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A novel control of a texture goniometer, which depends on the texture being
measured itself, is suggested. In particular, it is suggested that the obsolete
control with constant step sizes in both angles is replaced by an adaptive
successive reﬁnement of an initial coarse uniform grid to a locally reﬁned grid,
where the progressive reﬁnement corresponds to the pattern of preferred
crystallographic orientation. The prerequisites of this automated adaptive
control is the fast inversion of pole intensities to orientation probabilities in the
course of the measurements, and a mathematical method of inversion that does
not require a raster of constant step sizes and applies to sharp textures.

1. Motivation and introduction

which is also referred to as the Laue class (here id denotes the
identity, and id the inversion). Since

1.1. Crystallographic orientation

Texture analysis is the analysis of preferred crystallographic
orientation in polycrystalline materials. Neglecting crystal
symmetry or assuming triclinic crystal symmetry, the crystallographic orientation g of an individual crystal is the active
orthogonal transformation g 2 Oð3Þ which brings an orthogonal coordinate system KS ¼ hx; y; zi ﬁxed to the specimen
into coincidence with an orthogonal coordinate system
KC ¼ ha; b; ci ﬁxed to the crystal,
g 2 Oð3Þ : KS 7 !KC ;
in the sense that
g x ¼ a; g y ¼ b; g z ¼ c:
Then the vector rKS of coordinates with respect to KS of a
unique vector v and the vector hKC of its coordinates with
respect to KC are related to one another by

Oð3Þ=GLaue ¼ SOð3Þ=½GLaue \ SOð3Þ;
the cosets of equivalent orientations with respect to the
effective symmetry imposed by the diffraction experiment can
be represented by proper rotations in SO(3) only. Therefore
all considerations are restricted to SO(3).
1.2. Orientation and pole probability density function

The major subject of texture analysis is the orientation
probability density function (ODF) f , as it allows the determination of anisotropic macroscopic material properties from
the corresponding single-crystal properties. More speciﬁcally,
texture analysis is the analysis of patterns of preferred crystallographic orientation of a polycrystalline specimen given
in terms of its orientation probability density function
f : SOð3Þ ! gþ deﬁned as
f ðgÞ ¼

g hKC ¼ rKS :
It should be noted that handedness is not generally preserved.
In the case of crystal symmetry, several symmetrically
equivalent crystal coordinate systems KC ; KC0 exist, which can
be distinguished mathematically but not physically. If Gpoint
denotes the point group of the crystal symmetry class, then the
set of crystallographically equivalent orientations is represented by the coset g Gpoint . As a result of Friedel’s law the
effective crystal symmetry imposed by any diffraction
experiment is described by the point group
GLaue ¼ Gpoint  fid; idg;
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Vg =V
;
dg

ð1Þ

where V denotes the total volume of the specimen, Vg the
volume of crystallites carrying the orientation g, and dg the
Haar measure on SOð3Þ. In order to model crystal symmetry
given by a Laue group GLaue  Oð3Þ, the ODF f is deﬁned to
satisfy the symmetry relations
f ðgÞ ¼ f ðg g0 Þ;

g0 2 GLaue \ Oð3Þ:

With X-ray (including synchrotron) or neutron diffraction
experiments, the orientation density f cannot be measured
directly; only integral information concerning f can be
sampled. More precisely, ‘pole ﬁgures’
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1
Pðh; rÞ ¼
4

Z
f ðgÞ dg; ðh; rÞ 2 S2  S2

ð2Þ

Gðh;rÞ [ Gðh;rÞ

are experimentally accessible with a texture goniometer for
discrete directions hi ; rji 2 S2, where S2 denotes the unit
sphere in R3 ]. The path of integration Gðh; rÞ is deﬁned as the
ﬁbre


Gðh; rÞ ¼ g 2 SOð3Þ j g h ¼ r; ðh; rÞ 2 S2  S2 :
Interpreting r rather as a parameter than as a variable, the
function h7 !Pðh; rÞ is the probability density function
providing the probability that the crystallographic direction
(‘pole’) h statistically coincides with the macroscopic specimen
direction r.
The basic term of the mathematical model of texture
goniometry is the one-dimensional totally geodesic Radon
transform
Z
1
f ðgÞ dg; ðh; rÞ 2 S2  S2 ;
ð3Þ
Rf ðh; rÞ ¼
2

tally accessible pole ﬁgures and the basic crystallographic
X-ray transform, which differ just by a summation over crystallographically symmetrically equivalent directions.
1.3. Pole-to-orientation density inversion

