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The t-intersection Problem in the Truncated Boolean Lattice

RuDOLF AHLSWEDET, CHRISTIAN BEY, KONRAD ENGEL AND
LEVON H. KHACHATRIAN

Let I (n,t) be the class of all-intersecting families of subsets pf] and setik(n,t) = I (n,t) N

n n
2(['<J), (N, t) = 1(n, 1) mz(ﬁk).

After the maximal families irl (n, t) [13] and in I (n, t) [1, 9] are known we study now maximal
families inl<(n, t). We present a conjecture about the maximal cardinalities and prove it in several
cases.

More generally cardinalities are replaced by weights and asymptotic estimates are given.

Analogous investigations are made fobfn,t) N C(n,s), where C(n, s) is the class of all
s-cointersecting families of subsets @fi]. In particular we establish an asymptotic form of a
conjecture by Bangt al. [4].

(© 2002 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION AND NOTATION

Let N be the set of natural numberg)] := {1,...,n}, and fori,j € N,i < j, let
li,jl1:={i,i +1,..., j}. Let 2" be the family of all subsets ¢h]. Also, let

(n\ vl (ny _
<k)-—{X§[n]-IXI—k}, (Sk)-—{xg[n]-lxlik},

@]() = (X < [n]: X] = K}.

A family F < 2"l is calledt-intersecting(resp.s-cointersectinyif, for all X, Y e F,
IXNY| >t (resp.|XUY| <n—s).Letl(n,t) (resp.C(n, s)) be the class of atlintersecting
(resp.s-cointersecting) families of subsets[of|. Furthermore, let

k) =1 HNn2ME, 1t =1, t) N2,

i.e., the class of-intersecting families whose members have size equakrésp. not greater
thank, and letl > (n, t), C<k(n, s), Csk(n, s) be defined analogously.
For a classC of families, let

M(K) := max{|F]| : F e K}.

More generally, if there is given a weight functian: 21"/ — R (the set of all nonnegative
reals), let forF < 2"
o(F) =Y o(X)
XeF
and
MK, w) := maX{w(F) : F € K}.

In this paper we study the numbevs(K) for

K e {l<k(n, 1), Isk(n, t), C<k(n, s), Csk(n, s), I (n, 1) NCn, s)}.
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2. RESULTS
First of all, by considering complements

M(C>k(n,s)) = M(l<n_k(n, s)),
M(C<k(n,s)) = M(I>n—k(n,9)),

so that only three of the five numbers are of interest.
Let, forr =0,..., [ %],

S, t,r):={Xe2M: | XN[t+2r] >t+r},

S(n, t,r):=S(n,t,ryn <[:]),

o [n]
Sck(n,t,r) :=S(n, t,rynN <§ k)’

and letS.x(n, t, r) be defined analogously. By construction, these families-&gersecting.
The following two results are basic for our investigation.

THEOREM 1 (KATONA [13]). We have

M(I (n, 1)) = ‘S(n,t, L”—;D‘

THEOREM 2 (AHLSWEDE, KHACHATRIAN [1]). We have

—t
M (lk(n, t)) :max{|s<(n,t,r)| r=0,..., {nT“
Moreover, for n> 2k — t, the optimal r is given by
k—t+Dt-12) 1<y < (k—t—i—l)(t—l).
n—2k+2t-2 - T n—-2k+2t-2

An easy consequence of Theoréris the following (cf. B, 8]):

THEOREM 3. Letw(X) = w(Y) for all X, Y C [n] with |X]| = |Y| and letw(X) < w(Y)
if I X|+]Y|=n+t—1,|X] <|Y|. Then

M1 (N, 1), w) = w(S(n,t, {%J))

1 if|X|>k
0 otherwise

Setting
w(X) = {
we obtain immediately from Theore

COROLLARY 4. We have

M(l=(n, 1) = '&k(n,t, L”T_tm

The determination oM (1 <k(n, t)) is more difficult and, up to now, we can provide only
partial results.
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PrRoOPOSITIONS. We have
M(l<k(n, 1)) = [Sk(n, t, 0)].

