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In this paper we discuss approximation of continuous functions f on [0, 1] in Holder norms including simulta-
neous approximation of derivatives of f.

1 Introduction

This article deals with special approximation properties of the classical Bernstein operators

B.(f.x) = éf(z) ()ata -

As is well known, these constitute an approximation process giving for any function f € C[0, 1] — the space
of continuous real-valued function on the compact interval [0, 1] — a sequence of algebraic polynomials B,, f
which approximate f arbitrarily well with respect to the sup norm || - ||. The latter symbol will denote this norm

throughout our present note.

Here it is our aim to discuss the rate of approximation of Holder continuous functions by Bernstein operators,
measured by Holder norms with different exponents and orders of derivatives of the function to be approximated.
Generally the class Lip; o of Holder (Lipschitz) continuous ! functions on [0, 1] with exponent « for some 0 <
a < 1 and constant L consists of all functions which obey the inequality

If(x) = f(y)l < Llz —yl*, 2,y €l0,1]. (1.1)

The first known result concerning approximation of a function f € Lip; a by the Bernstein operator was proved
by Kac ([17], [18]) in 1938 and later reproved by Mathé in [22] in 1999 in a different way. This result is the
following

Theorem A [f the function f : [0,1] — R is Holder continuous with exponent « and constant L, then

(@)~ Balfow) < T (x“n‘)> neN.

A result on smoothness preservation by the Bernstein operator was given in 1965 by Hajek in [14].

Theorem B Let f € Lip; 1. Then B, f € Lip; 1.
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This result was later generalized by Lindvall [20] and Brown, Elliott, Paget in [3] who showed that the same
statement is also true if Lip; 1 is replaced by Lip; ,0 < a < 1. This means that if global smoothness of a
function f € C0, 1] is expressed by stating that it satisfies a certain Lipschitz condition, then the same is true for
its approximant B,, f. Theorem B was generalized in 1991 by Anastassiou, Cottin and Gonska [1] in

Theorem C For the Bernstein operators B,, one has for all C[0,1] and 6 > 0
wi(Bnf;0) < 1-@1(f;0) <2-wi(f,0).
Here &1 (f;+) denotes the least concave majorant of the modulus of continuity w1 (f;-), given by

wi1(f;0) =sup{[f(z) — f(y)| : [z —y| <}

The constants 1 and 2 are best possible.
We introduce the following two seminorms: For each 0 < § < 1 put

Oa(f,0) := sup M

wel0,1],0<lz—y|<s [T —y[*

and

Oa(f) := sup O4(f,d). (1.2)

0<6<1

It is clear that the function f : [0,1] — R satisfies a Holder (Lipschitz) condition of order o, € (0, 1], if
O.(f) < oo. Itis easy to verify that in this case L in (1.1) is chosen to be ©,(f) or any upper bound of the
latter.

Given the classical first-order modulus of continuity it is easy to prove that, for 0 < § < 1, one has

0u(f.8) = sup 2D (1.3)

o<t<s ¥

In the sequel we shall consider the spaces Lip,, [0, 1] := {f € C[0,1] : ©,(f) < oo} and lip,([0,1]) := {f €
Lipa[oa 1] : @a(f, 5) —0asd — O}
The space Lip,, [0, 1] is complete under the so-called Holder norm

I lo.a =1l I + Oal")- (1.4)

In 2000 it was proved by Bustamante and Jiménez-Pozo [8] that the following holds.
Theorem D For all f € lip [0, 1],

|Bnf — fllo, — 0 as n — oo.

This result was extended by Cardenas-Morales, Jiménez-Pozo and Mufioz-Delgado in 2006 [11] who proved

Theorem E There exists a constant K such that, for every f € lip [0, 1]
| Bnf — f”O,a < KO.(f, 77,71/2).

In 2006 Bustamante and Roldan [10] modified these results by using the second order Ditzian-Totik modulus
of smoothness, but we do not deal with this question here. We note, however, that the two authors mentioned also
established inverse results.