In practice, the problem is to recover a reasonable
approximation of the orientation probability density function
f from experimental intensities
ij ¼ ðhi ; rji Þ ¼ aðhi Þ Pðhi ; rji Þ þ bðhi Þ;
ji ¼ 1; . . . ; Ji ; i ¼ 1; . . . ; I;

ð5Þ

which is called the basic crystallographic X-ray transform even
though it does not depend on the radiation used for diffraction. Notationally, we do not distinguish between experimen-

modelled by pole probability density functions (PDFs) P with
constants aðhi Þ; bðhi Þ 2 R depending on the crystal form. The
indices indicate that there is no regular grid of positions ðhi ; rji Þ
imposed, but that the specimen positions rji may depend on
the crystal form hi and may be different for each crystal form.
From integral geometry it is well known that the totally
geodesic Radon transform possesses a unique inverse under
mathematically mild assumptions (cf. Helgason, 1984, 1999).
As a result of the additional symmetry introduced by the
diffraction experiment itself, the basic crystallographic X-ray
transform is not generally invertible, and therefore neither are
the pole probability density functions (Matthies, 1979). To
resolve the inverse problem of texture analysis, additional
modelling assumptions are required. Here we apply a ﬁrst
modelling assumption that the true orientation probability
density function f : SOð3Þ ! Rþ be expanded into a ﬁnite
series of given radially symmetric basis functions, the Radon
transform of which is analytically known.

Figure 1

Figure 2

Gðh;rÞ

which associates to an orientation probability density function
f on SOð3Þ its mean values along the one-dimensional
geodesics Gðh; rÞ and
i
1h
ð4Þ
Pðh; rÞ ¼ Rf ðh; rÞ þ Rf ðh; rÞ ¼ X f ðh; rÞ;
2

The de la Vallée Poussin kernel for  ¼ 13 (a), its Radon transform (b) on
the spatial domain and their spectral representation on the frequency
domain (c).
J. Appl. Cryst. (2007). 40, 570–579

The von Mizes–Fisher kernel for  ¼ 7:5 (a), its Radon transform (b) on
the spatial domain and their spectral representation on the frequency
domain (c).
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To be more precise, let
ðgÞ ¼ ~ ½!ðg g1
0 Þ;

!ðgg1
0 Þ ¼ arccos

trace gg1
0 1
; ð6Þ
2

be a non-negative, radially symmetric function on SOð3Þ, well
localized around its centre g0 2 SOð3Þ that is monotonously
decreasing with respect to the angular distance !ðg; g0 Þ of g
from g0 . Then the half-width b 2 ð0; 1Þ of is deﬁned by
~ ðbÞ ¼ 1 ~ ð0Þ:
2
Furthermore, let g1 ; . . . ; gM 2 SOð3Þ be an approximate
equidistribution in SOð3Þ with resolution  =
minm6¼m0 !ðgm g1
m0 Þ. Then we apply the ﬁrst model assumption
that there are coefﬁcients c 2 RM
þ such that
f ðgÞ ’

M
X

cm ½!ðg g1
m Þ:

ð7Þ

m¼1

Examples of suitable radially symmetric functions are the de la
Vallée Poussin kernel
~  ð!Þ ¼

Bð 32 ; 12 Þ
cos2 ð!=2Þ;
Bð 32 ;  þ 12 Þ

! 2 ð0; Þ;  2 R; ð8Þ

where B denotes the  function, and the von Mizes–Fisher
kernel
~  ð!Þ ¼

1
expð cos !Þ;
I 0 ðÞ  I 1 ðÞ

! 2 ½0; ;

where I n, n 2 N0 denote the modiﬁed Bessel functions of the
ﬁrst kind,
1
I n ðÞ ¼


