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Let (X, d) be a metri
 spa
e. Re
all that a set A ⊆ X is said to

be proximinal in (X, d) if, for every x ∈ X, there exists a0 ∈ A

su
h that

d(x, a0) = inf{d(x, a) : a ∈ A}.

The point a0 is 
alled a best approximation to x in A.
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A bipartite graph G with given parts A and B is proximinal if

there exists a metri
 spa
e (X, d) su
h that A and B are disjoint

proximinal subsets of X, and the equivalen
e

(

{a, b} ∈ E(G)
)

⇔
(

d(a, b) = dist(A,B)
)

is valid for all a ∈ A and every b ∈ B. In this 
ase we write

G = GX,d(A,B) and say that G is proximinal for the spa
e

(X, d).
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A metri
 spa
e (X, d) is strongly rigid if

d(x, y) = d(u, v) 6= 0

implies {x, y} = {u, v} for all x, y, u, v ∈ X.

A metri
 spa
e is weakly rigid if every three-point subspa
e of

this spa
e is strongly rigid.
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In the previous seminar we dis
ussed

Theorem 1

Let G be a bipartite graph with �xed parts A and B. Then follo-

wing statements are equivalent.

(i) G is proximinal for a strongly rigid metri
 spa
e.

(ii) The following 
onditions are simultaneously ful�lled:

(ii1) The inequalities |E(G)| 6 1 and |V (G)| 6 c hold,

where c is the 
ardinality of the 
ontinuum.

(ii2) If G is a null graph, then A and B are in�nite.
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De�nition 2

A metri
 spa
e (X, d) belongs to the 
lass UBPP (Unique Best

Proximity Pair) if the inequality |E(G)| ≤ 1 holds whenever G is

a proximinal graph for (X, d).

Theorem 1 implies that every strongly rigid metri
 spa
e is a

UBPP-spa
e.
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The main purpose of the present talk is to des
ribe

the stru
ture of UBP-spa
es.

We will do it using the 
on
epts of digraph and weak similarity

of metri
 spa
es.
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A digraph D is a nonempty set V (D) of verti
es together with
a (possible empty) set E(D) of ordered pairs of distin
t verti
es

of D.

A digraph D1 is isomorphi
 to a digraph D2 if there exists a

bije
tion f : V (D1) → V (D2) su
h that (u, v) ∈ E(D1) if and
only if (f(u), f(v)) ∈ E(D2).
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De�nition 3

Let (X, d) be a �nite metri
 spa
e with |X| > 2. Then we write

Di = DiX for the digraph with the vertex set V (Di), 
onsisting of
all two-point subsets of X and su
h that, for u = {p, q} ∈ V (Di)
and v = {l,m} ∈ V (Di), the relationship

(u, v) ∈ E(Di)

holds if and only if d(p, q) > d(l,m) and, for every {x, y} ∈ V (Di),
the double inequality

d(p, q) > d(x, y) > d(l,m)

implies either {x, y} = {p, g} or {x, y} = {l,m}.
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Example 4

Let (X, d), X = {p, q, l,m} be the re
tangle depi
ted below, then

(X, d) is weakly rigid but (X, d) 6∈ UBPP.

l

q p

m

3

4

3

4

5

5

(X, d) DiX

Figure 1. The re
tangle (X, d) and its digraph DiX .
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Example 5

Di1 Di2 Di3 Di4

Figure 2. The digraphs Di of all four-point UBPP-spa
es.
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Example 6

The digraphs DiX∗
and DiZ∗

, DiY ∗
of the four-point metri


spa
es (X∗, ρ∗), (Y ∗,∆∗) and (Z∗, δ∗) are isomorphi
 to Di4.
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(Y ∗,∆∗)
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(Z∗, δ∗)

Figure 3.

(X∗, ρ∗) 6∈ UBPP, (Y ∗,∆∗) ∈ UBPP and (Z∗, δ∗) ∈ UBPP.
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For every metri
 spa
e (X, d), we denote by D(X) the set of all
distan
es between points of X,

D(X) =
{

d(x, y) : x, y ∈ X
}

.

