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An Asymptotic Complete Intersection Theorem for Chain Products

CHRISTIAN BEY AND KONRAD ENGEL

Let Ny (n, k) be the set of alh-tuples over the alphabéd, 1, . . ., k} whose component sum equals
£. A subsetF C Ny(n,K) is called at-intersecting family if every two tuples ifF have nonzero
entries in at least common coordinates. We determine the maximum sizetehgersecting family
in Njxnj (n, k) asymptotically for all fixed. (0 < 2 < k) andn — oo.
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1. INTRODUCTION

For positive integer&, ¢ andn let Ny(n, k) = {a = (a1,...,an) : & € {0,1,...,k},
i=1...,n> a = ¢}. Afamily F € N¢(n, k) is calledt-intersecting if for alla,b € F
there exist coordinatess, ..., it such tha’a;j , bij > 1 holdsforj = 1,...,t. Define

Me(n, k, t) = max{|F| : F € Ng(n, k), F is t-intersecting.

N¢(n, k) can be viewed as theth level of the direct product af chains O< 1 < --- <k
(see [4] for terminology not explained here). We identify(n, 1) with ('), the family of all
£-subsets ofl, ..., n}. SetWy(n, k) = |Ng(n, K)|.

Define fora € N¢(n, k) resp.F € N¢(n, k) the support of resp. ofF by supga) = {i :
a > 0} resp. suppF) = {supfa) : a € F}. Obviously,F € Ng(n, k) is t-intersecting iff
SUp[F) is t-intersecting.

LetSr¢ = {Se (W) :[SN[L t+2r] > t+r}, wherer € {0} UN and]i, j]is defined as
{i,i+21,...,j}

THEOREM 1.1 (AHLSWEDE, KHACHATRIAN [1]). Letn> 2¢ —t andr € {0} UN such
that(¢ —t+ DR+ <n< @ —t+1@2+521). Then

r+1
Me(n, 1, t) = |Sr el-
For fixedA > 0 define the familiesy, ..., 7—1%4J C Npinj(n, k):
Fr ={ae Npnj(n, k) : supga) € S j for somej}.

Letar be the unique positive solution of the equation- X2 + - - + xk = L and define
At,.—1 =0and

koo k
Ay = Lizai%ys _ ot Zioti
,r 1+0tt,r+"'+0‘tk,r t+2r_|_1i:1 t,r-

Note thatit o < At,1 < --- and lim o0 Aty = A1.0.
THEOREM 1.2. Letk t andx be fixed and let n tend to infinity. Then

(@) Mpuny(n, K t) ~ | Fr [ if Aer—1 < A < Aer,
(b) Mnj(n k. t) ~ $Wiany(n, k) if 2 = 110,
(©) Mpinj(n, K, t) ~ Wpn(n,K) if A > Aq0.
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The case (a) with & 1 < it,0, and the case (c) were proven by Engel and Frankl [5]. The
key ingredient in their proof is the exact bound of the @&dKo—Rado theorem (see [7, 9]).

The proof of case (a) with strictinequalityy 1 < A < At is a generalization of [5] using
the Ahlswede—Khachatrian theorem.

The proof of case (a) with equality = At will follow from a somewhat more general
version of the Ahlswede—Khachatrian theorem.

Let wo, w1, . . ., wn be nonnegative real weights. F8rc 2N definew(S) = Y[, 1S N
([?])kz)i. LetSr = UpSre.

THEOREM 1.3. For an integer re {0} U N consider the open interval

n n
2+ =+ 2+m

Then for anywo, wy, ..., wp such thatw; = 0ifi ¢ I, we have
maX{w(S) : S € 2", S is t-intersecting = max{w (S ), o (Sr+1)}.