Z
expð cos !Þ cos n! d!;  2 Rþ :
0

The de la Vallée Poussin kernel is of special interest as its
Fourier coefﬁcients not only decrease smoothly, but also
eventually vanish, i.e. its harmonic
series expansion is ﬁnite. Moreover, its
form is preserved under the Radon
transform, i.e. the Radon transform of
the de la Vallée Poussin kernel on
SOð3Þ is the de la Vallée Poussin
kernel for S2  S2 (Schaeben, 1997,
1999; Hielscher, 2007). It is well
known that radial symmetry is
preserved by the Radon transform.
Then, from a practical point of view it
seems sensible to choose radially
symmetric basis functions that are
easily numerically tractable. For both
kernel functions mentioned above
there are simple explicit formulae for
their Radon transforms, i.e. we have
R

 ðh; rÞ

¼ ð1 þ Þ cos2 ﬀðg0 h; rÞ=2

in the case of the de la Vallée Poussin
kernel and


I 0 2 ½1 þ cos ﬀðgh; rÞ
R  ðh; rÞ ¼
I 0 ðÞ  I 1 ðÞ



½1 þ cos ﬀðgh; rÞ
 exp
2
in the case of the von Mizes–Fisher
kernel.
Plots of the de la Vallée Poussin
kernel and the von Mizes–Fischer
kernel are given in Figs. 1 and 2.
Since the Radon transform is linear,
its application to the superposition of
radially symmetric functions described
in equation (7) results in
Rf ðh; rÞ ¼

Figure 3
Successive reﬁnement of measurement positions in k steps, where k enumerates the rows.
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The numerical resolution of the inverse Radon transform is
accomplished by ﬁtting the coefﬁcients cm ; m ¼ 1; . . . ; M, to
the measured intensities subject to the additional modelling
assumptions that cm  0; k ¼ 1; . . . ; M, to guarantee nonnegativity.
Since the inverse of the basic crystallographic X-ray transform is not well deﬁned, we introduce as yet another modelling assumption the maximum smoothness of the orientation
probability density function to be recovered. Here we suggest
the measurement of smoothness in terms of derivatives of f, or
more generally in terms of norms of f with respect to appropriately constructed Sobolev spaces H½SOð3Þ (Hielscher et al.,
2005). The nonlinear problem to be solved then reads


2
Ji X
I X
M

X


aðhi Þ cm R  ðgm hi ; rji Þ þ bðhi Þ  ij 
c~ ¼ argmin



i¼1 ji ¼1 m¼1

2
M
X



þ 
cm  ð g1
Þ
ð9Þ
m H½SOð3Þ  ;
 m¼1

where  is the parameter of regularization weighting the
penalty term.
To solve equation (9), methods of fast matrix-vector
multiplication are combined with iterative methods. Fast
Fourier transforms are an option for the fast matrix-vector
multiplication; alternatively, multipole or multigrid methods
may be used. The modiﬁed steepest
descent algorithm provides an iterative
solution
for
the
nonnegative
constrained optimization problem, and
so do the Richardson–Luci, gradient
projection residual norm (GPRN) and
gradient projection residual norm
conjugated gradients (GPRNCG)
methods (cf. Bardsley & Vogel, 2003).
The method may be seen as a
generalization of the classical harmonic
method initialized by Bunge (1965) and
Roe (1965) and discussed by Schaeben
(2000), or the texture component ﬁt
method (Grewen & Wassermann, 1955;
Virnich et al., 1978; Lücke et al., 1981,
1986; Bukharova & Savyolova, 1985a,b;
Nikolayev et al., 1992; Helming &
Eschner, 1990; Eschner, 1993, 1994),
depending on the point of view
(Schaeben & Boogaart, 2003). While a
preliminary sketch was presented by
Schaeben (1996) and Hielscher &
Schaeben (2006), the method is fully
developed by Hielscher (2007). It
should be noted that our generalization
may expand an orientation probability
density function into up to 300 000
symmetrized radially symmetric basis
functions, each with a half-width of
1.5 . It does not require a raster of
constant step sizes for the measured
intensities and applies to extremely
sharp textures. The method will be
comprehensively presented elsewhere
in a forthcoming paper.