Indeed, this follows easily using complements and theédEréko—Rado theoren®]. Hence
we suppose throughott= 2 when studyind <k (n, t).
The following question was the starting point of our investigations:

PrROBLEM 6. For which number& do we have

M (1 =(n, 1)) = ‘Ssk(n,t, L”T_tD

Concerning this question we may clearly suppose khat L”—ertj because otherwisBy
(n, t, L”—;J) = (J. Problem6 is answered essentially by the following results:

? (1)

THEOREM 7. Lett and c be fixed constants and Ie{_tk”—Jzrt +c4/n. Then(1) does not hold
if n is large enough.

THEOREMS8. Lett be fixed and k- ”—gt + /logny/n. Then(1) holds if n is large enough.

THEOREM9. Let c be fixed constant and letk ”—;t +c. Then there exists > 0 such that
fort < én and n sufficiently larg€l) does not hold.

THEOREM10. Leté > 0 be fixed constant and lett én. Then there exists & 0 such
that for k > ”T“ + ¢ and n sufficiently largél) holds.

Concerning the complete determination\df | <k (n, t)) we have the following conjecture:

CONJECTURELL. Ifk < ™%, then

—t
M(l<k(n, 1)) = max{|85k(n,t, Ni:r=0,..., {nT” (2)
This conjecture is supported by the following results.

THEOREM12. Lett and0 < ¢ <  be fixed constants andk (3 — €)n. Then(2) holds
for sufficiently large n.

THEOREM13. Lett =tn+o(n) andk=«n+o(n) with0 < 7 <« < 1i2’ Then, as
n— oo

M“<M”J””“ma4lﬁwﬂhtrﬂzr==Q.”,{E%lJ}

StudyingM (I (n, t) N C(n, s)) one can clearly suppose throughout thats < n. Givenn,
t,sandr € {0, ..., ["=5=2]}, always let

_|n=t=s| |
4i=|—%— .

n if2|n—s—t
n—1 otherwise.

Note that
(t+2r) + (s+2q) = {

Let, forr =0,..., =53],

Sin,t,s,r):={Xe2M: | XN[t+2r]|>t+randXN[n—s—2q+1,n] <q}.

Obviously, these families areintersecting ang-cointersecting. Verifying a conjecture of
Katona, Frankl 10] proved:
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THEOREM 14. We have
Ml (n,1) N C(n,s)) =|S(n, 1,s,0)|.
Moreover, Frankl11] and Banget al. [4] propose:

CONJECTURE15. We have
n—t—s
M (n,t)NC(n,s)) = max{|S(n,t,s,r)| r=0,..., {—J}

In [4] this conjecture is proved far —t —s < 3.
From Theoreni one easily obtains that for fixed

M (nt)~2""1  asn— oo.
This gives, applying in a standard way Kleitman'’s inequality (¢fd. 266]):

PrRoOPOSITION16. Lett and s be fixed and lets co. Then

M(I(n,t) N C(n,s)) ~2"2 ~ max{lS(n,t,s,r)l r=0,..., {—n_;_S“.

In addition, we have the following result:

THEOREM17. Lett=1tn+o0(n),s=on+o0(n),7,0 >0,7+0 < landn— oo. Then

Ml (n,t)NC(n,s)) ~ max{lS(n,t,s,r)| r=0,..., {%"‘J}

Thus Conjecturd5is supported by Propositioté and Theoreni7.

3. SHORT PROOFS FORRESULTS CONCERNING | <k(Nn, t)

PROOF OFTHEOREM?7. It is easy to see thatl] holds for somek if it holds for somek’
with k' < k (see Lemmad.9). Hence it is sufficient to prove the assertion for

k= [n—ﬂ + c«/_—‘
We use the well-known fact that for constaat$ (with a < b) and forn — oo
n
> (J) ~ (®(b) — ®(@))2" 3

S+3/nato(y/m<j<5+3/nbto(y/n)

uniformly ina, b € R, where® is the Gaussian distribution. Since
k

£ (-5 5 0

=% +1 =

we have

‘S«(n, t, {nT_tD‘ ~ (®(2c) — ®(0)2" = <<I>(2c) — %)2”. (4)
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Now choose := Ln%J. From @) it follows that
k—i

Z <n — tj— Zr) ~ B(20)2 7

j=0
uniformly ini € [t +r,t 4+ 2r] and that

t+2r

Z (t _’;2r> ~ q)(o)zt+2r.

i=t+r
Consequently,

t+2r k—i

t+2 —t—2

[Sck(n, t,r)| = E (+I r)E (n j r)
j=0

i=t4r
~ 002" 9 (20)2"% = L (20)2". (5)

Since®(2c) — 3 < 1@ (2c) we have by4) and ) for sufficiently largen,

= (on]75!)

