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Abstract

The maximum number of edges spanned by a subset of given diameter in a Hamming space with alphabet size at least three is
determined. The binary case was solved earlier by Ahlswede and Khachatrian [A diametric theorem for edges, J. Combin. Theory
Ser. A 92(1) (2000) 1-16].
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Let s ={1,...,a}" be the Hamming space, i.e. 7, is equipped with the Hamming distance d 4, where for
a=(ay,...,an),b=(by,...,by) € A wehave dy(a,b) = |{i : a; # b;}|. The diameter of a subset .oZ/ C 7 is
defined by

diam (/) = max{dy(a,b) : a,b € o/}.
For every integer d with 0 <d < n put

D(a,n,d)={o C A : diam(/) <d}.

As usual, ] is also considered as a graph (7”, &) with vertex set 7" = ¢, and edge set & ={{a, b} : dyy(a, b)=1}.
For every subset .7 C ¥ let &(/) = {{a, b} : a,b € &/, dy(a, b) = 1} be the edge set induced by .o7.
The vertex-resp. edge diametric problem in Hamming space is to determine the function

V(a,n,d):== max || (vertex-diametric function),
/eD(o,n,d)

resp.

E(a,n,d):= max |&(</)| (edge-diametric function).
AeD(o,n,d)

Clearly, these problems can be formulated in every graph.
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Consider for every integer ¢ with 0 <t < n the following subsets of #7:

n—t

Filtn.0)=lae Ay |B@N (L.t +2)>1+i), 0<i<——

where B(a) is defined for every a = (ay, ..., a,) € H#}, by
B(a)z{l S {1,,1’!} ap = 1}

Note that # (o, n, t) is the product of a ball with radius i on the first # + 2i coordinates and a Hamming space on
the remaining n — ¢t — 2i coordinates. Thus, % ;(«, n,t) € D(o, n,n — t) for all i.
The vertex-diametric problem in binary Hamming spaces was solved by Kleitman:

Theorem 1 (Kleitman [11]). V(2,n,d) = |7 1422, n,n — d)|.
For larger alphabets, the complete solution of the vertex-diametric problem is due to Ahlswede and Khachatrian:

Theorem 2 (Ahlswede and Khachatrian [2]). Let r be the largest nonnegative integer such that 2r <d and r <(n —
d — 1)/(a — 2) are satisfied. Then

V(e,n,d)=|Z,(a,n,n —d)|.

See [2] for a list of previously obtained partial results.

Equivalent versions of the above theorems (in terms of intersection instead of diametry) were obtained by Katona
[10] (Theorem 1) and Frankl and Tokushige [9] (Theorem 2).

Ahlswede and Khachatrian also solved the edge-diametric problem in binary Hamming spaces:

Theorem 3 (Ahlswede and Khachatrian [4]).

EQ.n,d)= { |6(F a2y (2, n,n—d))| ifd<n—2.

Here we continue these investigations by providing a solution for the edge-diametric problem for all other alphabet
sizes:

Theorem 4. Let .>3. Then

a,n,d) = E(Fi(a,n,n—d ifd<n—2.
Ogr?g/zl (Fi(,n,n—da)| ifd<n

The maximum in Theorem 4 is attained at the largest nonnegative integer i for which 2i <d and

e 1 <1 n—d-—1
(= )( +(d—2i)(l—1/oc)+i>\ T

are satisfied.

We remark without proof that, up to permutations of the coordinates and of the alphabets in the components, the
Zi(a,n,n — d) are the only optimal configurations.

Our proof of Theorem 4 is based on the powerful methods developed by Ahlswede and Khachatrian in [1,3].

2. Reduction to an intersection problem

Let N denote the set of positive integers. For i, j € N put [i, j]={i,i + 1,..., j} and [i] = [1, {]. Further, let
2l = {A: A C [i]} and ([,i]) —{AC[i]: |A| =k
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Consider the set M = [1, an] together with the partition
M=MU---UM, where Mj={jeM:j=imodn}, i=1,...,n.
There is a natural bijection between the Hamming space " and the set
Cy={ACM:|[AnNM;|=1foralli=1,...,n},
which maps a = (aj, ..., a,) € #t0 A=J!_{(ai — )n +i} € €. Accordingly, we define for every ./ C €,
() = {{A1, A2} 1 A1, Az € o/, |A1A AL =2},

where A1 A A, denotes the symmetric difference of A; and A».
Recall that a system of sets .o/ C 2N s called t-intersecting if

|[Ai N Ay >t forall Ay, Ay € /.

