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Abstract

We answer the following question: When does a k-uniform family generated by some rank ¢
element in the function lattice have maximum size among all k-uniform #-intersecting families?
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1. Introduction

Let F! be the partially ordered set of all n-tuples over the alphabet {0, 1,...,a}, o
a positive integer, with order relation given by (xi,...,x,)<(y1,...,y,) iff x; =0 or
x;=y; forall i=1,...,n. Thus F} is the product of n factors:

1 2 e a

0

We obtain the Boolean lattice B, in the special case o = 1, and the dual of the
cubical lattice in the case o = 2. In general, after adding a maximal element, F is
called the function lattice.

The rank 7(X) of an element X = (xi,...,x,) of F} is given by the number of
nonzero elements in X. A subset # (also called family) of F7 is called k-uniform
t-intersecting if all elements of & have rank k£ and the infimum of every two elements
of # has rank at least ¢.
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Let us define

L(n,k,t):={F CF}: 7 is k-uniform t-intersecting},

M,(n,k t):= max |ZF|.
o ) fel,((n,k,t)| |

The following families %,%,...,fun_w/z | are candidates for achieving M, (n,k,t):
Fr={X =(x1,...,x,) € F}: r(X)=k and |[BX)N[L,¢t+2r]| =t +r},

where B(X):={i: x; = a}.
Ahlswede and Khachatrian proved in [1] the longstanding conjecture of Frankl [7]
that in the Boolean lattice one of these families is always optimal:

Theorem 1. M,(n,k,t) = |Z,| for some r € {0} UN.

This generalizes the previously known Erdos-Ko-Rado bound (see [6]) first estab-
lished by Frankl [7] (for +>15) and Wilson [12] (for all ¢):

Theorem 2. M(n,k,t) = |%| if and only if n=(k —t + 1)(¢t + 1).

In a further paper [2] Ahlswede and Khachatrian extended their Theorem 1 to arbi-
trary o restricted to the nth level of the function lattice:

Theorem 3. M,(n,n,t) = |Z,| for some r € {0} UN.
(The case «=2 is due to Kleitman [10], who showed that M>(n,n,t) = |Z|(1—s)2)].)
In particular it follows from [2] that
M,(n,n,t)= || if and only if a>¢+ 1.

It is known (due to Frankl [3]) that also for the function lattice the family %, has
maximum size among all k-uniform ¢-intersecting families provided n is sufficiently
large:

Theorem 4. M,(n,k,t) = |F| provided n=n,(k,t) for suitable n,(k,t).

This paper demonstrates that the methods introduced by Ahlswede and Khachatrian
in [1,2] enables us to determine the least n,(k,¢) for which Theorem 4 remains true.
We will prove the following generalization of Theorem 2.

Theorem 5. Let n > k. Then M,(n,k,t) = |Fo| if and only if
> {(k—z+oc)(t+ 1)J .

o

The case t =1 was treated by Meyer [11], Frankl [3], and Engel [4].
A complete intersection theorem for the function lattice remains open.
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2. The candidate families

The aim of this section is to prove a monotonicity property of the sequence (|Z,] :
r=0,...,|(n—1¢)/2]). This is done in Lemma 12. Furthermore, we determine the least
namral number ny(k,t) such that for all lattices F, with n>n,(k,t) the family %, has
maximum cardinality among all candidate families o, ..., # |12

Throughout the paper let o >2.

Lemma 6. Let n>=t+2(r+1). Then

r+2
o [tt2r r+2 i (=2 =2\
|JV\JV+1|_< r Z i (=1 k—t—r—i x

i=0

and
+1
t+2r r—+1 i n—t—=2r=2 b tmr—ie1

[Zrii \ 7, <r+l>§;< ) 1)(k—r—r—i—1>“ '
Proof.

FN\ Ty ={X € F'r(X)=k,BX)N[1,t +2r] =1+ 7 and

{t+2r+1,t4+2r+2}NBX)=0}

and

T\ Fr={X eF} . r(X)=kBX)N[l,t+2r]=t+r—1 and
{t+2r+1,t+2r+2} CBX)}. [

Lemma 7. Let n>=t+2(r + 1). Then

r+2
|Z \ Fra - i (n—t—r—i
— _lr i
Z ) k—t—r )’

<H’2”)(xk12r 2

-
_§ r+1 (0 — 1Y+ n—t—r—i—1
B i k—t—r—1 '

| Fri1 \ Zr

t+2r gk—t=2r=2 =0
r+1

Proof. Starting with Lemma 6 it follows that

r+2
%\%4»1‘ :Z r+2 (“_1)1 n—t—2r—2 (OC—1+1)r+2_i
it : i k—t—r—i
ok—1=2r=2 i=0
r r+2 r42—i