PROOF OFTHEOREM 9. Analogously to the proof of Theoremwe prove the assertion

k —
= +l .

W.l.0.g. we may assume thats an integer. Moreover, we suppose thatr2+t. If 2 t n+t the
proof can be modified in a straightforward way. We hlave ”—ert +cand putd := 3(c+2)2.
Note that for constant integeasandb

"5 af t/n \°
iy~ - (:2) ©

Lett := L. We taker := "' —d and compar@S.(n, t,r)| with |Sci(n, t, [ "5 ). We
have (witht +r +c+d = k)

c+d c+d—i
n—2d 2d
’t7 = . . .
Sk, £, 1)) ;(le)z(J)

j=0

< |Sck(n, t,r)]. O

Using (6) we obtain

|Sck(n, t, 1) 1_p\2detd g odeicrdd oy
) N<2> Z(l—'{) Z(l)

((n+t)/2) i—0 j=0

‘%k(n’t[ >‘ é((n+t)/2+1>

J

[Sek (0. ,L%J>|Ni<1+r> g

1-1

Analogously,

((n+t)/2) j=0
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For the proof it is enough to show that there ayé > 0 such that for < o, independently
of n, .
1\ 1+7 d—ictd rog C/1417\7)
- - > 7
()2 ()25 ~ o

i=0 j=0 j=0
since then for sufficiently large andt < tn

o5

Both sides of 7) are continuous functions af. Hence it is enough to consider= 0 and to

prove
c+d c+d—i 2d
L:=) > (_>>(c+1)22d=: R. (8)
i=0 j=0 J
Leta € {0,...,c— 1} and consider on the LHS 08) the terms with = a andi = 2c — a.

We have
c+d—a c+d—(2c—a) c+d—a d—c+a
2d 2d 2d 2d
2 (1)+ 2. <1)= 2 <1)+ 2 (2d—j)
j=0 j=0 j=0 i=0
c+d—a 2d
2d 2d
2 (,-)+ 2 (1)
j=0 j=c+d-a
> 22,

T () = 2 1(%)
e ] 2 2\d
Consequently, we have the following estimation for the LHS3pf (

1 . 1/2d c+d cH+d—i 2d
L (e+3)25(0)+ X X () ©

i=2c+1 j=0

[Sck(n, t, )] >

Fori =c,

Fori > 2c+1,
d

C*i:” <2d> B Xd: (2d> 5 <2d)
j=0 J j=0 J j=ct+d—i+1 J
1,4 1/2d . 2d
> 52 +§<d) - _C)(d)
1 . 1\ /2d
=37 (1-o-3)(%)
Considering in8) only the terms with = 2c + 1, 2c + 2, 2c + 3 gives
L>(c+12%9+22 _(3c+ 4)(2;)
Accordingly,L > R (i.e., (7) holds) if

2% o (?)(m + 4. (10)
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It is well-known (cf. [12, p. 283]) that

<2d> _ 22

d/ = /3d+1

Hence (0) holds if4/3d + 1 > 3c+4. Indeed (usingl = 3(c+2)2) J3d+1>./9(c+ 2)2
=3(C+2) > 3c+4.

