/{y’,n(cos §)¢j+1,2l~
=0

Let us illustrate the basis transformation now in matrix representation. There-
fore we reorder the ¢;; and take at first the ¢;41 2 with even index and then
the ¢;41 2141 with odd index. For further development, we shall denote the cor-
responding permutation matrix by P;.

Here we get as a matrix C;:

¢j+1,0 e ¢j+1,2l c ¢j+1 27+1 ¢j+1,1 e ¢j+1,2l+1 e ¢j+1 27+l
$j.0
2041

Gjn On1 6;n(cos BEHT)
¢j 24
0
1/)'71 ’l/)'n(COSl—?}) 6nl

J, J, 2 )

;201
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Denoting the identity matrix of dimension 27 by I,; and defining the diagonal
matrix

E; = (0k1¢5k)k =0, 25
and the function value matrix
lm
K. = i n(cos —
J 1/)],71( 2]) n=0,...,27 =1 ’
1=o0,...,27

we can summarize the results. Note, that by Lemma 2.5 we can write —EjK]T
for the right upper block of the matrix C;.

Theorem 3.1. For the matriz of the two-scale relations it holds

IZj-I—l ‘—E]Kf

C; =
K] ‘ Izj

Then the reconstruction algorithm for a sum

27 271
F=Y"Fasii+ Y giats
=0 =0

reads as follows

23+1

F=" firnidis

=0

with
Jio
fit+10 ‘7
fj+1,1 :
_prer | i
=BGl
7,0
f’+1 27+1
I 9,291

Now we are interested in the more interesting case of decomposing a given
function from V;4; into wavelets from W; and scaling functions from V;. There-
fore we have to determine a and b in the equation

27 271
(3.11) Givin =D Ajnibii+ Y binati
=0

=0

Then we can explain the inverse Cj_1 of the matrix C; of the two-scale relations
as the following basis transformation:
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o

e yeig

¢j+1,0

Bjt1,2n

$j+1,2i41

a5 2n,l

bjon,

¢j+1,1

¢j+1,2n+1

Vig1,25t1-1

j,2n41,0

bj 2nt1,t

Theorem 3.2.

(3.12)

with

For the decomposition matriz Cj_l,

-1 _
Cj =

12j+1 —|—Eij ‘E]K]T

—K] ‘ 12]'

Then the decomposition algorithm for any

15 given by

23+1

F=" finidis
=0

27 271
F=Y"Fadii+ Y g
=0 (=0
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where
fio
‘7, fi+1,0
: i+
fj,Zj — (C»_l)TP] .
g;i.0 7
f’+1 27+1
gj,2i-1 I

Proof. We have to show that (3.12) is the inverse of C;, which means that

12j+1 + Eij + EjK]TKj

3T
J _EJKJ'

Livig =5
2
K; + K,;E;B; - K; ‘KjEjK]TJrIZj

This is equivalent to

(3.13) K,E;B; =0
(3.14) K,E;K] =L,
(3.15) EJ'KJTKJ =Liy — E;By,

where (3.13) follows immediately from (3.14) and (3.15). To prove (3.14) and
(3.15), we use Lemmas 2.1 and 2.5. For the first assertion, we obtain

204+ 1)
KjEjK]T = —Z%n cos (b]t(cos (2]7_'_1))

n,l=0,..,27-1

_ Z%t cog 2Rt 2n+1)m )quyt(cosw)gtl

27+1 2J+1 )

2 Z I+ 1 ¢
= 2% 2JZZ€JT€NT cos( n+1r )Tr(cos—ﬂ.-)

27+1 2
t=0 r=0
> 20+ U)r tm
ZGj,sTs (cos W)Ts (cos 2—])
#=0 n,l=0,...,25—1

v 2 1 20+ 1
22~ 2‘7226] €551 (cos M)TS(COS u)

2i+1 2i+1
r=0s=0

tm
ZT cos— (cos 2])€]t

n,l=0,..,27-1
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Now the last sum with respect to ¢ can be easily computed by using the quadra-
ture formula (2.8) and the orthogonality of the Chebyshev polynomials, namely

im im _ —
Z T, (cos g)Ts (cos 5)6‘“ = 9i-15, 56 i
By the Christoffel-Darboux formula and its limit case
1 .
(3.16) > Trw)ej, = 7o () = 22 (x) + 2+ 4 1)

we conclude that

(2 1 20+ 1
9l—j Z ¢, T} (cos M)Tr (cos M)