For m € N let I (m, t) be the set of all t-intersecting systems .«Z C 2"}, and put
[Nt = (A 6"+ o/ € [(an, 1)).

The following equality is now obvious:

E(a,n,d)y= max |8(H)|. (1)
A el (n—d)
We continue with the well-known notion of left-shifted set systems [8].

Definition. For any ..o/ C 2N, any A € ./ and i, j € N let

YU\ ifi¢A, jeA, {[JU@A\{jD¢A,
A otherwise

S, j(A) = {

and S,',A]'(.,Qf) = {Sl"j(A) A€ JZ/}
A family o/ C 2N s called left-shifted in T (where T € N)if §; j(o/) = o/ foralli, j € T withi < j.

The shift-operations S; ; have the following easy but important properties.
Lemma 5. Let o/ C 2N andi, j € N. Then:

() S, ;(A) S 6 whenever o/ C €, and i, j € My for somek =1,...,n,
(i) |S;,j ()| =11,
(iii) S;, ; (/) € I(m,t) whenever o/ € I(m,t)andi, j € [m],
(iv) [E(S; j ()N = |6 (A)].

Let
LIT(t) ={o/ € I}(t) : o/ is left-shifted in every My, k=1,...,n}.
Now (1) and Lemma 5 imply

E(u,n,d)= max |&(2)]. (2)
ALl (n—d)

For any .« C 2N let
B(A)={AN[n]: A e L}

We note thatif a € #7, and A € %, correspond under the bijection between %", and %, then B(a) = A N [n], where
B(a) is defined in Section 1.
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The systems in L1, (n — d) have the following easily verified properties:
Lemma 6. Let o/ C LI,(t). Then

() B(A) € I(n,1),ie. |ANAyN[n]| >t forall Ay, Ay € oA,
(i) () C 2™ is an upset, i.e. By € B(A4) and By C By C [n] imply By € B(7).

If in addition o/ ={A € €, : AN [n] € B(</)} then
(iii)

W%dﬂ=(§> Y. (—[BE—1E

BeA ()

We note that (iii) applies for every ./ C LI} (n — d) with E(x, n,d) = |8()|.
By (2) and Lemma 6 we obtain a further reduction:

5 — —

E(u,n,d) = ma “IBD (o — 1B 3
@ <2>?J61(n.31§_d) Z(l’l |B])( ) N

Be#

Given a family % C 2!" and nonnegative real numbers (weights) w;,i =0, ..., n, put
n
w(%’): Za)‘mzz gn< i )‘w,
Be%# i=0

and

M(n,t,w) = max w(A).
Hel(n,t)

We consider the weights
W= (n—i)a— 1" “)
Then, according to (3) we have

o

E(on,d) = <2) M@.n—d. o). (5)
Let Zi(n,t) ={B C [n]: |BN[t+2il|>t+i} C 2" and recall the families F; (o, n,t) € #" defined in the
previous section. With Lemma 6(iii) we obtain

o

|6(F i, n, 1) = (2>w(9i(n,t))- (6)
Finally, (5) and (6) show that Theorem 4 is equivalent to the following:

Theorem 4'. Leto>3 and w; = (n —i)(oo — 1)" =1 i =0,...,n. Then

o(Fo(n, 1)) ifr=1,2,

M(n,f,w)Z{ max o(F;(n,t)) ift>2.
0<i< (n—1)/2

We remark that the cases ¢ = 1 or n sufficiently large follow from results of Frankl [7, Theorem 5.2, Remark 5.3 and
Theorem 5.4].
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3. Auxiliary results
Lemma 7. Let & C 2" be a nonempty system of sets such that

() 7 is complement-closed, i.e. A € & implies A =[m]\A € ¥ and
(1) & is convex,i.e. A,C € Yand AC B C Cimply B e ¥.

Furthermore, let vo > v{ > - - - > v, > 0 be real numbers. Put

1 Vi
—=min{il :O<i<m}.
0 Vi

Then there exists an intersecting subsystem . < & such that

V()=

1
v(&L). 7
) (&) (N
Proof. We follow the construction of an intersecting system .# given in [4].
If & = 2" we may take .# = {A C [m] : m € A} since then

A+ Qv = > Vami+0var1=> Y. Vapi+va =),
AC[m—1] AC[m—1]

Assume now that & # 21" and choose a set B € . such that B\{i} ¢ . for some element i € [m]. Consider the
partition & = %1 U %> U ¥3 U 4, where

F1={AeF:iecAand A\[i} € ¥},
Fr={AeF:i¢Aand AU} e &),
F3={Aec P :icAand A\li} ¢S},
Fi={Aec P i¢Aand AU{i}¢ ).