SKETCH OF PROOF. Itfollows from the proof method of [1] resp. [2] that a left compressed
optimal family S is generated ifil, t + 2r + 2], i.e.,

ISNSN[Lt+2r+2] >t forall §, S € S,
resp. is invariantinl, t + 2r], i.e.,
Sjes forallSe S,i,j e[l t+2r],

where§ j is obtained fronSby exchanging the coordinates . It follows easily thatS = &;
or S = Sr4+1. A complete proof can be found in the survey [3]. O

The proof of case (b) will require some tedious calculations.

We remark that the cage= 1 is settled (in principle) by a profile polytope theorem for
intersecting families due to Eod; Frankl and Katona [6] (see also [4, p. 114]). In particular,
Wu [10] showedM,(n, k, 1) = |]—‘Ln%1jl if £>n.

2. PROOF OF CASE (A)

First we recall a lemma from [5] on the average size of nonzeros in membig0tn, k).
Let A be fixed andr be the unique positive solution of the equation

iXi;ioﬂ =A<Xk:ai>.

i=0

1
.
i

LEMMA 2.1. Lete > Obe given. The number of elemeats N|;n(n, K) with | supga)| ¢
[(p—e)n, (p+ €e)n] is exponentially small (in n) with respect to) My, (n, k).

Definep=1-

See [5] or [4, p. 329] for a proof. O

LEMMA 2.2. lej('_[:,lk) < (i) for € = ket +1).
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PROOF. If ¢ > k(t +r) then|suppa@)| >t +r foralla € Ny(n, k). ThusN;(n, k) =
UtcringTi=t+2r{a € Ne(n, k) : [suppga) N T| >t +r}. O
Now let 7 € Njunj(n, k) be a maximunt-intersecting family. Consider
F =lae F:suppa) e [(p—e)n, (p+enl),
Fr ={ae Fr :suppa) € [(p— )N, (p+e)nl},
Wﬁw(n, k) = I{a € Niunj(n, k) : supp@) € [(p—e)n, (p+e)nl}|.
From the preceding two lemmata we conclude that
Wiany (0, K = Wiy (0K Wiy (1K) = Wiy (0, 0
|71 - |Fr

 Wiang (0, K) = W, 0 (1K) Wiy (n, k)
B W_iin) (0, K) | Fr |

tends to zero fon — oo, which implies
\F'| ~ |F] and|F, | ~ | F| for n — oo.

If )\.t’rfl <A< )\.t’r then2++;1 < p< ﬁ ChOOSG?, § > 0 such that
r r+

1 1
[p_E,p+€]§|: —l+8’ _l—3j|.
2+tT 2+:ﬁ

Then, using the Ahlswede—Khachatrian theorem, we have for targe

EDY

J

<3 IS0 Wing—j (. k= 1) = |71,
j

SUPHF ) N <[?]> ‘WLAnj—j (j.k=1)

where the summation is extended overjadl [(p — €)n, (p+ €)n]. It follows |F| ~ |F | for
n— oo.
If + = Atr then choose, § > 0 such that

1 1
[p_€5p+6]g[ t—1 +87 t—1_8j|'
2+ == 2+m

Theorem 1.3 yields in this case
IF| < max(| A . |17 44}
Thus,|F| ~ | F | will follow from |F; | ~ |Fr 1.
LEMMA 2.3. Letx = Atr. Then|F| ~ |Fry1| forn — oo.

PrROOF. The proof is a routine application of a local limit theorem (see [4, Ch. 7]). Let
A= Ar,a = apr. Define

We(n,k;m, j) = H(al,...,an,an+l,...,an+m) € [0, k]" x [0, j]m:Za; =e”.
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Note that
t+2r
[Fr \ Fryal = gy Winj—t+n T +r.k—1Ln—(t+2r +2), k),
t+2r
|Frr1\ Frl= t4r—1 Wiin)—t4r+pt+r+1L k—=1Ln—(t+2r +2),k).

Consider the discrete random variabégsé, defined by Prog, = i) = ai/(l ‘ot
+aX,i=0,....,kand Prolts, = i) =o' /A +a+---+ak1),i =0,...,k—1. The
random variablé; has expected valug let o2 be the variance of;.