Not only the approximation by (special) linear positive operators, but also by trigonometric polynomials in
Holder (or Lipschitz) norm is mostly recent. Reasons of space do not allow us to summarize related results.
Instead, we only recall articles of Kalandiya [19], loakimidis [15], [16], Prestin (see [24], [25], [26], [27]),
Bustamante (see [4], [5], [6], [7], [8], [9], [10]) and their co-authors.



A survey of the main known results related to quantitative polynomial approximation in Holder norms can be
found in [9].
To formulate our main result we introduce the following notation: For m € Ny, 0 < o < 1, define

cmefo, 1] = {f € C0,1]: Wl = 3 ISP+ 170l < OO}’

k=0

where the seminorm !| - |, is given by

Ygla :=suph™®- max |g(x+h)— g(z)|. (1.5)
h>0 IG{O,l*h]

The standard example for a function g € C%[0,1] is g(x) = z° with 8 > a. Then, *|g|, = 1 for 8 < 1 and,
e.g, Hgla = 2271 — a)=%(2 — o) 2 for 3 = 2. In the next section we prove that

1|f|a = Ga(f)

It is also possible to define a seminorm equivalent to *|f|, via a corresponding K -functional. All these three
definitions will be used in the proof of our main result. Further we define

cme = C™e: lim h™® ™z + h) — g™ (z)| =0
{96 i h7e max [ (@4 h) — g ()]

= {geCm™:wi(¢™);8) =o0(6%),6 — 0+}.

Our main result is the following

Theorem 1 Letr,m € Nog, 0 < o, B< 1,r <m,r+ 8 <m+ «. Then for f € C"™% andn > m + 1 one has
maxf —1, THB=—m—a
1Buf = fllnp < Cr - (n—r — 1ymex{=0 =552y (1.6)

Here C'. is a constant depending only on r.
An immediate corollary for the case r = m and a = 3 is

Corollary 1 (Cottin and Gonska [12]) For f € C™*[0,1],r € Np,0 < a < 1 we have

1Bnf = flira < Crllfllr.a- (1.7)

In Section 2 we give auxiliary results. In Section 3 we give the proof of Theorem 1.

2 Auxiliary Results

In the proof of our theorem we use the following seminorm:

219la = iuph_o‘-wl(g,h), for 0<a<1. 2.1
>0

Moreover we have

Lemma 1 For all f € C%%[0,1] one has

1|g|a = 2|g|a = ®a(f)

Proof: It is clear that

" la <3 fla-
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Further, for some 0 < t < h we have

W (fh) =B e [fa ) - f@)] <10 max @bt - f@)]l @)

We take sup on the left side of (2.2) and after this take sup on the right side to obtain
h>0 t>0

*fla < IS la-
Next we establish

*Ifla = ©alf)-
We have, for some ¢ € (0, 1],

Ifla = 7% wi(f1)
=t sup |f(y)— f(2)

0<|z—y|<t
= t“|f(yo) — f(z0)| ( for some zo, yo € [0,1], 0 < [0 — yo| < t)
< | f(yo) — f(z0)]
N Yo — xo|®
¢ ap MW@
0<|z—y|<t |y - 33|
o wp M@ -f@)
>0 2,y€[0,1],0<|a—y|<t Y — 2|
Therefore
2|gla < Oalf).
Further we have
@a(f;h): sup |f(x)_f(£y)| — |f(x0)_f(g())|’ for some \Jfo—y0| Sh
z,y€[0,1],0< |z—y|<h ‘x - y‘ |£E0 - y0|
Consequently
Oa(f) = supOa(f,h)
h>0
S Supwl(f; |‘T0_y0|) Wlth|x0_y0|§h
h>0  |To — Yol®
wi(f;h
< sup 2N 2y
h>0
The proof of Lemma 1 is complete. g

Due to the equivalence between wi (f, h) and the K-functional below we also use the following seminorm