2. Automated adaptively
controlled texture goniometry

Figure 4
Computed PDFs after the kth turn of measurement, where k enumerates the rows.
J. Appl. Cryst. (2007). 40, 570–579
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planes symmetrically equivalent to ðhk‘Þ.
Texture analysis employs the effect of diffraction of radiation (X-rays including synchrotron, neutrons, electrons) at the
crystallographic lattice planes. It is based on the Bragg
equation
n ¼ 2dfhk‘g sin #fhk‘g ; n 2 N:
For a monochromatic beam of wavelength  and a constant
#fhk‘g , the diffracted intensity is a measure of the volume
portion of crystals for which the bisecting line between the
initial and diffracted beam is orthogonal to lattice planes with
lattice spacing dfhk‘g . Then the diffracted intensity recorded
with a conventional detector is a statistical measure of the
frequency by volume that a given crystallographic direction
agrees with a given specimen direction r 2 S2 . With a
diffractometer with a texture goniometer, the specimen can be

rotated in such a way that each normal h of lattice planes with
spacing dfhk‘g satisﬁes this condition once. Thus, the diffraction
experiment results for a lattice plane given in terms of its
Miller indices fhk‘g in a statistical distribution of intensities
Pðh; rÞ on the fhk‘g-pole sphere, which is referred to as the
fhk‘g-pole ﬁgure in texture analysis.
In the early days of texture analysis, the rotation of the
specimen with the texture goniometer used to be controlled by
step motors such that intensity measurements were performed
with respect to a regular raster of measuring positions with a
constant step size ’ in the azimuth ’ and a constant step size
 in the pole (tilt) angle , or with respect to a regular raster
of measuring positions with a constant step size along a spiral.
Thus the specimen directions of measurements are geometrically arranged in a regular grid, with the former control in a
grid of points
rij ¼ ðsin i ’ sin j ;
cos i ’ sin j ; cos j Þt ;
 
2
i ¼ 0; 1; . . . ;
;
’



:
ð10Þ
j ¼ 0; 1; . . . ;
2
With ’ ¼  ¼ 5, an incompletely
measured pole ﬁgure with 0 ’
360, 0  70 comprises 1008 positions of measurements. Nowadays the
rotation of the specimen is controlled
by a step motor and a personal
computer. However, the major
features of the experiment have been
conserved: (i) the sequence of positions is ﬁxed before the experiment is
started and thus independent of the
progress of the measurements, and (ii)
the measurements are geometrically
arranged in a regular grid. An
obviously poor property of this kind of
regular grid is the varying spatial
resolution of the pole sphere.
Presumably, regular grids of the type
represented by equation (10) are still
used because commercial software
packages for texture analysis accompanying diffractometers with a texture
goniometer require data conﬁned to
such grids, even though more appropriate grids, in particular approximately spherically uniform grids, have
been suggested and successfully
applied in practical tests (Tarkowski et
al., 2004).
Traditionally, the single most
prominent goal of texture analysis is to
recover a reasonable approximation f~
of the orientation probability density

Figure 5
Estimated ODF after intial measurements.
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function f from experimental pole-ﬁgure intensities , cf.
equation (5). Usually an orientation probability density f~ is
computed after the experiment is ﬁnished.
Alternatively, we suggest a novel control of a texture
goniometer which depends on the texture being measured
itself. In particular, we suggest replacing the obsolete control
with constant step sizes in both angles by an adaptive
successive reﬁnement of an initial coarse uniform grid to a
locally reﬁned grid where the progressive reﬁnement corresponds to the pattern of preferred crystallographic orientation. Hence, our novel control differs in two essentials from
the conventional control: (i) the sequence of positions is not
ﬁxed but incomplete when the experiment is started and
depends on the progress of the experiment, and (ii) the
successive reﬁnement of positions depends on the actually
observed pattern of preferred crystallographic orientation and
its simultaneous analysis in terms of successively improved
approximations of the orientation probability density function

Figure 6
Estimated ODF after the ﬁrst reﬁnement.
J. Appl. Cryst. (2007). 40, 570–579