4. ASYMPTOTIC ESTIMATES OF M (I <k(n, 1)) AND M (I (n,t) N C(n,s))
PROOF OFTHEOREM 13. For any familyF we use the notation
Fni={XeF:|X =h}.
Let F € I<k(n, t). Clearly,

k
|Fl =" |7l (11)

First we estimate eacl#n|. In the following the maximum is always extended ovek
{0,...., %5} ]}. By Theoren2,

L t+2 —t-2
|Fnl = max{|S(n, t, )|} = maX{Z(rJr_ ,r)< n_t _r i.)}

- max t+2r\/n—t—2r i h—t—r \!
- r h—t—r = t+r+1n—h—r+1

t+2r\/n—t—2r k—t—r k=h 1
{( )T () }.(12)
r —t=r/\n-Kk-r+ 1- Frinkor1

We will see that almost all number$y,| can be neglected. Only the valugs,| with h near
to k give an essential contribution. Clearly, it is enough to extend the maximum only over
ref{0,...,k—t}. Then

r k—t
<
t+r+1 " k+1

—1- L 4o).
K

Moreover, for largen, K —t —r <n—k —r + 1, hence

k—t—r - k—t K—T
n—k—r+1_n—k+1 11—«

+0(1) <1

Chooseax such thati=- < « < 1. Then, for any > 0 and anyh with h < k — en,

1 n t+2r\/n—-t—2r
= T 0a™ max{( r )(k—t—r>}

Z |Fnl = ﬁnaen maX{ <t —1;2I’)<nk—_tt—_2rr>}. (13)

h<k—en

and
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We pute := n—2. Now leth be near t, i.e.,k — h < en. By Theorem2, max|S,(n, t,r)|}
is attained at some = r (k) with

(k —€e—1)TN (k —T)TN

— < < — .
1—2ct2ev2c O =T =7 50 o O
Then, uniformly fork —en < h <k,
r K—1
= 1
t4+r+1 1—(K—r)+°()’
k—t—r K—T
= 1).
n—k—-r+1 1—(K—‘E)+O()
Letw := % From (L2) we obtain
t+2r\/n—-t—2r k—h
1 -
Ifhlimax{< " )(k_t_r>(w+0( ) 1_w2_0(1)}

and, consequently,

Al < 1 1 1 mMm t+2r\/n-t—2r 14
Y. Wl = oo 5A+o) ax{( : )(k_t_r)}. (14)

k—en<h<k
Sincena" = o(1), we finally get from (1), (13) and (4)
1 1 t+2r\/n—-t—2r

On the other hand, using more or less the same estimations, one can derf{@dip@xt, r)|}

> 2L (@ + o) max{ () (1Z{2%) } which proves together withi§) the assertiorr]

PROOF OFTHEOREM17. Let F € I (n,t) N C(n, s). Firstlet 2| n+t 4+ s and letk :=
M-S We divideF into two subfamilies

k n
F=Umm F=
h=0 h=k+1

and put
F"={n\ X: XeF"}.

Obviously, 7" € I<k(n,t), F” € l<p—k—1(n, S). Using the notations from Theoreh8 we

have (for7" andF"")
l-t—-0

w= —————
l1+7+40
and get the estimations

/ 1 1 t+2r n—t—2r
Pl < 1o T g2 L+ o) max ( r )(<n—t—s)/2—r>}’

b 11 s+2q n-s—2q
\F Ifml__wz(lJro(l))maX( q ><(n_t_s)/2—1—q)}’

o 1 s+2q n—s—2q
‘1—w1—w2(1+°(1))max( q )((n—t—s)/Z—q>}’
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and, withr := == —q,

1 (0] 1 t+2r n—t—2r
7 |51_w1_w2(1+o(1))max{( r )((n—t—s)/Z—r)}'

Consequently,

|]_-|_|}-/|_|_|]_-m|<;(1+0(1))max{<t+2r>( n—t—2r )}
B T (1-w)? r n—t—s)y/2—r)]

Again, in a similar way, one can derive that

n—-t—s
max{|S(n,t,s,r)|:r:O,...,T}

1 t+2r n—t—2r
Z(l—w)Z(”O(l))max{( r )((n—t—s)/Z—r>}

which proves the assertion.
Now let 2t n+t + s. Here we puk := hzs_l With the same approach we get

/ 1 1 t42r n—t—2r
Pl = 1= 72 (1 + o) max ( . )((n_t—s—l)/z—r)}’

w11 st e

1 1 t+2r+1 n—-1—t—2r
= ———— (14 0(1)) max .