3|gla :=suph™® - K(g,h;C,C"), (2.3)
h>0

where

K(g.h) = K(9.h:C.C") = _inf  {llg — G|+ h| G|}



It follows that

Ygla ~ 3|gla-

We also need the following three well-known lemmas which are, in fact, theorems of the authors in parenthe-

ses.
Lemma 2 (Popoviciu [23]) For f € C[0, 1] we have

1
If — Bufll < < wi (fa \/ﬁ> :
Lemma 3 (Lorentz [21]) For f € C*[0,1] we have
1 1
<)
Lemma 4 (Brown, Elliot, Paget [3]) For f € C%[0,1] we have

AL B, < h® Y fa.
JJnax [ArBnf(@)] < |f]

We will also need the following two auxiliary results.
Lemma 5 For f € C*[0,1] and k = 1,2,...,n — 1 one has

107 = Ba O < 159 = Baoa 7))+ min1, S0 0 (50 2.

Proof: It is known that

B,S’“)(f,a:):n(n—l)---(”—k+1)'gAkf(:L) | (n;k>

v=0

with

ar(n) =1 () (),

By the mean value theorem we obtain

zv - (1 _ x)n—t/—k

T i v k n—k
Bfa) = H(l ) > 1Y (n * ayn> . ( v )xy(l — )"k,

where 0 < 0, < 1. Therefore,

k—1

BO(Le) = Jla-

i=1

)

2
n

2.4

(2.5)

(2.6)

2.7)

(2.8)

{ () +Z [ﬂk)( ‘o, ) o (4 )] (n;k>$y(1_$>n_k_y}.

v=0

It is easy to observe that

(2.9)
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Hence
k-1 .
FO@) = BO(f.2) = fP(@) = [T = ) Bus(FD )
=1
. i ek v k v n—k
_ H(]_ _ E) . Z |:f(k) <n +6,- n) _f(k) (n):| ( , )1’”(1 _:L,)n—k—u
i=1 v=0
k-1
= @) = Bor(fO,2) + [1- [0 = D) | Bai(1®, )
i=1
k—1 1 ;e W (Y, k ) (V n—k\ , 1 ek
1T —n>~§[f (Lo 5) s ()] (") e - ar

Finally we arrive at

159 = B < 17 = Buea O+ min {1, B 0 4y (0,2

and the proof of Lemma 5 is complete. U

Lemma 6 (Gonska [13]) Let f € C'[0,1],1 € Ny. For any h € (0,1] and s € N there exists a function
Trivs € CHH2[0,1] with

@) D = L < C o (f9R), for 0 < <1,

@) LN < C R wi(fh), for 0< < 1+s.

Here the constant C depends only on | and s.
We end this section with some preparations for Section 3. We apply Lemma 3 and Lemma 5 to obtain

3

® _ g gy < — 3 ey FZD e ket 210
I " (f)H_4(n—k:)”f [+ ==+ A (2.10)

The last inequality we apply later for 0 < k < m — 2.
For the case k = m — 1 the estimates (2.5) and (2.7) yield

*) _ k) 3 1 ey, E=D% L E e
1 =B [ Sz(ﬂ—k) 2720, (f )+T||f ||+EHf | 2.11)
for0 < a <1.
For k = m we apply (2.4) and (2.7) to get
5 _a kE—1)2 ke
159~ BE ) < 2wyt 0u®) + E- w4 e, () e.12)

We summarize the estimates (2.11), (2.12) and (2.13) in the following:

1
nir||f||r+2707 r<m-—2,
- 1
D Ar® =BPr<C, m”f”rﬂ,m r=m-—1, (2.13)
k=0
1
m”f“r,m r=m.

Here, C, is a constant depending only on 7. Now we are ready to start the proof of our main result.



3 Proof of the theorem

We consider four cases.

1st case: » < m — 3. It is clear that in this case

max{1, HﬂQma} _

To prove (1.6) we only observe that
Os(f" = B ) < If70 = BV |
and apply (2.14) - first line in the right hand side.