with respect to the most recent reﬁnement, and does not result
in a regular grid. Thus measurements and computations
of orientation probability density functions are mutually
dependent. The prerequisite of this automated adaptive
control is the fast inversion of experimental pole intensities to
mathematically modelled orientation probabilities in the
course of the measurements, and a mathematical method of
inversion that does not require a raster of constant step sizes
and which applies to sharp textures. The automated adaptive
control of the texture goniometer is especially well suited for
the capture, mathematical representation and analysis of
sharp textures.
The experiment commences with a list of initial positions
according to a coarse approximately uniform grid. This list is
processed by the personal computer controlling the texture
goniometer and directed to the step motor. During the ﬁrst
turn of measurements intensities with respect to this initial
grid of positions are recorded. These pole-ﬁgure intensities are
inverted to the initial approximation of
an orientation probability density
function according to the method
given by equation (9). This ﬁrst
approximation is analysed to determine regions of the h-pole spheres of
special interest where the initial grid
should be reﬁned locally. Criteria for
reﬁnement may be
(i) values of the computed pole
probability density function larger
than a user-deﬁned threshold,
(ii) a difference of measured and
computed pole probability density
functions larger than a user-deﬁned
threshold,
(iii) values of the gradient of the
computed pole probability density
function larger than a user-deﬁned
threshold,
(iv) values of the Laplacian of the
computed pole probability density
function larger than a user-deﬁned
threshold, or
(v) any other sensible property.
The value of the threshold may be
constant or change with the turn of the
measurements. The criteria may be
chosen alternatively or may be
combined in an hierarchical or
weighted manner.
The additional positions of the
locally reﬁned grid are then added to
the list of positions controlling the
texture goniometer and directed to the
step motor. In the second turn of
measurements, intensities with respect
to these additional positions are
recorded. Depending on the construcHelmut Schaeben et al.
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tion of the diffractometer and the
goniometer, the sequence of the positions may be optimized to minimize the
total motion of the specimen or the
total time of the second turn. The new
intensities are entered into the inversion and start the computation of an
improved approximation of an orientation probability density function. The
ﬁrst computed approximation is now
used as initial solution of the optimization problem given by equation (9).
Its renewed analysis results in an
updated local reﬁnement or in a
progressive local reﬁnement of the
same regions of the pole spheres. These
new positions are again added to the
list of positions, and the experiment is
continued by a third turn of measurements with respect to these additional
positions. The turns of measurement
and computations are terminated if
(i) the criteria for reﬁnement are
exhausted,
(ii) the approximation of an orientation probability density function
cannot be improved, or
(iii) the technical limitations of the
diffractometer or the texture goniometer are reached.
The advantage of this automated
adaptive control is an efﬁcient experimental design. More speciﬁcally, our
design provides a maximum of information within a minimum period of
time or an optimum use of the available period of time for measurements.
Figure 7
Finally, extremely sharp textures can
Estimated ODF after the second reﬁnement.
be efﬁciently captured, represented
ðkÞ
Fix an approximate equidistribution gðkÞ
in
and analysed with this approach. In the case of a ‘technical
1 ; . . . ; gMk
3 ðkÞ
single crystal ’, an efﬁcient starting grid would be a very coarse
SOð3Þ=GLaue with resolution 2  .
grid already locally reﬁned in a sufﬁciently large neighbourFix a radially symmetric function  with half-width
hood of the expected peak position (and its crystal symmetry
b ¼ ðkÞ .
ðkÞ
equivalents), which is usually known a priori.
Determine coefﬁcients cðkÞ
of the ansatz
m , m ¼ 1; . . . ; M
[equation (7)] by solving the minimization problem equation
(9).
2.1. Flow chart
(7) Stop if termination criteria are satisﬁed, e.g. if the
(1) Choose crystal directions h1 ; . . . ; hN 2 S2 for pole-ﬁgure
maximum resolution of the texture goniometer is reached or
measurements.
the estimate f ðkÞ sufﬁciently explains the texture.
(8) Reﬁne resolution ðkþ1Þ ¼ 12 ðkÞ .
(2) Initialize k
0.
ðkÞ
2 S2,
(9) Deﬁne grids of specimen directions rðkþ1Þ
(3) Set initial resolution  .
iji
ðkþ1Þ
ðkþ1Þ
, with resolution 
by
(4) Deﬁne initial coarse grid of specimen directions
i ¼ 1; . . . ; N, ji ¼ 1; . . . ; Ji
ðkÞ
ðkÞ
2
2
with resolution ðkÞ .
reﬁning the grids rðkÞ
rðkÞ
iji 2 S , i ¼ 1; . . . ; N, ji ¼ 1; . . . ; Ji
iji 2 S , i ¼ 1; . . . ; N, ji ¼ 1; . . . ; Ji .
(5) Measure diffraction intensities ijðkÞi , i ¼ 1; . . . ; N,
(10) Calculate criteria of reﬁnement for all new specimen
directions rijðkþ1Þ
2 S2, i ¼ 1; . . . ; N, ji ¼ 1; . . . ; Jiðkþ1Þ (e.g.
ji ¼ 1; . . . ; JiðkÞ .
i
ðkÞ
(6) Estimate ODF f by solving PDF-to-ODF inversion
lower bound for computed PDF, gradient of the PDF at these
problem.
directions etc.) based on the current estimate of the ODF f ðkÞ.
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(11) Omit all points of the reﬁned
2 S2, i ¼ 1; . . . ; N, ji =
grids rðkþ1Þ
iji
ðkþ1Þ
, that do not satisfy the
1; . . . ; Ji
reﬁnement criteria.
(12) Set k
k þ 1 and continue
with step 5.