1—a)1—a)2( +ob) < r )((n—t—s—l)/Z—r)}
It is not difficult to verify that the maximum on both RHS is attained at sométh
tl—1t—0

rm_

2 140

This easily implies
Fl = 17+ |1F"| < 2 (1+ o(1)) max t+2r n—1—-t—2r
N ~(1-w)? r nN—t—s—-1/2—r/|
But the RHS is obviously also a lower bound for
n—-t—s-—1
max{|S(n,t,s,r)|:r:0,...,—2 }

5. COMPARISONMETHODS AND PROOFS OFTHEOREMS8 AND 10

In this section we work witlsize-dependentieight functions, i.e., functions : 2"l — R,
for which there are numbetsy, . . ., wy such thatw (X) = w; for all X C [n] with | X| =1,
i =0,...,n.We callw := (wyp, ..., wn) theweight vector

A corollary of the comparison lemma][is the following result proved ing]:

THEOREM18. Letw be size-dependent. Then
—t
Ml (n,t), w) = w(S(n,t, {%J))
Wi

. t—1
max{—:l =t,...,n—1}<1+v.
i+1 5]
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REMARK. Using a continuity argument it is easy to see that the relatidnr the above
condition can be replaced by'.

In the next lemmas we present conditions for how the weight function can be changed
without changing the optimal solution.

LEMMA 19. Letw be size-dependent and suppose thadt M, t), o) is attained at ¥, t,
L”T‘tj). Letw’ be a new size-dependent weight defined by either one of the following assign-
ments:

Wi — A . ifi =u
o =1 o +x% ifi =¢ (16)
wj ¢ otherwise,

where0 < » <wgand, ™ <¢ <u<nor0<¢<u< |,

. {wi+8 ifi =¢
ol

T wi otherwise, (17)

wheres > Oand ™! <¢ <n.
Then M (n, t), ') is also attained at 8, t, [ 251 ).

PROOF Letw’ be given by 16). Note that

(o 5]) (oo 51

Let F be an optimal family forw’. W.l.0.g. we may assume that is afilter (or upse}, i.e.,
X e F, X CYimplyY e F. By the normalized matching property of the Boolean lattice

(cf. [7, p. 149]) we have
|Fel _ [Ful

—_— << _
@~ @
It follows that
n
o) = 0P 29 7 A = 0P +x® (@ - 'f“'>

() @ @

oo 1)) (oo 51

Now letw’ be given by 17) and letF be an optimal family for'. Then

O (F) = o(F) + 81 Fe| < 0(F) + a(?)

colson ) o) =l )

LEMMA 20. Letw be size-dependent and suppose thdt M, t), w) is attained at $n, t,
|25 ]). Leta > 0,0 < ¢ < [ ] and leto’ be a new size-dependent weight defined by

wi + A ifi =¢
L—t+1 .
wj = wi+AT+ fi=n+t—¢—-1
wij otherwise.

Then M (n, t), ') is also attained at 8, t, 251 )).
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PrROOF Obviously,

[T ]) ool |2 ) = )

Let F be an optimal family foro’. From Katona'’s theorem concerning shadows intersect-
ing families (cf. [7, p. 301]) it follows that

n
Foat—e—1] < — —|Fl.
|n+t£l|_<n+t_2_1> Z—t+1| ¢

Accordingly,
—t+1

o' (F) = o(F) + M Fel + lefnth—z—ll

C—t+1/ ¢ n ¢
A S
S o) FAmy <e-t+1'ﬂ'+(n+t—e—1> z—t+1'ﬂ'>

<o(s(ot [ ]) o) = (s [24])

O

PROOF OFTHEOREM 8. Obviously, it is enough to prove the assertion for
n+4t
k:= (% +/log n\/ﬁ—‘

(e.g., apply Lemma9with (17)). Let
t—1
qg=14+—.
1554
We consider the size-dependent weighdefined by

ifj < N1t
<_
2

=

wj = o Nt (18)
- 2 .

Q|

By Theorem18 (and the succeeding remark), we know titl (n,t), w) is attained at

Sin,t, 254 ).
Now we apply Lemmad9with (16) for £ = (”—JZFW andu =k+1,k+2,...,n. This gives

the new weight vectap’:

1 it < Nt
2
n
/ E<1+—§ 3 (n)) ifi:(—n—i_t—‘
i rn+/21) ui
1 i [”—HW i<k
q 2
0 ifi > k.