E.KT
K]EJKj 27+1 27+1

n,l=0,..,27-1

G 2n+ 1 ,
- (21—JTJ <U2j+1(cos (”2].%)”) + 2t 1))
n,{=0

1=0,...,2i-1
= (6”yl)n,l:0,...,2j—1 :
Analogously, we continue with
2l (2t + 1) Ir
T
EjKj Kj = — Z qf)]n COS 97 +1 )1/)] t(COS 2—])
n,l=0,...,27
2l (2t + 1) (2t + D
-1
= Z ¢ n(cos —————— ST ) 1(cos W)Gj,l
n,l=0,...,27
2i_1 24
(2t+ m nw
= 22 27 Z Z €5,r€;5, n COS W)Tr (COS 2—])
t=0 r=0
2 (2t+ )m Im
Z €5,s1s(cos W)Ts (cos 2—])
=0 n,i=0,...,2
2 2 nmw lr
92=%e¢; Z% Z% ¢ r€jsTr(cos 5 — )T (cos 2—])
2] 2t + W) 2t + V)
Z Tr (COS W)Ts (COS W)
=0 ni=0,..,2

Using the quadrature rule (2.8) twice, with 2/ and 2/%! nodes, respectively, (see
also [14], p. 49), namely:
271

(2t + 1)w (2t+1)m o
E TT (COS QJT)TS (COS QJT) = 2‘7 16‘7';67'75(1 — 67‘,2j)’
t=0
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we obtain, again by the Christoffel-Darboux formula and (3.16),

271

. I nmw

KTk — . ol=j . - hhia

E;K;K; = | ¢n2 Z_: €;r 1 (cos Qj)Tr(cos 57 )

r=0 n,i=0,...,29
-1 +n
= <6l,n —€in %) 3
n,0=0,...,27
which proves the theorem. a

4. Dual scaling functions and wavelets

With the results for decomposition and reconstruction we are able to construct
the dual functions. R
For I =0,...,27, the dual scaling functions ¢;; € V; are uniquely defined by
(¢j,k,¢;j,l) I(Skyl for all %k = 0,...,2j.

Analogously, for [ = 0,...,2/ — 1, the dual wavelets 1/~)le € W, are uniquely
defined by

(1/)]'7;@, 12)]'71) = (5le for all &k = 0, e .,Qj - 1.

Hence the dual functions are characterized by their coefficients with respect to
the original basis in V; and W, respectively.

Theorem4.1. For the dual scaling functions q;jyl, 1=0,...,2,

23
G = i
t=0

with

(-1

2
_ —1
Qg = ?6l,t€jyt +

Analogously, for the dual wavelets 1/;‘“, 1=0,...,2 —1,

271
Vig =D Biaati
t=0
with
27 1
Bijiei=—0+ —.
T

T
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Proof. At first we remark that from the definition of the dual functions and
from the decomposition formula (3.11), we have

27
> (611,25, 6.6) = (Gi41,26, 650)
t=0

2j

271
= 0@ S50) + D biasr (Liirs G50)
r=0 r=0
= Q5,251
and
271
D Bint(@i41,2041, Usit) = (G 41,2041, U50)
t=0
27 271
= Z ajosy1,r(Djr, i) + Z biosq1,r (Ui i)
=0 r=0
= bjast1,0-

Now we compute the inner products on the lefthand-side by the quadrature rule
(2.8) and (2.9), respectively, namely:

2j+1

T rm rm
(¢j+1,28a ¢j,t) = 2]+1 Z ¢j+1,28(cos 2]+1 )¢)j7t(COS 2]+1 )€j+177‘
r=0
T
2j+1 6s,t€j,s

and

2j+1
T T T oo
(@j+1,2541,¥5) = 575 D bis12041(cos i1 Vi (cos Sp)ejpn, — 5277
r=0
™ ™
= it~ g

Denoting

G; = (O‘j,l,t)l,tzo,...,zj and  Hj := (ﬁ”vt)l,tzo,...,zj—l ;

we can Summarize
™ 1
Gj(ﬁlzjq-lEj) = §(Izj+1 + E]B])
and
1
H;(- 1 u

gty — el = 5l
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where J; is the 27 x 27 matrix with constant entries 1. Simple matrix operations
yield

2
Gj = —(E;' +By)
™
and
2J 1
H] == ?Izj + ;J],
which proves the Theorem. a

5. Riesz stability and error estimates

In a recent paper, G. Min [7] considered the Lagrange interpolation based on
the zeros of

(5.17) (1 — )T, (x)T) (%)

and proved the weighted LP-convergence for all continuous functions but without
any quantitative knowledge of the error with respect to the smoothness of the
underlying function. Note that this is also discussed by P. Nevai ([9], Theorem
6) and the first named author [10].

