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Abstract

For any fixed ¢ > 0, we construct an orthonormal Schauder basis
{Pu}or, for C(I?) consisting of bivariate algebraic polynomials P, with
(deg, Pu)? < cq(1+¢)pu as a generalization of the corresponding univariate
basis constructed in [1]. The orthogonality is with respect to the bivariate

Chebyshev weight.

1 Introduction

The question of polynomial Schauder bases for spaces of continuous functions
with the uniform norm has a long history. For a more detailed discussion, we
refer to the monograph [2, Chap. 5] and to [1, 3] where some final results are
proved. Here we follow the approach described in [1]. The main idea to con-
struct an univariate basis {p,} consists of an appropriate frequency splitting.
L.e., writing p, in terms of Chebyshev polynomials, all p,, with n; < pu < ny are
built from Chebyshev polynomials T) with ny(1—¢) < k < n2(14¢) (cf. (2.2)
and Definition 2.1). This decomposition of the natural numbers in overlapping
dyadic intervals will now be generalized in the bivariate case to overlapping
rectangular blocks. This means that the bivariate polynomials are chosen as
appropriate tensor products of the univariate polynomials (see Algorithm 3.1).
The important properties of these polynomials will be summarized in our main
Theorem 3.4. In this context, the basic question is how to measure the degree
of the bivariate polynomials. For this reason, we consider ¢?-(quasi) norms
with 0 < ¢ < oo of the corresponding directional degrees (see (3.1)). Particu-
lar cases are ¢ = 1, the (total) degree and ¢ = oo, the tensor product degree.
Our construction could be easily applied also for ¢ = 0. Namely, if one takes
the limit ¢ — 0 in (3.1) one obtains |(k,()|o = V/k(, which yields polynomials
corresponding to so-called hyperbolic crosses. However, this would not result
in a basis for C'(1?). In particular, the orthogonal projection operator is not
bounded in this case.
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2 The Univariate Basis

We recall the construction of an univariate polynomial Schauder basis for C'(1)
with I := [—1, 1] where its elements are orthogonal with respect to the weighted

inner product
1

(o) = = [ ragta)

-1

dz
V1—a22’

Then, the basis polynomials were given in terms of Chebyshev polynomials
T, (z) = cosnarccosz (n € INg) which fulfil the orthogonality relations

2 forn=m =0,
<Tn,Tm>I = 1 for n = m > 0,
0 otherwise.

For arbitrary § > 0, a polynomial sequence {p“}ME]NO was defined such that
the degree degp, < p(1+ 6). To this end, we introduce a natural number 75
satisfying

n =3, for

3 3
s < 0 < =15 for

ANV

(2.1)

O o=

9,
1
d < 3.
For fixed 4, these conditions uniquely determine n, with > 3. Then every
index g € IN, p > 27F! determines uniquely the triplet of integers 7, A, s such
that
po= 2+ (A1)t s

with  j>n+1, 0<A<27 -2, 1<s<27HL (2.2)

Furthermore, the two functions,

—r __ for —2< z <0,
(2) 24+2(x+1)2
0 =
—2z __ for 0< 2z <2,
24+2(x—1)2
and
0 for —2< 2 < —%,
a+3 3 1
2 for -5 < o < -3,

_l_
go(z) = SV 5+21(1’+1)2

1
for -5 < & <0,

2—x
VoS for 0< 2 <2,
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were needed, the sampling of which gives polynomial coefficients.
Definition 2.1. (cf. [1]) Leté > 0. Then with n as in (2.1), the polynomials

p, are given by

1
Py = E, pri="Ts, for k=1,...,27"1 —2

3 1
pon+i_y = Toner DPant1 3:\/T—0T2n+1—1 ‘|‘\/T—0T2n+1+1 )

and for p > 27T with j, A, s as in (2.2), by

2711
_ k . (k(2s—1)7
Py = 2(77 /2 E q1 (1 + 2],_77) sin (W) T2J-|—/\2J—n+1_|_k )
k=—3.20-141

if A is odd, and by

29711
i k k(2s — 1)w
Py = 2(77 /2 ) Z g (1 + Qj—n) cos (W) T2J-|-/\2J—77+1-|-k s
=_3.29-141

if A is even, with gy := g1 for all A > 0.