Itis known (cf. [L2, p. 284]) that, as — oo,

n 2n+1
(r(n +t>/21) N (19)
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and, withx = o(n?ls), X — 00,

> (o)
TX
u>g+x§

The last formula withk = 2,/logn implies

" /n 1 n
> <u> S—F/—0 (20)
u=k+1 2,/m/logn

By (19) and @0) we have for sufficiently large

1 n (n) t—1 g-1
— < 5t =a-
(oity2) i \W L7

which implies thaty] < 1 fori = (”7“1, ..., k. Hence, by again applying Lemma 8 withir}
we obtain that for large

—t
M (1 <(n, 1) = 'sgk(n,t, L”Tm 0
PrROOF OFTHEOREM 10. We use the same method as in the proof of The®Behut here
we put
U LE Y I
= ,

wherec is an integer. Recallindl8) we have to show that there existsuch that for larga

1 1 " /n
-1+ ﬁ Z <U) <1
q rn+v/21) uSia

" /n n
2 (u) =@- 1)<r<n +t>/21)' @)

u=k+1

or, equivalently,

We have

1 - (((n+t?/21+1) . ()
q

(r<n+r;)/21) (ngl)

and consequently

n

n
n n —(u-) ( n >—<c+1> 1
2 (u) <<r<n+t>/21> D R s v

u=k+1 u=k+1
Therefore, /gt
m =q-1
or, equivalently,
e 22)

= q-12
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is sufficient for 1). Using
q°>c(@—-1)

we see that 1

c> —
@-13
is sufficient for @2). However, fort > §n, the last condition certainly holds (for large if

c 15’ O
> _— .

28
6. PROOF OFTHEOREM12

LEMMA 21. Let .

1 n
s H50)

(k) j=0 ]
Then & is increasing ink (fork=0, ..., n).

PROOF For fixedn we haveay n < ax41.n iff

() ()5 ()=0

However, this inequality is true since the LHS is not less than
k

(005 (20

and each term of the last sum is nonnegative by the log-concavity of the binomial coefficients.
O

LEMMA 22. Letk < ”—szt Then the sequence

|Sck(n, 1, 0)], [Sck(n, t, DI, ...,

n—t
(0e[%5)
is unimodal.

PROOF By consideringSci(n, t,r)\ Sck(n, t,r +1)] and|Sck(n, t,r +1) \ Sck(n, t, )|
we see that
[Sck(n, t,1)] < [Sck(n, t, 1 + 1)

is equivalent to

k—t

n—t—2r—2 n—t—2r—2
<t+r>( o tt )s(t—ng( i ) (23)

We will show that Sci(n, t, r)| < |Sck(n, t, r+1)| implies|Sck(n, t,r —1)| < [Sck(n, t,1)].
It suffices to prove that for all with 0 < r < L”T“J

k—t—r

k—t—r+1
n—t—2r n—-t—2r-2 n—-t—2r -2 —t -
Z i S r Z n t- 2r ’
k—t—r+1 = i k—t—r i

i=0
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or, (substitutinp=n—-t —2r — 2, b=k —t —r) that for alla, bwith 2b < a4 2

()0

Subtracting

from the last inequality gives

()6 EO-0EN-50) e

Using & < a + 1 one verifies easily that for=0,1,...,b

(57) + (650) _ (%) + ()
(Y I )

from which @4) follows. O

Proof of Theorem 12
Step 1. Let the weight vectow be defined by

{ 1 ifi<k
0 ifi >k.

wi =

Letr* =r*(n, k) be the least such that

By Lemma22 we know that|Sck(n, t,r*)] = max{|S<k(n,t,r)| : r =0,..., ”T_tj}. In
addition, we have N+t
0 =0 ifi>——. (26)