SEECP)( e

i=0 j=0

n—t—2r—2
k—t—r—i
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_ii(r+2)<r+21 >( _1)< t_zrr__lz)

s=0 i=0
_5%53 r+2 Gty ("2
N g k t—r—i
_r+2 r+2 (1Y n—t—2r—2+4s
N pr s k—t—r
:§ r+2 (0 — 1y+2 n—t—r—i

par i k—t—r )’

and similar manipulations show the second statement. [

Lemma 8. Let n=t + 2(r + 1). Then |F,| = |ZF11]| if and only if

r+1
r+1 il (n—t—r—1
S (e (L)

i=0

t—1\ = [ r+1 (n—t—r—i—1
2 2 _]r+1—l .
( +r+1>z( i >W ) ( k—t—r—1 )

i=0

Proof. By Lemma 7 |%,|>|%,,1| holds if and only if

& r+2 pyo_i [(n—t—r—i
(e ()

i=0

r+1 .
2t—i—r r—&.—l (0 — 1Y+ n—t—r—i—1 .
r—|—1‘0 i k—t—r—1

=l

Addition of

§ r+1 (0 — 1)1 n—t—r—i—1
i k—t—r—1

i=0
and elementary manipulations prove the lemma. [
Corollary 9. If a=2+ (¢t — 1)/(r + 1), then |F,| = |F 1| = | Fria|= - .
Corollary 10. Let n=>t+2(r + 1).
(@) If n<Q2+ (¢ = D/r + D)k — 1 = 1)) + t + 1, then || <| .
(®) If n=2Q2+((t = D/(r+ D)k =t =r)/a) +t+7r+((r+1)/2), then | F,| 2| F14].

Lemma 11. Let n > k=t + 1. Then |Fo|=|F1| if and only if
> {(k—t—i—oc)(t—l—l)J'

o
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Proof. By Lemma 8 we have |%|>|%,] if and only if
n—t n—t—1
—1
e (@) (55
n—t—1 n—t—2
> 1 —1 .
arofe-n (i) (0000))

With p:=n —t and q:=k — ¢ this inequality is equivalent to

-1
ocp{(oc— D(p—1)+ pT(p—q)} >+ Dg{le—1)(p—1)+(p—q)}.

If ap<(t+ l)g then |F| < |Z#| follows immediately. If ap>(t + 1)g + 1 then
|Fo| = |Z1| follows from (« — 1)(p— 1)+ (p—q)=Up—q). [

Lemma 12. |%| = |%| implies | 71| = |Fa| = |F5]= - .

Proof. We show |Z,| > || for r>=1.

If k <t+r+1 then % ;=0 and the claim is trivial. Let k >¢+r + 1. Furthermore,
let o <2+ ((¢t—1)/(r+ 1)) (in particular >2), because otherwise Corollary 9 yields
the claim.

In view of Corollary 10 and Lemma 11 it is sufficient to show that

)k — 1 —1 —t— 1
(t+ 1)k —1t)+ s <2+t )(k t r)+t+r+r—|—, 1
o r+1 o 2

or equivalently

t—1 1
(k—t)L(t—1)>(a—2— )r+ocr+ 1
r+1 r
Because of k=t +r+1and a <2+ ((t — 1)/(r + 1))
t—1 r+1
- 2 - 4 77
r(t—1) <2+r+1>< 2> 1

or equivalently

2r—1)(t—1)=2r,

is sufficient for (1). The last inequality holds if ¢ > 2. If t =2 and o =2 then (1)
obviously holds, using 2+ (1/(r + 1)) <3. O

We summarize our results in the following Lemma.

Lemma 13. Let n > k. Equivalent are
(a) | 7] = max, |7

) |Fo| 2|71 2P| = -

() n=|(k — 1+ a)(¢ + 1)/a).

We will show in Section 4 that %, has indeed maximum cardinality among all
k-uniform ¢-intersecting families if the conditions of Lemma 13 hold.
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3. Pushing up, shifting and generating sets

This section supplies the necessary tools from extremal set theory which are needed
in the next section. While pushing up and shifting are known techniques for a long
time (see e.g. [8,9], or [5]), the method of generating sets introduced by Ahlswede
and Khachatrian [1,2] is new. Most of this section is up to minor changes taken from
their paper [2]. We omit attributions (see [2]) and the easy proofs.