2nd case: 7 = m — 1. Obviously

r+6—m—a:ﬁ—a—1>_1.
2 2 -

Hence

r B=1 .(p
sup 1 max |A(f = Bu)" (@) < 0TS0~ B
0<h< 2= z€[0,1—

We apply (2.13) to arrive at

sup h~ # max \Ah(f B f)()( )l
0<h<\1ﬁ z€[0,1—h

B—1

w2 =t o,y + e M )
< mom (30 20 eutro + 2 oy}

IN

ne/2
(m =13 {@a(r) + 17}
2 {04 (1) + £} G.1)

Next we consider \F < h < 1. Consequently,

< (n—m) —pts

= (n—m) =5

sup h=%  max |AR(f — Bf)(r)( )l

f<h<1 x€[0,1—h]

< 230~ Bl (using (2.13))

< nf (07 {Seum) 4 2Ll oy KDy ey |

< Cre(n=n) T {0a(F) + £+ £ (3:2)

Now (3.1) and (3.2) complete the evaluation of the so-called Holder term in the definition of || B, f — f||. 3.
To estimate the norm terms, i.e., the sum in the lefthand side of (2.14) we simply apply the second line in the
righthand side of (2.14). We conclude that in the case 7 = m — 1 the estimate (1.6) holds with C,. = O(r?). As
it was observed in the evaluation of the Holder term we divided the proof in two cases according to the position

of h:0<h< \F and \} < h < 1. The situation is similar in the remaining two cases:

3rd case: r = m. Therefore 5 < «, and

0> "th-—m-a_ f-a_
> 5 5 2
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To estimate the norm terms in || B,, f — f|| 3 we apply the third line in the right-hand side of (2.14). Now we
evaluate the Holder term. We calculate as follows:

0<h§ﬁ z€[0,1—h
< n" sup h™%- max {|Ahf (@) + | An(Bof) " ()|
0<h§ﬁ vef01-

< 0 T0L(f) + 0T sup hTO ~max [Ay (B, f)" ()]
0<h< &

< 0T 0,(fM) + 1T suph - max| A (B, ) ()]
0<h

f-a foe
= n 2 @a(f(m))+n 2 a((an)(T))
é Qn”;“@a(f(m)), (3.3)

Here the inequality

Oa((Bf)") < Oa(f)
follows from Corollary 3.3 in [12]:

" € Lipa = (B,f)™ € Lipa.

Also we calculate

ﬁfhgl .LE[O —
< m2(f - B )™ (using (2.14))
< ot {[Bn-m 2+ 2] oy + 2l ooy
Ca 5 % « -1 2
< {L(nfm) T @Jﬂmr+ﬁ[a>www}
2
< O [u(F) + £ (3.4)

where C7 > 0 is an absolute constant independent on n and » = m. The estimates (3.3) and (3.4) complete the
case r = m.
4th case: r = m — 2.

4a) Let o = (3. Then % = —1. Due to the first line in (2.14) we only need to evaluate the Holder term in
|Bn.f — fllr5. Write L,, :== I — B,,, where I is the identity operator. Our goal is to establish

_ Cqi(m)
L= 1) < 1 of™ (m) (m+1) | 3.5
Ou(LY" ) < L0 [0 ™) + £ + 74V (3.5)
Hence we need to show
sup t CK(L{m2 f 1) < Ci(m) sup UK (1) + Gilm) [Hf(m) + Y (3.6)
0<t<1 n o<t<1 n

For f € C™“[0, 1] and any g € C™*1[0, 1] we write

KL 2 f,t) < [ILS2(f — g)ll + t| LI Vg]l. (3.7)



We apply (2.7) from Lemma 5 to estimate each of the summands in the right-hand side of the last inequality. First
we have

