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Abstract A set of Boolean functions is called a bent set if the sum of any two distinct
members is a bent function. We show that any bent set yields a homogeneous system of
linked symmetric designs with the same design parameters as those systems derived from
Kerdock sets. Further we observe that there are bent sets of size equal to the square root of
the Kerdock set size which consist of Boolean functions with arbitrary degrees.
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1 Introduction

A bent function is a Boolean function with an even number of variables which has max-
imal Hamming distance from the set of all affine Boolean functions. Bent functions were
introduced in [11]. See ([6], Ch. 6) for a survey, and the next section for a formal definition.

Let all functions below have n variables, n even. A set of Boolean functions is called a
bent set if the sum of any two different members of the set is a bent function. A Kerdock
set is a bent set consisting of 2n−1 quadratic forms. Recall that a quadratic form is bent if
and only if it is nonsingular. It is easy to show and well known that the size of a Kerdock set
is maximal with respect to the other defining properties, cf. ([4], Ch. 12). Whether there are
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bent sets of size 2n−1 which consist of non-quadratic functions is an open problem, cf. ([6],
Ch. 6.10). In this note we show that there are bent sets consisting of 2n/2 Boolean functions
with arbitrary degrees.

In [3] the structure of Kerdock sets is investigated; it is shown that such a set defines a homo-
geneous system of linked symmetric designs ([2], see the next section for definitions). The
only known examples of such systems have design parameters v = 2n , k = 2n−1 ± 2n/2−1,
λ = 2n−2 ± 2n/2−1. We show that an arbitrary bent set defines a homogeneous system of
linked symmetric designs with these design parameters. In particular, the size of a bent set
is upper bounded by 2n−1.

2 Preliminaries

Let F2 denote the field with two elements and let Ln be the set of all linear functions Fn
2 → F2,

i.e. Ln = {ϕa : Fn
2 → F2, x �→ x · a | a ∈ Fn

2}. For a Boolean function f : Fn
2 → F2 set

wt ( f ) = #{x ∈ Fn
2 | f (x) = 1},

the weight of f . Let n be even. A Boolean function f : Fn
2 → F2 is called bent if

wt ( f + ϕa) = 2n−1 ± 2n/2−1

for all a ∈ Fn
2. Clearly, if f is bent then so is f + ϕ for any ϕ ∈ Ln .

The dual function of a bent function f , denoted by f̃ , is the Boolean function defined by

wt ( f + ϕa) = 2n−1 − (−1) f̃ (a) 2n/2−1. (1)

The dual of a bent function is again bent, moreover ˜̃f = f ([11], see also [6], Ch. 6.1). Using
(1) we get

wt ( f̃ ) = 2n−1 − (−1) f (0)2n/2−1. (2)

If f and g are bent then ([11], see also [6], Ch. 6.1)

wt ( f̃ + g̃) = wt ( f + g). (3)

A bent set (called bent Kerdock set in [1]) is a set of Boolean functions such that the sum of
every two functions in the set is bent.

A system of linked symmetric designs (introduced in [2]) consists of sets �1,�2, . . . , ��

and an incidence relation between each pair of sets such that

• each pair {� f ,�h} (of different sets) with its incidence relation is a non-trivial symmetric
design, and

• for each triple of different sets � f ,�g,�h , the number of z ∈ Vh incident with both
x ∈ � f and y ∈ �g depends only on whether or not x and y are incident.

These two properties are kept if one replaces incidence by non-incidence in a pair {� f ,�h}
(i.e. replacing the design by its complement). A system of linked symmetric designs is called
homogeneous if after suitable such replacements

• all designs {� f ,�h} have the same parameters.

A homogeneous system of linked symmetric designs can be transformed into an imprimitive
3-class association scheme, cf. ([7], Sect. 5.4).
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On Boolean functions with the sum of every two of them being bent 343

3 Linked symmetric designs from bent sets

For every Boolean function f : Fn
2 → F2 let � f := f + Ln = { f + ϕ | ϕ ∈ Ln}.

Theorem 1 Let B be a bent set of functions Fn
2 → F2. Then the sets �b, b ∈ B, and the

pairs of complementary incidence relations between any two different such sets defined by

{ f, g} ∈ R0 :⇔ wt ( f + g) = 2n−1 − 2n/2−1 ⇔ ˜f + g(0) = 0 ,

{ f, g} ∈ R1 :⇔ wt ( f + g) = 2n−1 + 2n/2−1 ⇔ ˜f + g(0) = 1

form a homogeneous system of linked symmetric designs. The design parameters are
(2n, 2n−1 ± 2n/2−1, 2n−2 ± 2n/2−1).

The proof is given after the following three auxiliary results. Given f, g : Fn
2 → F2 and

i, j ∈ F2 let

ci j ( f, g) = #{x ∈ Fn
2 : f (x) = i, g(x) = j}.