Here we generalize this result to obtain weighted LP-convergence for all Rie-
mann integrable functions. Furthermore we describe the error in terms of the
best one-sided approximation in the weighted LP-space. To agree with our for-
mer definitions we formulate the results only for the interpolation operators L;,
built from a dyadic nesting of nodes. The case of general n in (5.17) can be
handled analogously.

As an essential step we need an Riesz stability argument for the scaling func-
tion basis in V;. In our interpolatory approach this is nothing else than an
Marcinkiewicz-Zygmund type inequality for polynomials because the point eval-
uations of a scaling function are nothing else than the coefficients in the basis
representation. Therefore let us define, for 1 < p < o0,

1 v
dx
= z)|f —
HgHP /1|g( )| m
and

kr P
g(cos 2—])

lgllp.g = [ 277D
k=0

Theoremb5.1. Let g € V; and 1 < p < co. Then there exist positive constants
¢y and Cy, depending only on p, such that

(5.18) cpllgllps < llglly < Collgllp,s-
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Proof. The assertion can be obtained from the corresponding trigonometric
inequalities. Namely, we have for all trigonometric polynomials A of the form

r—1

h(t) = ag + Z(ak cos kt + by, sin kt) + a, cos rt
k=0

the inequalities

27 27

2r—1
1 km
/ !
(5.19) o [ o S EDP < ¢ [ a
0 k=0 0
with certain positive constants c;), C’Z’), depending only on p, 1 < p < oco. This

can be deduced from [17], Theorem X.7.5, see also [16]. Now we only have to use
the transformation # = cost and the identity

20+ ke k :
cosu:cos—t forall k=1,...,27 -1
97 97
to obtain the equivalence between (5.18) and (5.19) for even A. a

With this fundamental equivalence result (5.18), we are able to state the con-
vergence estimates. One of the main tools here is the best one-sided approxima-
tion, defined by

En(fa Lp) = Hlf{HQn - (Jan : (JnaQn € Il, with

an(7) < f(z) < Qn(z) for allz € [-1,1]}.

Theorem 5.2. Let f be a given bounded and measurable function on [—1,1].
Then for all 1 < p < oo,

17 = L3l < (14 2B s, 20).
P

Proof. Let
EZj(fa LP) = 1{|Qai — qaillp -
Then, by applying (5.18) twice, we obtain
1f = Liflly <IIf = Qaillp + Qa5 — L fllp

< Boi(f, L7) + Cpl|Qai — L fllp.s
< Eoi(f, IP) + CpllQas — qasllp

) By, (£, 17

<+
Cp
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From Theorem 5.2 we can easily obtain convergence results for certain
smoothness classes of functions f by the corresponding results for the best one-
sided approximation (compare e.g. [8],[15]).

Corollary5.3. Let 1l < p< oo and s = 0,1,2,.... Then for Riemann inte-
grable f,

Jim 1f Lyl = 0
and for ) of bounded variation in [—1,1],

If = Liflly, < €275 V(f).

6. Appendix

Let us illustrate with some examples that the special choice of Chebyshev nodes
avoids oscillations near the boundary +1. At first we give some graphs of the
scaling functions and wavelets.

Fig. 1. Graphs of ¢¢ 32 and ¢g 45 . Graphs of 16 32 and g 48 .

At the end we decompose a cubic B-spline s with interior nodes at 0 and 0.5
into its wavelet parts. Therefore we interpolate s at 1025 points to obtain Ligs.
Then we use our algorithms to compute the orthogonal projections P]»W(Llos)
into the wavelet spaces, which detect the discontinuities of the third derivative
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Fig. 2. Graph of PJV(Llos),j =4,3,2. Graphs of PJW(st), 7 =09,8,3.

of s. Furthermore we include graphs of some orthogonal projections P]V(Llos)
into Vj.

Because of the very small maximum value of the wavelet parts one cannot see
any difference in the graphs of s and P]V(Llos), j=45,...,10.

The local behaviour of the wavelet part in Figure 2 follows from localization
properties of the error of the orthogonal and the interpolatory projection into
V;, namely s — Pjvs and s — L;s. However, the quantitative description how
the wavelet coefficients rely on local smoothness properties of the underlying
function s remains open.
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