Theorem 2.2. (cf. [1, 4]) Let &6 > 0 be given. Then {p.},cp, @5 an
orthonormal polynomial Schauder basis of optimal degree for C(I). le., we
have for all p,v € INg

deg p, < p(1+9),
<pu 3 pu>1 = 5u,uv

and for all f € C(I)

< ¢ Ela—s) (£, C)) .
()

Iz
Hf_ Z<f7 ps>1ps
s=0

Here, E,(f,C(I)) means the best approximation of f in the uniform norm
on [ by algebraic polynomials of degree n. In [4], the constant ¢ = ¢(d) was
estimated as

4 1
¢ < Flog 3 + 2700.
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3 The Construction of the Bivariate Basis

Now, we want to construct a bivariate orthonormal algebraic polynomial Schau-
der basis {P,},enN, similar to the univariate basis in the section before, i.e.,
we want orthonormality with respect to the bivariate Chebyshev weight

4 dxdy
(f9), == || [@.y)g(z,y) - =
4/ v1i—z5/1 -y

reproduction of certain polynomials and low increasing of ¢-degree deg, P, for
a fixed ¢ > 0. For nonnegative k, (, we define the (?-(quasi) norm as

(k1 4+ ()Y if 0 < g < o0,

[k O)lq = { max {k,(} ifg=o00. (3.1)

Then, we introduce the g-degree of a bivariate polynomial P as

deg, P = min {,u €Ny : P(z,y) = Z o Th(2) Tg(y)} .
[(k,0)|g<p

Given ¢ > 0, we want our basis polynomials to satisfy

(deg, P)" < (142)

A(q)
where analogously to the univariate case the additional factor on the right-hand
side is the reciprocal of the area

Alg) = |{(m) e R [, w)l, < 1
).
_ HT(2) if0<g<oo,
1 if ¢ =00.

The construction of the bivariate basis is based on tensor products of polyno-
mials p, from the univariate polynomial basis given in the previous section.

Therefore, we choose
e 1
§:=min ¢ =, = 3.2
min {7, 2} (3.2)

and 7 and {p,}.enN, related to this § by (2.1) and Definition 2.1. We want
to give our basis in a constructive way. This can be described in two steps,
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the first is the initial step, the second is the general step. Because the curves
x? 4+ y? = 1 are convex for 0 < g < 1 and concave for ¢ > 1 we consider two
different initialization steps. In the sequel, we set 1/¢ = 0 for ¢ = oc.

Algorithm 3.1. (Defining algorithm for the sequence {F,},en,)

1.a) Initialization step for ¢ > 1

1.1. Bp:==po®@po, p:=1, Kg:= 21/9 gnt1
1.2. for i:=1,...,27" do
for m:=1,...,2 do
for n:=1,...,7 do
if i—1 < |(m,n)|, < i then P,:=p, @p,, p:=p+1
1.3. for ¢: =271+ 1,... [Ko| do
for m:=1,...,2""1 do
for n:=1,...,27" do
if i—1 < |(m,n)|, < i then P,:=p, @p,, p:=p+1
14. jo:=n+1, Ag:=0

1.b) Initialization step for 0 < ¢ < 1

1.1. Fp:==po®@po, p:=1
1.2. find jg, Ag such that
2 (290 4 Ng270—t1)a 4 2a(1+1) < 9 (270 - (\g 4 1)200—7H1 )4
Ky := 91/q (2]0 + /\02jo—77+1)
jl = jo s Al = AO + 1 s I(l = 21/q (2]1 + A12jo—77+1)
1.3. for ¢:=1,...,[Ko] do
for m:=1,...,2 do
for n:=1,...,7 do
if i—1 < |(m,n)|, < i then P,:=p, @p,, p:=p+1
14.for j:=0,...,51+[1/q] do
for k:=0,...,51+[1/q] do
for A\:==0,...,2772 -2 do
for v:=0,...,2772 -2 do
if [(20 4+ N277nHL 2k 4 pok—ntly| < K

then for r:=1,...,2277 do
mi=2 4+ (A= 1) 4y
for s:=1,...,28 71 do

noi=2F 4 (v —1)2kH 1 5
if |(m,n)|, > Ko then P, :=p, @p,, p:=p+1
1.5. jo = jl s AO = Al s I(O = I(l



6 J. Prestin and F. Sprengel

2. General Step

2.1. jo, Ao, Ko, it from the previous step
2.2, if A < 2771
then A\{ =Ag+1, j1:=Jg else \{ =0, 71 :=jo+1
Ky = 91/q (2]1 + /\12j1—77+1)
23 for j:=0,...,71+[1/¢q] do
for k:=0,...,51+[1/q] do
for \:=0,...,2772 -2 do
for v:=0,...,2772 -2 do
if Ko < [(27 4+ A2/ ok pok—ntly| < [y

then for r:=1,...,27771 do
m=2 4 (A= 1)277 4y
for s:=1,...,28 71 do

ni=2F 4 (v — 1)2k_”+1 + s
Poi=pm @pn, pi=p+1
2.4. jo = jl s AO = Al s I(O = I(l
2.5. goto 2.1.