Given an arbitrary weight vector satisfying5) and @6) it follows by the method of generat-
ing sets 1] that
M (N, 1), w) = M (t+2r", 1), o),

where the weight vectar’ is given by
n—t—2r*
n—t—2r*
a)i/ = Z Wi+ < . )
=0 )
fori =0,..., t + 2r* (cf. [6, Theorem 15 and Example 4]). Hence, in our case, we have

M(I<k(n, 1)) = Ml (t +2r*, 1), o),

k—i
, n—t—2ar*
“ZZ( j )

j=0

where

fori =0,...,t+2r*.
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Step 2. From Step 1 we know that there is an optimal fan#iyi.e., F € I <k(n, t), | F| =
M (I <k(n, t))) which has the following property:

[n]

X € FimpliesY € FforallY e << K

> withY N[t +2r*]= XN[t+2r*]. 27)
W.l.0.g. we assume th& is left-compressed.e., (X \ {i}) U{j} € Fforalli, j € [n] with
i > J,i € X,] ¢ X.We will prove by pushing—pullingd] that  is invariant in[t + 2r*],
e, (X\{ihu{j}e Fforalli,je[t+2r*],i € X, ] ¢ X. Assume the contrary. Let

¢ =maxi : Fisinvariantin[i]}
L={XeF:t+1¢ X, (X\{iHU{e+1} ¢ Fforsomei € XN [£]}
Lf={XN[+2,n]:XeLll

Furthermore, lellj = {X e L : [XN[f] =i}, LF = {XN[L+2,n]: X € Li}. By our
assumption we have < t+2r*. The following facts follow from the pushing—pulling method
(cf. [6]):

(i) £ is nonempty and invariant ift].

(i) e>t,2]¢+t,Li =0forie[e]\ {5

(iii) For all intersecting subfamilies™ of L%,
2

ZXeT*‘U|x|+%t <E—t+2
erﬁ* a)lX|+z%t - 2(£+1) ’

£+t
A

It is easy to see that =t + 2r* — 2 is impossible (e.g., sinc€ # ) we havet + 2r* ¢ X
for someX e £7,, which impliesF = Sck(n, t,r* — 1) in contradiction to the choice of

andr*) Hencet 52 t+2r*—4. We show that the family™* = {X € L%, : n € X} contradicts

fact (iii). Indeed, recalling Z7), this will follow from the next ineéuality (we classify the
membersX of £%,, and7* with respectta = [ X N [£ + 2,t + 2r*])).
2

CLAIM. Ifk < (% — ¢)n and n is sufficiently large then we have for &Jli with ¢ <
t+2r*—4,2|¢+t,0<i<t+2r*—¢-1
(n —t- 2r*>
j .
k=St =i notor*

n—t—2r* ijo ( j ) {+1
> .
n—t—2r —k4 S +i (2) t—1

k=&t i

4

-+

k—4t—i—1 Lo

Z (n—t—2r*—1)>£—t+2k
j 20 +1)

j=0

-

This inequality is easily seen to be equivalent to

(28)

Sincel <t + 2r* — 4 it suffices to show that the LHS o2§) is greater than

t+2r -3
t—1
For everyr let

r Kr—1 + Kr
B —— and m = ———-.
t+2r —1 ' 2

Kr
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Note thatr = (t — 1) 155& and that, is strictly increasing and lip, o xr = % We consider
the finite set

R:={r e N:x S%—E}.
Since fork < 3, ¢ e N constant
L«

. 1 My 1«
n'Lmoo( ) Zzg <j):1—21c

lkn]+c i

(cf. [B]), we have for sufficiently large and allr, ¢,i withr e R, £ <t +2r —4,2]| ¢ +1,
O<i<t+2r—¢-1

n—t—or DM U o N S S
n—t—2r —[mn) + 5 +i (Lmr”n]t_—;%ﬁ_i) 1—2%-1  t—1
Analogously, we have for sufficiently largeand allr € R
ST Y 1 e -
(an:fnfr—ﬁr) 1— 241 t—1
Now letn be such thatZ9) and @0) are satisfied and letbe determined by
lmrn) <k < [Mryan].
By (23), Lemma2l1and @0) we have
|S<k(M, T, 1] > [Sck(n, 1 + D),
hence, by Lemma2,r* < r.Lemma2land @9 now imply that @8) is satisfied. O
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