De�nition 7

Let (X, d) and (Y, ρ) be metri
 spa
es. A mapping Φ: X → Y is

a weak similarity if Φ is bije
tive and there is a bije
tive stri
tly

in
reasing fun
tion ψ : D(Y ) → D(X) su
h that the equality

d(x, y) = ψ
(

ρ
(

Φ(x),Φ(y)
))

holds for all x, y ∈ X.

We say that two metri
 spa
es are weakly similar is there is a

weak similarity of these spa
es.
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Example 8

Let (X, d) and (Y, ρ) be metri
 spa
es. A bije
tive mapping

Φ: X → Y is a similarity, if there is r > 0, the ratio of Φ, su
h
that

ρ
(

Φ(x),Φ(y)
)

= rd(x, y)

for all x, y ∈ X. Every similarity is a weak similarity.
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Theorem 9

Let (X, d) be a metri
 spa
e. Then the following statements are

equivalent.

(i) (X, d) ∈ UBPP.

(ii) (X, d) is a weakly rigid, and, for every four-point Y ⊆ X,

the digraph DiY is isomorphi
 to the one of the digraphs Di1,

Di2, Di3, Di4, and (X, d) does not 
ontain any four-point

subspa
e, whi
h is weakly similar to the metri
 spa
e (X∗, ρ∗)
depi
ted in Figure 4.
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Theorem 9 admits the equivalent reformulation.

Theorem 10

Let (X, d) be a weakly rigid metric space. Then (X, d) ∈ UBPP

if and only if every four-point subspace Y of (X, d) satisfies at
least one of the conditions:

(i) DiY is isomorphic to the one of the digraphs Di1, Di2, Di3.

(ii) Y is weakly similar to (Y ∗,∆∗).

(iii) Y is weakly similar to (Z∗, δ∗).
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Corollary 11

Let (X, d) be a metric space with |X| 6= 3. Then (X, d) ∈ UBPP

if and only if we have (Y, d|Y ×Y ) ∈ UBPP for every Y ⊆ X with
|Y | 6 4.
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Open problems

Problem 12

Des
ribe the stru
ture of metri
 spa
es (X, d) for whi
h every

x ∈ X has at most k best approximations in every proximinal

A ⊆ X with a given integer k > 2.

Problem 13

Des
ribe the stru
ture of metri
 spa
es (X, d) for whi
h every

proximinal graph GX,d(A,B) has at most k edges with given

integer k > 2.
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We now turn our attention to fun
tions that preserve metri
s.

De�nition 14

A fun
tion f : [0,∞) → [0,∞) is 
alled metri
 preserving if for

every metri
 spa
e (X, ρ) the 
omposition f ◦ ρ is still a metri


on X.
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For general metri
 spa
es, the stru
ture of metri
 preserving

fun
tions has been �rstly studied by W. Wilson in 1935, �On


ertain type of 
ontinuous transformations of metri
 spa
es�,

Amer. J. Math., 57, 62�68, and systemati
ally dis
ussed by

J. Dobo�s, Metri
 Preserving Fun
tions,

�

Stro�e
, Ko�si
e, 1998.
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Example 15

The fun
tion f : [0,∞) → [0,∞),

f(t) =
t

1 + t
,

is a 
anoni
al example of a metri
 preserving fun
tion. It is easy

to prove that f also preserves the proximinal graphs: If a bipartite

graph G with �xed parts A,B is proximinal for a metri
 spa
e

(X, d),
G = GX,d(A,B),

then G is still proximinal the for metri
 spa
e (X, ρ),

G = GX,ρ(A,B)

with ρ(x, y) = d(x,y)
1+d(x,y) , x, y ∈ X.
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The following simple theorem is new.

Theorem 16

The following 
onditions are equivalent for every fun
tion

f : [0,∞) → [0,∞).

(i) The fun
tion f preserves metri
s and proximinal graphs.

(ii) The equality f(0) = 0 holds, f is stri
tly in
reasing, and we

have

f(x+ y) ≤ f(x) + f(y)

for all x, y ∈ [0,∞).
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Thank you for your

attention!
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