Let us summarize properties of the P, defined in this way. By construction,
we obtain orthonormality

(Bus B)

72

Py @ Prys Py @ Pry)

72

= <pm17pm2>1 <pn17pn2>1 = 5m17m2 57117712 = 5##’ : (3'3)

Now, we fix a number p and the values Ko, Ky of the step (1b.4. or 2.3) of
Algorithm 3.1 in which we counted p. (The result (3.6) holds trivially for the
p counted earlier in steps 1a.2, 1a.3 or 1b.3.) By construction (see step 2.2 or
1b.2), we can estimate

5
Ky < Ky < Kg(1+2™) < Ky (1—|—§) . (3.4)

Because of Definition 2.1 of the underlying univariate polynomial basis we
obtain for the g-degree
deg, P, < K (149).

Furthermore, we use the geometry of the problem for estimating from below
the number of polynomials already counted

po> Alg) Ki (1-2""2 > A(q) K (1 — g) : (3.5)
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Hence,

(degq pﬂ)2 3 1K (1_|_5)2 y 1 K2 (14 9)2 (1_|_ %)2
1% ~ Alg) K2 (1_%)2 ~ Alg) K2 (1_%)2

Exploiting additionally the fact 6 < 1/2, we obtain after some simple calcula-
tions

(1+872 (1+5)

(1-4)

With the definition (3.2) of §, we obtain the desired result

< (1479 .

2 H
deg, P, < (1+¢) — 3.6
(deg, P)” < (1) s (3.6)
for the degrees of the polynomials in the sequence {F,},ew,. The way of
ordering the polynomials will turn out to be an essential ingredient in proving
the main result. As in [1], we collect the univariate polynomials in sample
spaces

V= VQQJ:&_I)QJ_,,H =span{p,; p=0,.. L2 4 (A — 1)2j_77+1}

and wavelet packet spaces
J—n g
W = VV22J7A — gpan {p2j+(A_1)2J_n+1+5 is=1,...,2/ 77"'1} .

Observe that all polynomials in a wavelet packet space szj_; are of the same
degree. The ordering uses this structure. That means, the algorithm in the
general step first collects all polynomials in one bivariate wavelet packet space

ng;n ® Wg:;n before it proceeds to the next packet space.

Now we can prove some basic properties of the polynomial sequence {P,},en,-

Lemma 3.2. There exists an index ug, such that for all p > pg and every
polynomial Q with

I

deg., Q < 27V |2
Boo @ < A(q)

(1_5)7

it holds that
Q € span{Py; k=0,...,u}.
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Proof. The sequence {P,} e, was defined by Algorithm 3.1. Assume, we
had already run Step 1 and once Step 2. We take the last counted parameter
1 and denote it by pg. Now, we fix p > po. That p was counted in a certain
Step 2 with the parameters jg, Ag, Ko, and K;. That means, with N :=
270 4+ (Ao — 1)270=7+1 and M := 27077 we have

VAl ov¥ ¢ span{Py; k=0,...,u}.
From the univariate construction, we can use the fact that
Miva—sy C VA
which gives
M n—s) @ na—sy C span{Py; k=0,...,u}. (3.7)

With (3.4) and (3.5)

2 2
AR (1-5) <0< 2K < AR (1+3)

we estimate

Vi< A e (145)

ﬁ T =M
m (1 g) < Ky = 24N
9=1/1 ﬁ (1—%) (1-68) < N (1-9)
9=1/1 A’(‘q (1-2) < N(1-0).