IS =2 (f = < 10 = 9)" ™ = Bumnra((f = 9) )|

m—2—1)2 _ m_2) M —2
A2 g - gD (7 - 2 2
n n
1 (m — 3)? _ m—2 _
- _ g)(m) V=9 _ g)(m—2) nr=e —g)m=1). 38
— (-9 ™+ I =921+ = - 9™V 6)
Moreover,
_ m m—2)% . m—-1 ..
UL Vgl < —— gm0 4+ 2 gmony L 39)
n—m+1 n n
We sum up the right hand sides of (3.8) and (3.9) and get
_ C(m) _ _
K L(m 2) t < 2\ _ (m—2) t (m—1)
(Lr2p0) < =TI = a) 2+ g0
I =)™ DU+ g™+ 1(f = 9™ |+ tllg™™ V1], (3.10)

where for C'(m) we can take (m — 1)? = (r + 1) = C(m). To choose an auxiliary function g € C™*1[0, 1]
we apply Lemma 6. We use this lemma with £ = m, s = 1 and define g := f5 o+s € C**5(I). The following
inequalities are corollaries from Lemma 6 (i). For 7 = m — 2 we get

1FOm2 = g2 < a (F D) < chiog (F0 D3 h) < ch2™ [ f V). @G.11)
For j = m — 1 we have

1F Y = gD < cwonaa (F V5 R) < chwn (fT5h) < ch2™(| ). (3.12)
For j = m we get

1F = g < cwmpa (F™3h) < e2™wi(F)3h). (3.13)
The second condition of Lemma 6 (ii) implies the following inequalities:

lg™ D < b D, 1 (f,h) < ch™ "N b, o(f 1)

< S chT DR 20y (PR h) = ch T (FU P h)

< ch Rl f Y| = el £, (3.14)
lg™ Il < ch™™w(f:h) < b h™wn (F D) < ch RIS = e S (3uS)
g V| < h™ D1 (f,h) < ch™ DR (™) h) < B wy (£, ). (3.16)

In inequalities (3.11) to (3.16) we set h := ¢ and return to (3.10). Now from (3.8), (3.9), (3.10) and (3.7) we
verify that

ORI
C(m)-c
n—m-+1
P2 (£ 1) 4 [0 0] 4 70w (£ )]
c-C(m)(2m™ +1)
n—m-+1
c-C(m)(2™ +1)
n—m-+1

IN

(27 £ =D 4 2 £

[ (P50 + D)+ )

[©a (£ + £+ 5]
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which is (3.5).

4b) We consider 0 < < a < 1,r=m — 2. So

T+6—m—oz__1_o¢—ﬂ
2 B 2

and

max{_L T+ﬁ—2m—a} _

We apply (3.5) to obtain

sup ¢RI < L [ 0] sup (1)
0<t<1 n—m+1 0<t<1
c(m) (m) (m—1) —a (m) }
< + + sup t™%w )] .
< I s ¢ (i)
Hence we proved
[m=2) py o C(m) (m) (=1 4 @, (] 3.17
O5(L" 2 f) < —SZ [0 4 07V + ©a(£0) (3.17)

4c) Last we consider 0 < a < 8 < 1,r =m — 2. So%zﬁ%&—l> —1, and

max{—l,r+ﬂ—m_a}zﬁ_a—l. (3.18)

2 2

We need an appropriate estimate for the /-functional and again as earlier we should consider two cases according
to the position of ¢.
Let first 0 < ¢t < ——. Obviously

vt
KL f,) < t[LG D f]|. (3.19)
Hence
sup t KLt < sup LIS
0<t< 2 0<t<

N N

1

1\"7” 1\"7” .
< (ﬁ) |Lnf||m_1,oscl(ﬁ) 2 E | fla. (320)

In estimate (3.18) we have used the statement of the theorem for the case » = m — 1 established earlier (for
(3 = 0). Thus the case 0 < t < ﬁ is completed. Next we have ﬁ <t < 1. We multiply both sides of (3.15)

by t~” and obtain

BRLM=D ) < ﬂ{tl—ﬁ (m) (D ) 44y (10,1
(L2080 < o [ET AT 1D A e (1, 1)
a—p3
c(m) (m) (m—1) 1 —a (m) }
< A ) £
ol LAl ) Al B G~ wi (£, )
Therefore,
— m— c(m m m— —a=8 —a m
sup F PR pa) < I 0 D) S a0 (709, )
L<i<i n—m+ L<t<1

The last estimate together with (3.20) completes the proof of 4c). O
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