
An Orthonormal Bivariate AlgebraicPolynomial Basis for C(I2) of Low DegreeJ. Prestin and F. SprengelAbstractFor any �xed " > 0, we construct an orthonormal Schauder basisfP�g1�=0 for C(I2) consisting of bivariate algebraic polynomials P� with(degq P�)2 � cq(1+")� as a generalization of the corresponding univariatebasis constructed in [1]. The orthogonality is with respect to the bivariateChebyshev weight.1 IntroductionThe question of polynomial Schauder bases for spaces of continuous functionswith the uniform norm has a long history. For a more detailed discussion, werefer to the monograph [2, Chap. 5] and to [1, 3] where some �nal results areproved. Here we follow the approach described in [1]. The main idea to con-struct an univariate basis fp�g consists of an appropriate frequency splitting.I.e., writing p� in terms of Chebyshev polynomials, all p� with n1 < � < n2 arebuilt from Chebyshev polynomials Tk with n1(1� ") < k < n2(1+ ") (cf. (2.2)and De�nition 2.1). This decomposition of the natural numbers in overlappingdyadic intervals will now be generalized in the bivariate case to overlappingrectangular blocks. This means that the bivariate polynomials are chosen asappropriate tensor products of the univariate polynomials (see Algorithm 3.1).The important properties of these polynomials will be summarized in our mainTheorem 3.4. In this context, the basic question is how to measure the degreeof the bivariate polynomials. For this reason, we consider `q-(quasi) normswith 0 < q � 1 of the corresponding directional degrees (see (3.1)). Particu-lar cases are q = 1, the (total) degree and q = 1, the tensor product degree.Our construction could be easily applied also for q = 0. Namely, if one takesthe limit q ! 0 in (3.1) one obtains j(k; `)j0 = pk`, which yields polynomialscorresponding to so-called hyperbolic crosses. However, this would not resultin a basis for C(I2). In particular, the orthogonal projection operator is notbounded in this case.



2 J. Prestin and F. Sprengel2 The Univariate BasisWe recall the construction of an univariate polynomial Schauder basis for C(I)with I := [�1; 1] where its elements are orthogonal with respect to the weightedinner product hf; giI = 2� 1Z�1 f(x)g(x) dxp1� x2 :Then, the basis polynomials were given in terms of Chebyshev polynomialsTn(x) = cosn arccosx (n 2 IN0) which ful�l the orthogonality relationshTn; TmiI = 8><>: 2 for n = m = 0;1 for n = m > 0;0 otherwise.For arbitrary � > 0, a polynomial sequence fp�g�2IN0 was de�ned such thatthe degree deg p� � �(1 + �). To this end, we introduce a natural number �satisfying � = 3; for 12 � �;32��2 � � < 32��1�2 ; for 0 < � < 12 : (2.1)For �xed �, these conditions uniquely determine �, with � � 3. Then everyindex � 2 IN, � > 2�+1 determines uniquely the triplet of integers j; �; s suchthat � = 2j + (�� 1)2j��+1 + s ;with j � � + 1 ; 0 � � � 2��1 � 2 ; 1 � s � 2j��+1 : (2.2)Furthermore, the two functions,g1(x) := 8><>: 2+xp2+2(x+1)2 for �2 � x < 0;2�xp2+2(x�1)2 for 0 � x � 2;and g0(x) := 8>>>>>>>>><>>>>>>>>>: 0 for �2 � x < �32 ;x+ 32p 12+2(x+1)2 for �32 � x < �12 ;1 for �12 � x < 0;2�xp2+2(x�1)2 for 0 � x � 2;