Claim 1 For any f, g : Fn
2 → F2 holds

c10( f, g) = 1

2
(wt ( f ) − wt (g) + wt ( f + g))

c01( f, g) = 1

2
(−wt ( f ) + wt (g) + wt ( f + g))

c11( f, g) = 1

2
(wt ( f ) + wt (g) − wt ( f + g))

c00( f, g) = 2n − 1

2
(wt ( f ) + wt (g) + wt ( f + g)) .

Indeed, the numbers ci j = ci j ( f, g) satisfy for f �= g the following identities:

c10 + c11 = wt ( f )

c01 + c11 = wt (g)

c01 + c10 = wt ( f + g)

c00 + c01 + c10 + c11 = 2n .

Claim 2 Let f, g : Fn
2 → F2 be bent functions such that f + g is also bent. Then it holds

c10( f̃ , g̃) = 2n−2 −
(
(−1) f (0) − (−1)g(0) + (−1)

˜f +g(0)
)

2n/2−2

c01( f̃ , g̃) = 2n−2 −
(
−(−1) f (0) + (−1)g(0) + (−1)

˜f +g(0)
)

2n/2−2

c11( f̃ , g̃) = 2n−2 −
(
(−1) f (0) + (−1)g(0) − (−1)

˜f +g(0)
)

2n/2−2

c00( f̃ , g̃) = 2n−2 +
(
(−1) f (0) + (−1)g(0) + (−1)

˜f +g(0)
)

2n/2−2 .

Indeed, Claim 1 and Eq. 3 imply

c10( f̃ , g̃) = 1

2

(
wt ( f̃ ) − wt (g̃) + wt ( f + g)

)
.

Then use (2). The remaining cases are analogous.
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Claim 3 Let f, g : Fn
2 → F2 be bent functions with 0 �= f + g ∈ Ln. Then it holds

c10( f̃ , g̃) = 2n−2

c01( f̃ , g̃) = 2n−2

c11( f̃ , g̃) = 2n−2 − (−1) f (0) 2n/2−1

c00( f̃ , g̃) = 2n−2 + (−1) f (0) 2n/2−1.

Indeed, these formulas are implied by Claim 1 and the Eqs. 2, 3 and f (0) = g(0).

Proof of Theorem 1 Let � = ⋃
b∈B �b. This is clearly a disjoint union. Consider f, g, h ∈ �

with �h �= � f and �h �= �g . Define for i, j ∈ {0, 1}
pi j := pi j ( f, g,�h) = #

{
h′ ∈ �h | { f, h′} ∈ Ri , {g, h′} ∈ R j

}
.

Note that

pi j = #
{
ϕa ∈ Ln | ˜f + h(a) = i , ˜g + h(a) = j

}

= ci j (˜f + h, ˜g + h).

Now the proof follows from the following three facts.
(i) Let � f �= �g . Then Claim 2 yields

p10 = 2n−2 −
(
(−1) f +h(0) − (−1)g+h(0) + (−1)

˜f +g(0)
)

2n/2−2

p01 = 2n−2 −
(
(−1)g+h(0) − (−1) f +h(0) + (−1)

˜f +g(0)
)

2n/2−2

p11 = 2n−2 −
(
(−1) f +h(0) + (−1)g+h(0) − (−1)

˜f +g(0)
)

2n/2−2

p00 = 2n−2 +
(
(−1) f +h(0) + (−1)g+h(0) + (−1)

˜f +g(0)
)

2n/2−2 ,

and these numbers depend only on � f , �g , �h (even only on � f + �h , �g + �h) and the
relation in which { f, g} lies.
(ii) Let f �= g and � f = �g . Then Claim 3 yields

p10 = p01 = 2n−2

p11 = 2n−2 − (−1) f +h(0) 2n/2−1

p00 = 2n−2 + (−1) f +h(0) 2n/2−1,

and these numbers depend only on � f (= �g) and �h (even only on � f + �h).
(iii) Let f = g. Then Eq. 2 yields

p11 = wt (˜f + h) = 2n−1 − (−1) f +h(0) 2n/2−1

p00 = 2n − wt (˜f + h) = 2n−1 + (−1) f +h(0) 2n/2−1,

and again these numbers depend only on � f (= �g) and �h (even only on � f + �h).
By (ii) and (iii) the design parameters of {� f ,�h} are (2n, 2n−1±2n/2−1, 2n−2 ±2n/2−1),

depending on � f + �h . ��

Recall from the introduction that the size of a Kerdock set is upper bounded by 2n−1. We
observe that the same bound holds also for bent sets:
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Theorem 2 Let B be a bent set of Boolean functions on Fn
2 . Then |B| ≤ 2n−1