Definition 14 (Pushing up and canonical families). For o/ CF!, A=(ai,az,...,a,) €
of and 1<i<n, 0 < j<a we define

Pi(A) = (ar,...,ai—1,0,a;11,...,a,) if this is not an element of .o/ and a; = j,
VT 4 otherwise.

and
Pij()={Pij(A): A € o/}.

Furthermore, we call a family .o C F] canonical if
Pij(of)=o forall 1<i<n, 0 <j<o

Cl,(n,k,t) denotes the set of all canonical families in /,(n,k,?).

Lemma 15. Repeated application of Py to o/ € L,(n,k,t) yields, after finitely many
steps, a family <f' € Cl,(n,k,t) with |.o/| = |.o/’|.
Corollary 16.

M,(n,k,t)= max |/
(k1) ,pzecaw.,)' |

Definition 17 (a-support). For A =(ay,...,a,) € F}, o CF} we define
B(A):={i: a; = a},

and
B(A):={B(A): A € A}.

AB(<7) is called a-support of 7.

Lemma 18. If .«/ € Cl,(n,k,t) then
B(d) € I(n,t),

where I(n,t) denotes the set of all t-intersecting families in the Boolean lattice B,.

It follows that .o/ € CI,(n,k,t) with |.o/| = M,(n,k,t) is uniquely determined by its
a-support. Families with this property are called a-upsets:
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Definition 19 (a-upsets and generating sets). For G € B, and ¥ C B, we define
V(G):={4 € F} :r(A)=k and B(4) D G}
and

V@)= V().

Gew
o/ CF! is called a-upset if there is some ¥ C B, with o/ = V(%),% is then called
generating family for .o/.

For a family .o/ CF} we denote by .#(.</) the set of all minimal elements of
(/). Then obviously ¥ C B, is a generating family for the o-upset .7 if and only if
M(A)C G HB(A).

Definition 20 (Shifting). For G € B,,9 C B, and 1<i < j<n we define

§.(G) = G\ {jtU{i} if this is not an element of ¥ and G N {i,j} = {j},
RS otherwise.

and
Sii(9) = {Si;(G): G € 9}.
% C B, is called left-shifted if
Si(9)=9% forall 1<i<j<n.
LI(n,t) denotes the set of all left-shifted families in /(n,t). LCI,(n,k,t) denotes the
set of all families .«7 € Cl,(n,k,t) with B(.«/) € LI(n,t).

Lemma 21. Repeated application of S;; to 4 € I(n,t) yields, after finitely many steps,
a family 9' € LI(n,t) with |%| = |9'| and |% N ([’:]> [=19"n ( " ) |.

Corollary 22.

M,(n,k,t)= max .
AELCL(n k1)

Definition 23. For G € B,, and ¥ CB,, let
Y. :
s (G).-I}leaé;z

and

sT(Y):= max sT(G).

Definition 24. For G € B,,9 CB, and 1</ <n let
NV(G)y={4=(a1,...,ay) € F}: r(A)=k and B(4)N[1,/] =G},

V(@)= ] VAG).

GeY
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Furthermore, we define for 1<i,/<n

V(. i):=[VA[1i])].

Lemma 25. Let n=t+2(r+1). Then

t+2
%\%Hl:( B ) V(t+2r+ 2,0 +7)

and
t+2r

F, F.| =
| I+1\ r| <F+1

)V(t+2r+2,t+r+1).
Lemma 26. Let 1 <i</<n. Then

(a) V(/ - 1,i = 1)=V(/,i — 1)+ V(,i),

(b) V(/,i — 1) > V(¢,i) provided (o, k) # (2,n).

Lemma 27. Let o/ € LCl,(n,k,t) be an a-upset, M:=4(</) the set of all minimal
elements of #B(<f), and (:=st(M).
Let furthermore Mo:={G € M : sT(G)=(}, GC My and 9":={G\{/}: G € G}.
Then
NG\ NN G) =,V (%),
av(gl) \ yv(ﬂ) = av/(g/)n
NG\ NN M) =N r—1(F).

Lemma 28. Let o € LCIL,(n,k,t) be an o-upset and let Gy,G, € M (/) have the
properties i € Gy U G,, j € Gy NG,y for some i, j € [n] with i <j. Then
|G NGy =t + 1.

4. Left-generated maximum I,(n, k, r)-families

In order to prove that the family %, is optimal we will show that among all
k-uniform ¢-intersecting families of maximum size there is one generated by [1,¢]. This
will follow from the next lemma, whose proof is a close analogue of the arguments
given in [1,2].