An Orthonormal Bivariate Algebraic Polynomial Basis 3were needed, the sampling of which gives polynomial coe�cients.De�nition 2.1. (cf. [1]) Let � > 0. Then with � as in (2.1), the polynomialsp� are given byp0 := 1p2 ; pk := Tk ; for k = 1; : : : ; 2�+1 � 2 ;p2�+1�1 := T2�+1 ; p2�+1 := 3p10T2�+1�1 + 1p10T2�+1+1 ;and for � > 2�+1 with j; �; s as in (2.2), byp� := 2(��j)=2 2j���1Xk=�3�2j��+1 g1�1 + k2j��� sin�k(2s� 1)�2j��+2 �T2j+�2j��+1+k ;if � is odd, and byp� := 2(��j)=2 2j���1Xk=�3�2j��+1 g��1 + k2j��� cos�k(2s� 1)�2j��+2 �T2j+�2j��+1+k ;if � is even, with g� := g1 for all � > 0.Theorem 2.2. (cf. [1, 4]) Let � > 0 be given. Then fp�g�2IN0 is anorthonormal polynomial Schauder basis of optimal degree for C(I). I.e., wehave for all �; � 2 IN0 deg p� � �(1 + �) ;hp� ; p�iI = ��;� ;and for all f 2 C(I)




f � �Xs=0hf ; psiI ps




C(I) � c Eb�(1��)c(f; C(I)) :Here, En(f; C(I)) means the best approximation of f in the uniform normon I by algebraic polynomials of degree n. In [4], the constant c = c(�) wasestimated as c � 4�2 log �1��+ 2700 :



4 J. Prestin and F. Sprengel3 The Construction of the Bivariate BasisNow, we want to construct a bivariate orthonormal algebraic polynomial Schau-der basis fP�g�2IN0 similar to the univariate basis in the section before, i.e.,we want orthonormality with respect to the bivariate Chebyshev weighthf; giI2 := 4�2 ZI2Z f(x; y)g(x; y) dxdyp1� x2p1� y2 ;reproduction of certain polynomials and low increasing of q-degree degq P� fora �xed q > 0. For nonnegative k; `, we de�ne the `q-(quasi) norm asj(k; `)jq := ( (kq + `q)1=q if 0 < q <1 ;max fk; `g if q =1 : (3.1)Then, we introduce the q-degree of a bivariate polynomial P asdegq P = min8<:� 2 IN0 : P (x; y) = Xj(k;`)jq�� ck;` Tk(x)T`(y)9=; :Given " > 0, we want our basis polynomials to satisfy�degq P��2 � (1 + ") �A(q) ;where analogously to the univariate case the additional factor on the right-handside is the reciprocal of the areaA(q) := ���n(x; y) 2 IR2+ ; j(x; y)jq � 1o���= 8<: �2( 1q )2q�( 2q ) if 0 < q <1 ;1 if q =1 :The construction of the bivariate basis is based on tensor products of polyno-mials p� from the univariate polynomial basis given in the previous section.Therefore, we choose � := min �"7 ; 12� (3.2)and � and fp�g�2IN0 related to this � by (2.1) and De�nition 2.1. We wantto give our basis in a constructive way. This can be described in two steps,



An Orthonormal Bivariate Algebraic Polynomial Basis 5the �rst is the initial step, the second is the general step. Because the curvesxq + yq = 1 are convex for 0 < q < 1 and concave for q � 1 we consider twodi�erent initialization steps. In the sequel, we set 1=q = 0 for q =1.Algorithm 3.1. (De�ning algorithm for the sequence fP�g�2IN0)1.a) Initialization step for q � 11.1. P0 := p0 
 p0 ; � := 1 ; K0 := 21=q 2�+11.2. for i := 1; : : : ; 2�+1 dofor m := 1; : : : ; i dofor n := 1; : : : ; i doif i� 1 < j(m;n)jq � i then P� := pm 
 pn ; � := � + 11.3. for i := 2�+1 + 1; : : : ; dK0e dofor m := 1; : : : ; 2�+1 dofor n := 1; : : : ; 2�+1 doif i� 1 < j(m;n)jq � i then P� := pm 
 pn ; � := � + 11.4. j0 := � + 1 ; �0 := 01.b) Initialization step for 0 < q < 11.1. P0 := p0 
 p0 ; � := 11.2. �nd j0; �0 such that2 (2j0 + �02j0��+1)q + 2q(�+1) � 2 (2j0 + (�0 + 1)2j0��+1)qK0 := 21=q (2j0 + �02j0��+1)j1 := j0 ; �1 := �0 + 1 ; K1 := 21=q (2j1 + �12j0��+1)1.3. for i := 1; : : : ; dK0e dofor m := 1; : : : ; i dofor n := 1; : : : ; i doif i� 1 < j(m;n)jq � i then P� := pm 
 pn ; � := � + 11.4. for j := 0; : : : ; j1 + d1=qe dofor k := 0; : : : ; j1 + d1=qe dofor � := 0; : : : ; 2��2 � 2 dofor � := 0; : : : ; 2��2 � 2 doif j(2j + �2j��+1; 2k + �2k��+1)jq � K1then for r := 1; : : : ; 2j��+1 dom := 2j + (�� 1)2j��+1 + rfor s := 1; : : : ; 2k��+1 don := 2k + (� � 1)2k��+1 + sif j(m;n)jq > K0 then P� := pm 
 pn ; � := �+ 11.5. j0 := j1 ; �0 := �1 ; K0 := K1