3. Practical example
The automated adaptive control of the
texture goniometer, in particular its
geometrical elements of successive
local reﬁnement of the specimen
directions for which intensities are to
be measured, will be presented and
explained with the following case
study. We analyse a molybdenum
specimen with cubic crystal symmetry
Gcub with a Siemens–Bruker D5000
diffractometer with a Huber goniometer, restricting ourselves to the
four
crystal
forms
fhk‘g ¼
f200g; f110g; f211g; f321g.
Starting with the initial resolution
ð1Þ = 20 , we construct approximate
equidistributions of specimen direc2
i ¼ 1; . . . ; 4, ji ¼
tions rð1Þ
iji 2 S ,
1; . . . ; 54, with maximum azimuth
angle  = 80 . The maximum azimuth
angle is a result of restrictions of the
experimental design. Using the ability
of the goniometer to measure diffraction intensities for arbitrary arrangements of specimen directions, we
determine diffraction data ðð1Þ
iji ,
Þ,
i
¼
1;
.
.
.
;
4,
j
¼
1;
.
.
.
;
54.
hi ; rð1Þ
i
iji
These data are plotted in the ﬁrst row
Figure 8
of Fig. 3.
Estimated ODF after the third reﬁnement.
Following the ﬂow chart of the
directions are measured. A plot of these together with
automated adaptive control algorithm, we ﬁx an approximate
ð1Þ
previously measured diffraction intensities can be found in the
;
.
.
.
;
g
in
SOð3Þ=G
with
resolution
equidistribution gð1Þ
cub
204
1
3 ð1Þ
ð1Þ

=
30
.
As
ansatz
function
,
we
choose
the
de
la
Vallée
second row of Fig. 3. Successive calculations of estimations of
2
Poussin kernel with half-width bð1Þ = 20 . Now the PDF-tothe ODF, reﬁnements of the grid of specimen directions, and
ODF inversion algorithm is applied and a ﬁrst estimated ODF
measurements of the corresponding diffraction intensities
f^ ð1Þ is obtained as a linear combination of the ansatz function
result in progressively reﬁned sets of diffraction data
ð1Þ
ðkÞ
ð1Þ
shifted into the grid rotations gð1Þ
;
.
.
.
;
g
.
A
plot
of
this
i ¼ 1; . . . ; 4, ji ¼ 1; . . . ; NiðkÞ , k ¼ 1; . . . ; 5,
ððkÞ
iji ; hi ; riji Þ,
204
1
ODF is given in Fig. 5. Plots of computed pole ﬁgures can be
plotted in Fig. 3, and progressively reﬁned ODF estimates
found in the top row of Fig. 4.
f^ ð1Þ ; . . . ; f^ ð5Þ . The estimated ODFs are plotted in Figs. 5–9, and
the computed pole ﬁgures are plotted in Fig. 4. In order to plot
These computed pole ﬁgures are used in the reﬁnement step
2
ODFs, we use  sections as described by Helming et. al. (1988).
to deﬁne a grid of additional specimen directions rð2Þ
iji 2 S ,
i ¼ 1; . . . ; 4, ji ¼ 1; . . . ; Nið2Þ , individually for each pole ﬁgure.
More precisely, any individual section of the ODF f is a
spherical plot of the function ð ; Þ7 !f ð ; ;   Þ with a
For this purpose each initial grid is reﬁned to have the resolution ð2Þ ¼ 12 ð1Þ = 10 , but then only those specimen direcﬁxed value for . Here ð ; ; Þ denote the Euler angle
tions are retained for which the value of the computed PDF
representation of a rotation according to the conventions used
exceeds the threshold value of 1.
by Helming et al. (1988).
ð2Þ
Next, diffraction intensities ðð2Þ
In Table 1 the parameters of the individual steps are
iji ; hi ; riji Þ, i ¼ 1; . . . ; 4,
ji ¼ 1; . . . ; Nið2Þ , with respect to the additional specimen
summarized. The ﬁrst column displays the angular resolution 
J. Appl. Cryst. (2007). 40, 570–579
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Table 1
Parameters for single reﬁnement and recalculation steps.
Included are the resolution  of the grid of specimen directions of S2, the
 of measured diffraction intensities with respect to
cumulative total number N
 reg of diffraction intensities to be
the locally reﬁned grids, the total number N
measured in a conventional experiment with a regular grid, the cumulative
measurement time, the total number M of ansatz functions involved in the
PDF-to-ODF inversion problem, the maximum order of harmonic series
expansion (bandwidth) L of the ansatz functions, and the computational time
to solve the PDF-to-ODF inversion problem with Core 2 Duo c.p.u. with
186 GHz c.p.u. frequency and 2 Gbyte RAM.
Step
1
2
3
4
5