Lemma 29. Let (o, k) # (2,n). Assume that |F,| = |Fri1| 2| Fri2| = -+ - for some r €
{0} UN. Then there exists a family </ € LCIL,(n,k,t) with |.o/| = M,(n,k,t) and
st ()=t +2F<t+2r for some7 € {0} UN.
Proof. First we deal with an arbitrary o/ € LCI,(n,k,t) with |.of| = M, (n, k).
Let /:=s*(#(</)) and consider the partitions
M) = ML) MN(A),
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where
M(A)={G € M(L): sT(G)={(} and M (A)=M(A)\ ML)

and

Mo(S)= ] A where B, = .Mo(/) 0\ ([”]>.

t<i</

Let furthermore
R ={G\{(}: G € A}.

If #, # O then M(<7)={[1,6]}. If &, # O then .#(/)={[1,/]} and necessarily
¢/ =t. In both cases the lemma holds.
Suppose there is an i with t <i </, i # (/ +1)/2 and &#; # (. Consider

Gr=(M(AY\ (B U Ryi1—i)) U R:
and
Goi=(M(A)\ (B U By ) U Ry,
By Lemma 28 we have for G' € #;, G € #; with i+ j # / +1
|G' NG| =t
This shows that 4,9, € I(n,t) and therefore
oL =,V (%) € L(n,k,t) fori=12.

Notice that #,,,_; # 0 (otherwise |/ | > |./]).

o/ \ /1 contains exactly those elements of .o/ that are generated only by Z,.,—;.
On the other hand, .o/ \ ./ contains exactly those elements that are generated by %!
but not by any element of .#(.«7). Hence, Lemma 27 gives us

|t \ 1| = | VU Rri1—i)| = | R t—il V(L 41— ),
|/ \ | =[NV A)| = |R|V(£,i = 1).

Analogously, we have

|/ \ ots| = | V()| = |R:|V (1),
|=9/2 \ Jzﬂ = |av/(gfl/+t—i)| = |<J72/+t—i|v(/»/ +t—i— 1)-

Combining these equalities with Lemma 26 gives
| A\ A |y \ A > |\ |- | A\ o
in contradiction to
|| <|e/| fori=1,2.

We have shown that #; =0 for all i # (£ + ¢)/2. In particular, 2|(£ — ¢).
Now choose a family .o/ € LCI,(n,k,t) with |.o/| = M,(n,k,t) for which

{=s"(M(s/)) is minimal.
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Assume that /7 > t + 2r, hence
{/=t+2(r+1) forsome7r=r. 2)
Let us use the notation
Tp={G € Ry jE G} forall je[l,/—1]
Double counting yields a family .7; satisfying
|9?|>i|9?(/+r>/z|~ 3)
2(/—1)
By Lemma 28 we have
Gi=(M(A)\ Rir42) U T; € I(n,t)
and therefore

«V(9;) € L(n,k, ).
Claim. We have |,V(¥;)|>||.
Let us write
o = of 1UA,
where
1= N(AM(A)\ Riri02),
Ay = N R02) \ VML) Rir10)2),

N(Y)) = o Ut 3,
where
A3 = N(T})\ VA(A)\ R(r0)2)-
We will show that |.o73|>|./5|. By Lemma 27 we have
{+t
|2 =V (Rir402) = |9?(/+t)/z|v</, T) ,
{4t
2l = |Vl =719 (£ - 1.5 1))

Thus, in view of (3) and |Z(/4.)2| # 0
{—t [+t {+t
—V|(/-1,——-1] = l{,——

() ()

will prove the claim. Together with our assumption (2) this reads as

_

V(t+ 27+ Lt +7)> (1 y

r+1

In view of Lemmas 25 and 26 the last inequality is equivalent to
[ Fra \ Tl | |\ Tl <1 f+r> | Fri1 \ F7l

<1+2F) (z+27) 7+1 (z+27>
7+ 7 7+l

>V(r+2r+2,t+r+1).
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resp. to
| F#| 2| T |

This proves the claim. Note that a strict inequality in (3) gives us the contradiction
|«V(%;)| > |.«/|. Hence, we have equality in (3) for all families .7;, j € [1,/ —1]. But
it is easily seen that

xv(g/—l) S LCII(”: k’ t):

in contradiction to our choice of .o7.
Theorem 5 now follows from Lemmas 13 and 29.

Remark 30. Lemma 29 also holds in the case (a,k)=(2,n). This can be seen if one
starts the proof with an optimal family .o/ € LCI,(n,k,t) satisfying first s*(.# (7))
minimal and second |.#((.«/)| minimal. We have included the condition (o, k) # (2,n)
in order to show the somewhat stronger statement in the case i # (£ + t)/2.
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