6 J. Prestin and F. Sprengel2. General Step2.1. j0; �0; K0; � from the previous step2.2. if �0 < 2��1then �1 = �0 + 1 ; j1 := j0 else �1 = 0 ; j1 := j0 + 1K1 := 21=q (2j1 + �12j1��+1)2.3 for j := 0; : : : ; j1+ d1=qe dofor k := 0; : : : ; j1 + d1=qe dofor � := 0; : : : ; 2��2 � 2 dofor � := 0; : : : ; 2��2 � 2 doif K0 < j(2j + �2j��+1; 2k + �2k��+1)jq � K1then for r := 1; : : : ; 2j��+1 dom := 2j + (�� 1)2j��+1 + rfor s := 1; : : : ; 2k��+1 don := 2k + (� � 1)2k��+1 + sP� := pm 
 pn ; � := �+ 12.4. j0 := j1 ; �0 := �1 ; K0 := K12.5. goto 2.1.Let us summarize properties of the P� de�ned in this way. By construction,we obtain orthonormalityhP�; P�iI2 = hpm1 
 pn1 ; pm2 
 pn2iI2= hpm1 ; pm2iI hpn1 ; pn2iI = �m1;m2�n1;n2 = ��;� : (3.3)Now, we �x a number � and the values K0; K1 of the step (1b.4. or 2.3) ofAlgorithm 3.1 in which we counted �. (The result (3.6) holds trivially for the� counted earlier in steps 1a.2, 1a.3 or 1b.3.) By construction (see step 2.2 or1b.2), we can estimateK0 � K1 � K0 (1 + 2��) � K0 �1 + �3� : (3.4)Because of De�nition 2.1 of the underlying univariate polynomial basis weobtain for the q-degree degq P� � K1 (1 + �) :Furthermore, we use the geometry of the problem for estimating from belowthe number of polynomials already counted� � A(q) K20 (1� 2��)2 � A(q) K20 �1� �3�2 : (3.5)



An Orthonormal Bivariate Algebraic Polynomial Basis 7Hence,�degq P��2� � 1A(q) K21 (1 + �)2K20 �1� �3�2 � 1A(q) K20 (1 + �)2 �1 + �3�2K20 �1� �3�2 :Exploiting additionally the fact � � 1=2, we obtain after some simple calcula-tions (1 + �)2 �1 + �3�2�1� �3�2 � (1 + 7 �) :With the de�nition (3.2) of �, we obtain the desired result�degq P��2 � (1 + ") �A(q) (3.6)for the degrees of the polynomials in the sequence fP�g�2IN0 . The way ofordering the polynomials will turn out to be an essential ingredient in provingthe main result. As in [1], we collect the univariate polynomials in samplespaces V = V 2j��2j+(��1)2j��+1 = span fp� ; � = 0; : : : ; 2j + (�� 1)2j��+1gand wavelet packet spacesW = W 2j��2j ;� = span fp2j+(��1)2j��+1+s ; s = 1; : : : ; 2j��+1g :Observe that all polynomials in a wavelet packet space W 2j��2j;� are of the samedegree. The ordering uses this structure. That means, the algorithm in thegeneral step �rst collects all polynomials in one bivariate wavelet packet spaceW 2j��2j;� 
W 2k��2k ;� before it proceeds to the next packet space.Now we can prove some basic properties of the polynomial sequence fP�g�2IN0 .Lemma 3.2. There exists an index �0, such that for all � � �0 and everypolynomial Q with deg1Q � 2�1=q s �A(q) (1� ") ;it holds that Q 2 span fPk ; k = 0; : : : ; �g :