( )
20
10
5
2.5
1.25


N

 reg
N

Measurement
time (h)

M

L

C.p.u.
time

216
443
1621
5511
19191

288
1152
4608
18432
73728

0.60
1.23
4.50
15.30
53.30

21
204
1493
11767
94040

23
52
108
215
432

3s
28 s
209 s
1600 s
31 h

of the grid of specimen directions rðkÞ
used in step
iji
k ¼ 1; . . . ; 5, and the second column displays the resulting
 of measured diffraction intensities with
total number N
respect to the locally reﬁned grids. This total number of
 reg of
measured intensities is compared with the total number N
specimen directions for a conventional, regular grid on the
hemisphere S2þ displayed in the third column. The cumulative
time spent to perform the measurements up to each step is
displayed in the fourth column. Since the measurement time
almost linearly increases with the number of measured
diffraction intensities, we conclude that we have time savings
of up to 75% or 150 h (step ﬁve). The time savings of about
40% in the third step of the successive reﬁnement corresponds
almost exactly to the time savings observed previously
(Tarkowski et al., 2004) when comparing equal-angle and
equal-area, i.e. approximately uniform grids.
The ﬁfth column displays the
number MðkÞ of ansatz functions
ðkÞ 1
ðkÞ
 ½ ðgm Þ , m ¼ 1; . . . ; M , used
for the representation of the ODF
estimate f^ ðkÞ in step k. In column six
the maximum order of the harmonic
series expansion, LðkÞ (‘bandwidth’) is
speciﬁed to which the ansatz functions
are restricted to allow for fast Fourier
techniques. The computational time
for the PDF-to-ODF inversion was
measured on a notebook with Intel
Core 2 Duo processor with 1.86 GHz
c.p.u. frequency and 2 Gbyte of
memory. Obviously, the computational
time is negligible compared with the
time savings during the measurement
process.
It should be noted that the c.p.u.
time increases by a factor of 23 ¼ 8
from one reﬁnement to the next,
except for the last reﬁnement, as it
depends only on the spatial resolution
of the grid of SOð3Þ which is successively doubled, and not on the total
 . In
number of measured intensities N
the last step, a lack of memory caused
additional computations and memory
swapping. With sufﬁciently large
memory the c.p.u. time could be
reduced from 31 h to approximately
4 h.

4. Conclusions
Using a novel method of PDF-to-ODF
inversion and an implementation
employing fast Fourier transform
algorithms, we have removed obsolete
restrictions such as seriously bounded
series expansion degree, seriously

Figure 9
Estimated ODF after the fourth reﬁnement.
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bounded total number of components, regular spherical grid
of measurements on the pole sphere, weak to moderate
textures, and large c.p.u. times. Since it is now possible to
process intensity data of arbitrary location on the pole sphere
and successively compute numerical approximations of an
ODF, explaining the data while making measurements, we
suggest an automated adaptive control of a texture goniometer which either largely decreases the measuring time or
makes best use of the available measuring time. This technique is especially well suited to the capture, representation
and analysis of extremely sharp textures, as in technical single
crystals.
The authors, in particular RH, gratefully acknowledge
ﬁnancial support by Deutsche Forschungsgemeinschaft (grant
‘high resolution texture analysis’, PR 331/11, SCHA 465/15).
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