Clearly, ¥1 ={A: A€ ¥} =2and ¥3={A : A € 93} =4, and hence | ¥ || = |F>| and |F3| = |L4].
Further, 1 ={A U {i} : A € %>} and therefore

1 1
WS = Y va= Y V\A|+1>§ > va =§V(5”2)- ®)
AeS AeY AeY

Now .%’1 U %3 is clearly an intersecting system. It is easily verified that also the system .1 U .%4 is intersecting.
We may assume that

WU F3)<

70 V(S),

since otherwise we are done. Then necessarily

V(S22 U F) 2> (). ©)

0
1+0
Since B € 3 we have ¥4 = %3 # (). Hence v(¥4) > (1/Q)v(F4), and with (8) and (9) we obtain

V(S U5”4)>év(5ﬂzu5ﬂ4)> V(). |

1
1+ 0
Remark. The proof shows that there is always an intersecting subsystem .# C & for which strict inequality in (7)
holds unless % = 2["] and Vi4+1/vi is constant fori =0, ..., m — 1.



C. Bey / Discrete Applied Mathematics 156 (2008) 1510—1517 1515

Corollary 8. Let & C 21"l be a nonempty system of sets as in Lemma 7. Further let « > 1 and ¢ > 0 be reals. Then
there exists an intersecting subsystem $ C & with

m—|A|+c¢ 1 m—|A|l+c
2 PR (1 - D+ 1/c>> 2 e (10

AeSd AeY

For m > 1 there is an intersecting subsystem .9 C & such that strict inequality in (10) holds.

We continue with further auxiliary results. Recall the families Z; (n, t) which we abbreviate here and in the next
section by .7 ;. Recall also the weights w; which were defined in (4).

Lemma 9. The sequence o(¥;),i =0, ..., [((n —t)/2] is unimodal. More precisely, for 0 <r <(n — t)/2 we have
o(F 1)< O(Fy)

if and only if

1 t—1
(a_1)<1+(n—t—2r)(1—1/oc)+r><1+ P

Proof. The lemma follows by comparing the two numbers

P . t42r -2 " -t —2r
w(jprfl\/r) = Z . Wjtttr—1

-1
t+r s J
—t=2r
t+2r—2\" —t—2 . P
=<t—:_rr_1> Z (n j r>("—f—r+1—1)(a—1)"”’
j=0

== <; ifr__12> (o — 1)ran—l—2V ((I’l —t—2r) (1 — é) +r 4+ 1)

n—t—2r
_ t+2r—2 n—t-—2r
w(jfr\yrfl)z <t+r _2> E < j )wj+t+r
j=0

(e amem(1-Y) )

We need also the following numerical fact.

and

Lemma 10. Let o> 1 and 1 <r<(n —1t)/2. Then o(F ,_1) < o(F ;) implies

1 t—1
(a_l)<l+(n—t—2r)(1—1/oc)+s><1+ s an

for every positive integer s <r. Moreover, for t > 2 we have strict inequality in (11) unless (¥ ,_1) = wo(F,) and
s=r.

Proof. Putc = (n —t — 2r)(1 — 1/a). It suffices to show that

(1+5)/ 0oz = () (e )

for every integer s <r. Note that the LHS is decreasing in ¢, the RHS is increasing in ¢, and equality holds for
(t,c)=(2,0). O
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4. Proof of Theorem 4

We prove Theorem 4. It follows essentially from the following two lemmas whose proofs utilize the methods from
[1] (“generating sets”) and [3] (“pushing—pulling”).
Let L1(n, t) denote the set of all left-shifted r-intersecting systems % C 2" Put # | (y_s) /211 = F -1 = 0.

Lemma 11. Let r be the smallest nonnegative integer such that (¥ ;) > (% r+1). Then every % € LI(n,t) with
o(#) = M(n, t, o) is t-intersecting in [t + 2r], i.e. |[B1 N By N[t + 2r]| >t for all By, By € 4.

This is a special case of [5, Lemma 29] (let their («, k) be our («, n — 1)), and is thus not reproved here. Note that in
[5] only the existence of a system % having the properties of Lemma 11 is stated (even under the weaker requirement
o(F ) 2 o(F r41); this already would suffice for the following arguments), and that the proof there gives indeed the
above stronger statement (which, however, is only needed for uniqueness considerations).