8 J. Prestin and F. SprengelProof. The sequence fP�g�2IN0 was de�ned by Algorithm 3.1. Assume, wehad already run Step 1 and once Step 2. We take the last counted parameter� and denote it by �0. Now, we �x � � �0. That � was counted in a certainStep 2 with the parameters j0; �0; K0; and K1. That means, with N :=2j0 + (�0 � 1)2j0��+1 and M := 2j0�� , we haveVMN 
 VMN � span fPk ; k = 0; : : : ; �g :From the univariate construction, we can use the fact that�bN(1��)c � VMNwhich gives �bN(1��)c 
�bN(1��)c � span fPk ; k = 0; : : : ; �g : (3.7)With (3.4) and (3.5)A(q)K20 �1� �3�2 � � � A(q)K21 � A(q)K20 �1 + �3�2 ;we estimate p� � qA(q) K0 �1 + �3�s �A(q) 11 + �3 � K0s �A(q) �1� �3� � K0 = 21=q N2�1=q s �A(q) �1� �3� (1� �) � N (1� �)2�1=q s �A(q) (1� ") � N (1� �) :By the assumption on Q, we concludeQ 2 �bN(1��)c
 �bN(1��)cwhich together with (3.7) proves the lemma.



An Orthonormal Bivariate Algebraic Polynomial Basis 9Let the partial sum operator for f 2 C(I2) be de�ned byS�f := �Xk=0 hf; PkiI2 Pk :Lemma 3.3. The norm of the partial sum operator S� is boundedkS�kC(I2)!C(I2) � C(q; ") ; (3.8)independently of �.Proof. Choose �0 as in the proof of Lemma 3.2. For � < �0 it holds thatkS�kC(I2)!C(I2) � kS�0kC(I2)!C(I2) :Now, let � � �0 where � was counted in a certain Step 2 with j0; �0; K0 andK1. Denote fs := hf; PsiI2 . Because Algorithm 3.1 �rst collects all polyno-mials in one bivariate wavelet packet space W 2j��2j ;� 
W 2k��2k;� before it de�nespolynomials P� from the next packet space we can split the partial sum in thefollowing way
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C(I2) + XVW�VW 
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C(I2)+ XWV�WV 
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 XPs2WW;s�� fs Ps






C(I2) :With the notations V V;VW ;WV;WW , we abbreviate the following spacesV V := V 2j0��2j0+(�0�1)2j0��+1 
 V 2j0��2j0+(�0�1)2j0��+1 ;VW := [V 2j��2j+(��1)2j��+1 
W 2k��2k ;� ;where 2j0 + (�0 � 1)2j0��+1 � 2k + (� � 1)2k��+1 ;all polynomials in VW := V 2j��2j+(��1)2j��+1 
W 2k��2k;�were already counted before � ;j; � are chosen as big as possible ;WV := [W 2j��2j;� 
 V 2k��2k+(��1)2k��+1 ;where 2j0 + (�0 � 1)2j0��+1 � 2j + (� � 1)2j��+1 ;



10 J. Prestin and F. Sprengelall polynomials in WV := W 2j��2j;� 
 V 2k��2k+(��1)2k��+1were already counted before � ;k; � are chosen as big as possible ;WW := W 2j��2j;� 
W 2k��2k ;� ;where P� 2 WW :Using the bounds for the univariate projection norms (cf. [4])