This follows for instance from a result of Delsarte which we state in Theorem 3 below.
When applying it to the bent set B we may assume that b(0) = 0 holds for all b ∈ B. Indeed,
replacing every b ∈ B for which b(0) = 1 by the Boolean function b + 1 yields again a bent
set of size |B|. Now consider � = ⋃

b∈B �b as a binary code C of length 2n−1, by evaluating
every f ∈ � on all 0 �= a ∈ Fn

2. Then C has size 2n |B|, and every pair of distinct codewords
has Hamming distance from the set {2n−1 − 2n/2−1, 2n−1 + 2n/2−1, 2n−1}.
Theorem 3 ([8], Example 2 on p. 82) Let m be an even square. If C ⊆ {0, 1}m−1 is a code
such that the Hamming distance between distinct codewords only assumes one of the three
values m/2 − √

m/2, m/2 + √
m/2 and m/2, then |C| ≤ m2/2.

Alternatively, Theorem 2 follows from Theorem 1 and the following result of Noda.

Theorem 4 ([10], Corollary 3) Let �1 . . . �l be a homogeneous system of linked sym-
metric designs with designs parameters

(
m, m/2 ± √

m/2, m/4 ± √
m/2

)
(with m being an

even square). Then l ≤ m/2.

See also [9] for another proof of Theorem 4.

4 Non-quadratic bent sets

The algebraic normal form of a Boolean function f : Fn
2 → F2 is its n-variable polynomial

representation from F2[x1, . . . , xn]/∏n
i=1(x2

i +xi ). The algebraic degree of a Boolean func-
tion is the degree of its algebraic normal form. If the vector space Fn

2 is endowed with the
structure of the field F2n , then the algebraic degree of a Boolean function is the binary weight
of the degree of its univariate polynomial representation from F2n [x]/(x2n + x), cf. ([6], Ch.
2.1). The algebraic degree of a bent function is upper bounded by n/2 [11]. Moreover, for
any 2 ≤ d ≤ n/2 there are bent functions of algebraic degree d . A Kerdock set is a bent set
consisting of 2n−1 quadratic functions. In this section we show that there are bent sets of size
2n/2 which contain functions with arbitrary algebraic degrees.

Let x · y denote the standard inner product of two elements of Fk
2. A vectorial bent func-

tion is a function F : Fn
2 → Fk

2 such that for every nonzero v ∈ Fk
2 the Boolean function

Fv : Fn
2 → F2, x �→ v · F(x) is bent, cf. [5]. Vectorial bent functions exist if and only if

1 ≤ k ≤ n/2. The following result is now immediate:

Proposition 1 Let F : Fn
2 → Fk

2 be a vectorial bent function. Then
{

Fv : Fn
2 → F2 , x �→ v · F(x) | v ∈ Fk

2

}

is a bent set. Moreover, this set is closed under addition.

Taking k = n/2 in Proposition 1 we get a bent set of size 2n/2.
Next we recall the Maiorana–McFarland construction for vectorial bent functions, cf. [5].

Identify Fn/2
2 with the field F2n/2 and Fn

2 with F2n/2 × F2n/2 . The inner product in F2n/2 is

given by x · y := T rn/2(xy) = xy + (xy)2 + · · · + (xy)2n/2−1
. Let π : F2n/2 → F2n/2 be a

permutation and h : F2n/2 → F2n/2 be arbitrary. Then the function F : F2n/2 ×F2n/2 → F2n/2

given by

F(x, y) = π(x) y + h(x)
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is a vectorial bent function of Maiorana–McFarland type. In [3], a bent set of quadratic
functions is obtained by taking π(x) = x and h(x) = 0.

Now we use a similar construction to define bent sets of size 2n/2 which consist of func-
tions with arbitrary given degrees. Let again π : F2n/2 → F2n/2 be a permutation, and for
each nonzero v ∈ F2n/2 let hv : F2n/2 → F2n/2 be an arbitrary function. Put h0 := 0. Then

{
Fv : F2n/2 × F2n/2 → F2 , (x, y) �→ T rn/2 (v π(x) y + hv(x)) | v ∈ F2n/2

}
(4)

is a bent set.

Theorem 5 Given integers d1, . . . , d2n/2−1 with 2 ≤ di ≤ n/2, there exists a bent set
{0, b1, . . . , b2n/2−1} of size 2n/2 such that the algebraic degree of bi is di .

Proof Let 0, v1, . . . , v2n/2−1 be the elements of the field F2n/2 . In (4) let π(x) = x . Consider

bi (x, y) := T rn/2
(
vi x y + hvi (x)

) = T rn/2(vi x y) + T rn/2(hvi (x))

where hvi is choosen such that the algebraic degree of T rn/2(hvi (x)) equals di . The degree
of bi is di since the algebraic degree of T rn/2(vi x y) is two.
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Pott for indicating the connection of our original construction with the notion of vectorial bent functions.
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