We remark that the existence of a system % with the properties in Lemma 11 follows more generally for all weights
which satisfy w; Zw;y1,i =t,...,n— L and o(F,) = - - - Z(F |(n—1)/2)), see [6, Theorem 15].

Lemma 12. Lett >2. Let r be the largest integer such that t +2r <nand (¥ 1) < o(F ). Thenevery B € LI(n, t)
with (%) = M (n, t, w) is invariant under exchanging coordinates in [t +2r], i.e. S; j(#) =R foralli, j € [t + 2r].

Proof. If r =2 then r =0 and (%) > w(Z 1) by Lemma 9 (note that o >3). Lemma 11 shows that 4 is invariant in
[£].

Let ¢ > 2. We consider two cases, first let o(F ) > O(F y41).

ByLemma llevery 4 € LI(n,t)withw(#B)=M (n, t, ) is t-intersecting in [#+2r]. Let o/ ={BN[t+2r] : B € #}.
Then, since w(#) = M (n,t, w) and w; >0 fori =t¢,...,n — 1, necessarily

B={B C[n]:BN[t+2r] €.},
and thus

o(B) = o' (A)

where the new weights o}, ..., ] 4o, are given by
n—t—2r ] 2 n—t—2r PR

n—t—2r n—t—2r S i
o= 3 ( . >wi+,»= > ( . )(n—z—;)(a—l)””‘

X J . J

j=0 j=0
(o 1yl ((n —t—=2r)(1— 1/@ +1t42r — i>
(0= 1)

Further, we clearly have .o/ € LI(t + 2r,t). Let £ <t + 2r be the largest integer such that .o/ is invariant under
exchanging coordinates in [£]. Assume that

<t+2r. (12)

Consider the sets

A ={A € o : Sp+1.i(A) ¢ o/ for some 1<i <L},
A ={ANL+2,t+2r]: A e}

Clearly, «// # ( and hence .«/* # (). Now we state the following facts which (among others) follow from the
pushing—pulling method [3,4] (see also [6]):

(i) £>tand £ + ¢ is even.
(ii) .«/* is complement-closed (i.e. A € .o/* implies [£ + 2, n]\A € .o7*), and .&/* is convex (i.e. A} € A, € Az and
Ay, A3 € o/* imply A, € o7%).
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(iii) For all intersecting subsystems .#™* of .o/*,

L—t+2
/ /
) D02 S 30T > Ol (13)
AeJg* Aed/*

In view of (i) and (12) we may write £ =t 4 25 — 2 for an integer s with 1 <s <r. By (ii) we may apply Corollary 8
to the set system .o7* C 212514271 thig gives an intersecting system .o/7 C .o/* such that

m—|A| +c 1 m— Al +¢
g (14)
Eff =D 7 14+ @@= D1 +1/c) A% (— DA

form=t+2r —£—1=2(r —s) + | and any constant c. We put

c:(n—t—2r)<1—l>+s
o

in order to get from (14)

1
E o > E ' . (15)
[Al+(+1) /27 _ [Al+(L+1)/2
ot 1+ (@—1)A+1/c) Pt

Now, recalling our choice of r, we obtain from Lemma 10
1 1 £—1t+42
I +e—D(+1/0) 24G-1/s 20+1)°
which in view of (13) and (15) shows that the intersecting system .77 C ./* contradicts fact (iii).
Thus, the assumption (12) is false, i.e. .o/ and hence also 4 is invariant in [f + 2r].

Replacing r by r + 1 in the above arguments (including Lemma 10) except in (12), in the condition 1 <s <r and in
the conclusion that ./ is invariant in [t + 2r], yields a proof in the case w(¥# ) = o(F ,11). U

(16)

Proof of Theorem 4'. Let # € I(n,t) with M(n, t, ®) = w(%4). According to Lemma 5 we can assume that # €
Lli(n,t).

Let r be the largest integer such that r + 2r <n and o(F ,_1) < ©(ZF,) hold.

For t =1 and t = 2 we obtain from Lemma 9 (note o>3) that »r = 0. Then Lemma 11 gives # C F, i.e.
M(n,t,w) =w(Fy).

Let t >2. By Lemma 11, 4 is t-intersecting in [t 4 2r]. If o(%,_1) <w(Z,) then Lemma 12 shows that %
is also invariant in [t + 2r], which clearly implies 4 < %,, ie. M(n,t,w) = o(F,). f o(F,_1) = o(F;)
then Lemma 12 shows that 4 is invariant in [t + 2r — 2]. It follows # C %, 1 or A4 C F,,ie. M(n,t,w) =
max{o(F,—1), o(Z,)}. U
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