 Xps2V h1; jpsjiI ps





C(I) =: CV � 4�2 log �1��+ 35 ;





 Xps2Wh1; jpsjiI ps





C(I) =: CW � 2625 ;we estimate 
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C(I2) � kfkC(I2) C2V ;





 XPs2VW (WV ) fsPs





C(I2) � kfkC(I2) CV CW ;





 XPs2WW fsPs





C(I2) � kfkC(I2) C2W :Hence, we obtainkS�fkC(I2) � kfskC(I2) C2V + XVW�VW CV CW + XWV�WV CW CV + C2W! :It remains to estimate the number nVW of the spaces VW in VW and WV inWV . Assume �0 < 2��1 � 2 (the estimation for �0 = 2��1 � 2 can be done ina similar way). Then,nVW � 2�j0+� �21=q (2j0 + (�0 + 1) 2j0��+1)� (2j0 + �0 2j0��+1)�= 2 �(21=q � 1) (2��1 + �0) + 21=q�� 2 �(21=q � 1) (2��1 + 2��1 � 2) + 21=q�



An Orthonormal Bivariate Algebraic Polynomial Basis 11nVW � 2 �(21=q � 1) (2� � 2) + 21=q�� 2 �2 (21=q � 1) �3� + 1�+ 21=q�leads tokS�kC(I2)!C(I2) � C2V + C2W + 2�2(21=q � 1)�3� + 1�+ 21=q�CV CW=: C(q; ") ;which proves the lemma.Now we are able to state the main result of this paper.Theorem 3.4. Let " > 0 be given. Then fP�g�2IN0 is an orthornormal poly-nomial Schauder basis of low degree for C(I2). I.e., the polynomial sequencefP�g�2IN0 satis�es for all �; � 2 IN0 the following properties�degq P��2 � �A(q) (1 + ") ; (3.9)hP�; P�iI2 = ��;� (3.10)and furthermore there exists �0 2 IN such that for all � � �0 and all f 2 C(I2)kf � S�fkC(I2) � (1 + C(q; ")) EM(f; C(I2)) ; (3.11)where M := $2�1=q s �A(q) (1� ")% :Here, En(f; C(I2)) denotes the best approximation of f in the uniform normon I2 by algebraic polynomials from �n 
 �n.From the construction, we have for the constantsC(q; ") �! 1 for q �! 0 or " �! 0 :Let us mention here that an estimate of the form (3.11) is su�cient to statethe Schauder basis property. However, replacing the inequality in Lemma 3.2by a statement for degrQ would yield more general error estimates than (3.11)with best approximation from di�erent kinds of polynomial spaces.



12 J. Prestin and F. SprengelProof. The properties (3.9), (3.10) follow directly from the de�ning Algo-rithm 3.1 (see Equations (3.6), (3.3)). The approximation property (3.11) canbe proved easily using the previous lemmata. With the same �0 as in the proofof Lemma 3.2, we estimate for arbitrary � � �0 and Q 2 �M 
�Mkf � S�fkC(I2) = kf �Q+ S�(Q� f)kC(I2)� (1 + C(q; ")) kf �QkC(I2) :Choosing Q as the polynomial of best approximation proves the theorem.References[1] T. Kilgore, J. Prestin, and K. Selig: Orthogonal algebraic polyno-mial schauder bases of optimal degree, J. Fourier Anal. Appl., 2no. 6 (1996), 597{610.[2] G. G. Lorentz, M. v. Golitschek, and Y. Makovoz: ConstructiveApproximation; advanced problems, Grundlehren der mathemati-schen Wissenschaften 304, Springer, Berlin 1996.[3] R. A. Lorentz and A. A. Sahakian: Orthogonal trigonometricSchauder bases of optimal degree for C(0; 2�), J. Fourier Anal.Appl., 1 (1994), 103{112.[4] H. Voigt: Algebraische Orthogonalpolynom-Basen, Diplomarbeit,Universit�at Rostock, 1996.Addresses:J. Prestin; F. Sprengel, University of Rostock, Department of Mathemat-ics, D{18051 Rostock, Germany