By the assumption on (), we conclude
Q@ € Hna-5] @M na-g)

which together with (3.7) proves the lemma.
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Let the partial sum operator for f € (/(I?) be defined by

I

Suf =D (f: ), Pr.

k=0
Lemma 3.3. The norm of the partial sum operator S, is bounded

1Sulley=cy < Clg,e), (3.8)

independently of .
Proof. Choose g as in the proof of Lemma 3.2. For p < pg it holds that

1Sullery=oz)y < 1Suwlleay=owe) -

Now, let pt > pg where p was counted in a certain Step 2 with jo, Ag, Ky and
Ky. Denote fs := (f, Ps),2. Because Algorithm 3.1 first collects all polyno-
mials in one bivariate wavelet packet space ng;n ) Wg:;n before it defines
polynomials P, from the next packet space we can split the partial sum in the

following way

1
S fo P < > £P + > 0> KB
—I_ Z Z fS PS —I_ Z f,s PS
WVCWYVY ||PseWV O(Ig) PseWWwW,
< o)

With the notations VV, VW WYV, WW  we abbreviate the following spaces

Jo =1 Jo—"n
Vo= VQ?JOO"‘(M—1)2J0_”Jrl ® V22JOO+(A0—1)2Jo—n+1 )
_ .
VW = UVQ%J+(7]/\—1)2J—77+1 ® W22k7yn ,
where 270 + (Ao — 1)Qjo—n+1 <9k 4 (v — 1)2k_77_|_1 7

S - k-
all polynomials in VW = VQZJJ+(7]A_1)2J—77+1 & W22k7yn
were already counted before
J, A are chosen as big as possible ,

WV = U W22]J7_An ® V22kk_|j(ny_1)2k—n+l 3
where 290 4 (Ao — 1)27077+1 < 97 4 (p — 1)277FL
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2J—m ok—n

all polynomials in WV := WQJA & V2k+(y_1)2k_,,+1
were already counted before
k,v are chosen as big as possible
WW o= Wi owd,
where P, € WIW .

Using the bounds for the univariate projection norms (cf. [4])

4 1
Z (1, |Ps|>1 Ds = Cy < ) log (5) + 35,
psEV C(I)
‘ > (L Ipsl), ps = Cy <2625,
psEW C(I)

we estimate

> LB < Wllegey €
P.evVv C(12)
Z fsPs < HfHC(p) CV CW7
P.eVW(WV) o)
> P < Nflle@) Civ-
P.eWw C(12)

Hence, we obtain
1Suflleazy < M1 fslleaz) (C%/ + > CvCw+ > CwCy+ C%V) .
VWCVYw WV Ccwy

It remains to estimate the number n of the spaces VW in VW and WV in
WYV. Assume Ag < 2771 — 2 (the estimation for Ag = 277! — 2 can be done in
a similar way). Then,

Now < 270017 (21/q (270 4+ (Mg + 1) 200=mFL) — (200 4 Ag 2jo—n+1))
= 9 ((21/q —1) (277—1 T Xo) + 21/q)
< 2 ((21/q —1) (27 42 ) ¢ 21/q)



An Orthonormal Bivariate Algebraic Polynomial Basis 11

IN

Nyw

2 (217~ 1) (27— 2) +217)
2 (2 (27— 1) (? + 1) + 21/q)

IN

leads to

3
1Sullozysezy < Ch+ Cly +2 (2(2”‘1 —1) (5 i 1) n 21/q) Cy Cyr
= Clq,e),

which proves the lemma.

Now we are able to state the main result of this paper.

Theorem 3.4. Letec > 0 be given. Then {P,},eN, is an orthornormal poly-
nomial Schauder basis of low degree for C(I?). Le., the polynomial sequence
{P,} e, satisfies for all p,v € Ny the following properties

(degqpﬂ)z < ﬁ(ug), (3.9)
(PP = b, (3.10)

72

and furthermore there exists g € IN such that for all p > po and all f € C(I?)

1 = Sl € (14 Cla.2)) Banl £ C(1Y) (3.11)
where

|o-1/0 [_F —c
M= {2 A0 (1 )J .

Here, E,(f,C(I%)) denotes the best approximation of f in the uniform norm
on I? by algebraic polynomials from II, @ IL,.

From the construction, we have for the constants

C(gq,e) — o0 for ¢q— 0 or e —0.

Let us mention here that an estimate of the form (3.11) is sufficient to state
the Schauder basis property. However, replacing the inequality in Lemma 3.2
by a statement for deg, () would yield more general error estimates than (3.11)
with best approximation from different kinds of polynomial spaces.
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Proof. The properties (3.9), (3.10) follow directly from the defining Algo-
rithm 3.1 (see Equations (3.6), (3.3)). The approximation property (3.11) can
be proved easily using the previous lemmata. With the same g as in the proof
of Lemma 3.2, we estimate for arbitrary g > po and Q € g @ g

Hf - SMfHC(I2) = Hf - Q + SM(Q - f)HC(P)
< (1+Cg:9) [If =Rl -

Choosing () as the polynomial of best approximation proves the theorem.
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