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Let X and Y be metric spaces. We write X — Y if
there is an isometric embedding f: X — Y, otherwise
X 4AY.

Definition

Let M be a class of metric spaces. A metric space Y
is said to be universal for 9 or M-universal if X — Y
holds for every X € 9.

The expression N < Y signifies that a metric space
Y is a 9M-universal metric space.
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Definition

Let M be a class of metric spaces and let Y be a
MM-universal metric space. The space Y is minimal
M-universal if the implication

M —=Yy) = (Yo=Y)

holds for every Yy C Y.

Definition
A metric space X is not shifted if the implication

holds for every Xy C X.
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Proposition

Let Y be a metric space. The following conditions are
equivalent.

(i) Y is not shifted.

(ii) There ezists a class M of metric spaces such that
Y is minimal IM-universal.

Theorem

Let %)) be a class of metric spaces. If there exists a
) -universal space Y € %), then every two minimal
) -universal metric spaces, if they exist, are isometric.

| A

O. Dovgoshey (IM) Minimal universal metric spaces



Example

Let & be the class of separable metric spaces and let
([0, 1] be the metric subspace of C0, 1] consisting of
nowhere differentiable functions.

S — ([0, 1] (the Banach-Mazur theorem).

& — C[0, 1] (obtained by Rodriegues-Piazza, 1995).
Cl0,1] € &.

C10,1] and C]0,1] are not isometric.

Hence G does not admit any minimal universal
metric space.

v
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Proposition

(i) Ewvery compact metric space is not shifted.

(i1) Ewvery boundedly compact homogeneous metric
space is not shifted.

(i) All finite metric spaces are not shifted.

(i1) All finite-dimensional normed linear spaces over
R are not shifted.

Let §; be the class of the all metric spaces with
| X| <k, kEeN.
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Theorem

A minimal §-universal metric space exists for every

k € N. The class § = |J &k does not admin any
keN
minimal §-universal metric space.
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Example

Example of minimal §e-universal metric space (Maciej
Wozniak, 2008).

Figure: The §o-universal space R contains a minimal
§o-universal subspaces X = (—1,0) UN.

An example of nonseparable minimal §Fs-universal
metric space was constructed by Wlodzimer

Holstynski in 2008.
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Two nonhomeomorphic minimal §s-universal X C R?.

Figure: X =[0,A)U [0, B)U[O,C). The point O is the
Fermat-Torricelli point of AABC' (Evgeniy Petrov, 2013).
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Example

o
Q
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Figure: The space X = [0, B) U [0, A) \ {O} is minimal
Ss-universal if and only if £ < a < 7 (Evgeniy Petrov, 2013).
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Let 9t and B be classes of metric spaces. We write
M — B if for every X € I there is Y € B such that
X =Y.

The notation 991 < B means that for every X € N
there is Y € B such that X CY.

Definition

Let X and Y be metric spaces. If X — Y or Y — X,
then X and Y are said to be comparable. Otherwise,
X and Y are incomparable.
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Definition

Let 9t and 2 be classes of metric spaces. 2l is

minimal 9-universal if the following conditions hold:
(i) M —

(ii) The implication

(M — BYA (B <A) = (A=< B)

holds for every class 8 of metric spaces;

(iii) Distinct elements of 2 are incomparable metric
spaces.

O. Dovgoshey (IM) Minimal universal metric spaces



Proposition

Let M and A be classes of metric spaces and let A be
minimal IM-universal. Then the implication

(9 B)A (B CA) = (B =A)

holds for every class B of metric spaces.

Definition

A class M of metric spaces is self minimal if 9 is
minimal 9)-universal.
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Proposition

Let 2 be a nonempty class of metric spaces. The
following conditions are equivalent.
(i) Fvery X € 2 is not shifted and every two distinct
Y, Z € are incomparable.

(i1) There is a class M of metric spaces such that A
s minimal MM-universal.

(iii) A is self minimal.
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Let X and Y be metric spaces. Write X ~ Y if and
only if X and Y is isometric.

Definition

Let 2 and ‘B be classes of metric spaces. A map
F 2 — B is an isomorphism if it is bijective and
F(X) ~ X holds for every X € 2.

We shall say that classes 2 and 8 of metric spaces are
isomorphic and write 2 ~ B if there is an
isomorphism F': A — *B.
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Theorem

Let 9N be a nonempty class of metric spaces. The
following statements hold.

(1) If A and B are minimal M-universal classes of
metric spaces, then A ~ 8.

(i) If there ezists a minimal M-universal class A of
metric spaces, then there exists 2B C M such that
A ~ 9B,

FEvery two minimal 9M-universal classes of metric
spaces are isomorphic.
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Definition

A metric space X is a disjoint union of metric spaces
Y;, i € I, if there is a partition {X; : i € I} of the set
X such that X; ~ Y, for every ¢ € I. In this case we

write
X = ]_[ Y.

i€l
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Proposition

Let 9N be a set of metric spaces. If a disjoint union

X =[] Y is a minimal M-universal metric space,
= -
then M s self minimal.
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Theorem

Let 9N be a nonempty set of nonempty metric spaces
and let X be a minimal IM-universal metric space.
Suppose M is self minimal. Then the following
statements are equivalent.
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(i) The metric space X is a disjoint union of metric
spaces Y € IN.

(i1) The metric space X satisfies the following
conditions.

(iiy) For every xy € X, there is a unique Y € M such that

Yoo X\ {zo}-

(ily) For every nonempty subset My of the set M, there is
a unique minimal My-universal metric subspace X° of
the space X.
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Theorem

Let M be a self minimal set of metric spaces. If all
Y € MM are e-connected for some € > 0, then there is a

metric on
X = ]_[ Y
Yem

such that the disjoint union X with this metric s a
minimal M-universal metric space.
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Example

Let n be a positive whole number and let N,, be the
class of all normed n-dimensional linear spaces over
the field R. Then there is a set 2 C N,, and a disjoint

union X = J] Y such that 9 is a minimal
. Yem . . . .
N,,-universal set of metric spaces and X is a minimal

M-universal metric space.
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Thank you for your time and your attention!
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