Define a third random variablg, as the sum of independent copies @b andn — a
independent copies @i, a € N. Note that

at

A+a+--+aHaA+a+ - a2

If a is constant then it follows from a central limit theorem [8, Chap. 8.2] that the sequence
{¢n} is asymptotically normal with meam. and variancao 2. Moreover, since the sequence
Proh¢, = j) is properly log concave i (see [4, p. 307]) we have local asymptotic normality,
ie.,

Prol(¢n =€) = W;(a, k—1;n—a,k).

- 1
lim_o/nProlign = lov/nx+ un)) = Ee‘xz/z 1)

uniformly for all x € R. It follows (with X = ¢/ /n) that

1 A+a+-+akH2A+a+.--+akn2

WW]H_C(a, k—1n—a,k) ~ 7nho alrnl+c

@)

for n — oo, wherec is an arbitrary constant.
Applying this asymptotic formula toF; \ F; 11| and|F; 41 \ Fr| yields the claim. O

3. PROOF OF CASE (B)

Let A = A10, « = @10. We consider again the discrete random variable$, defined
in the proof of case (a). Letj resp. ojz denote the expected value resp. the variance of
£, = 1,2, and definer? := 0. Note thats = 1, u = 21 — 1 ando? = 2(c2 + 12).
Further, letts be the random variable defined by P¢gh=i) = 1/2,i = 0, 1, with expected
value s = 1/2 and variances? = 1/4. Again, the sum of independent copies & is
locally asymptotically normal (im) with meannyj and variancelojz.

| Fr |
Win) (n.K)

LEMMA 3.1. 1lim;_ oo liMps oo =1

PrRoOF. Firstletr be constant. We have

r t+2r )
|Fr| = -2(:) (t r +i>WLAnJ(t+r+i)(t +r+i,k—=1;n—(t+2r),k).
=

From (2) we know

1 2n7(t+2r)

WL)\nJ—(t-Q—r-}-i)(t_’_r+i,k_1;n_(t+2r)’k)N ma aLknJ
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Applying (1) (withx = 0) to a sum of independent copies @i yields
1 2n

Wsny(n, k) ~ mm-

3)

Thus,

, | Fr | 1 [/ t+2r 1 1 / t4+2r
lim = - _ ,
n—>oo Win (n, k) — 20+2 Z t+r +i 2 2t+2'O<Z t/24r1 +i

= t
i=0 <i<s3

wherei e Nif2 | t,i e N+ % if2 1t andzg means taking half the (possible) summand for
i =0.

Now letr vary. Applying again (1) (withxk =i /o3+/t + 2r) to a sum ot + 2r independent
copies ofts yields

( t+2r > ~ ;2”2' forr — oo
t/24r1 +i 2r(t + 2N)os3 '
The claim follows. O

Lemma 3.1 show$/)n (N, Kk, t) > lWWJ (n, k). Case (b) follows already from the con-
verse ift = 1.

LEMMA 3.2. Munj(n, K, 1) < 3W3n (0, k).

PROOF. Lete > 0 be given. From (3) we know

n

1
(1 —€)Wpnj(n, k) < mm

< (L+ e)Wpn (n, k) (4)
for sufficiently largen.

In addition toe let M > 0 be given. M will be determined by later.) We will apply (1) to
& andés with specified error estimates. Lete Nif 2 | nandu € N+1/2if 2 4 n. Applying
(1) (withx = ‘j/ﬁ) to a sum ofn independent copies &g yields

02

M2
e 2(:32

n 1 __uZ
§3=—+u>——e 203°n | < ¢

2 Ne

for sufficiently largen. It follows for |u| < M/n and largen

o3/N Prob(

n

Ver

i=1

2

u U2
1 one o o ( !

2Ne 23, 5
2mnos3 A/ 2mnosg ( )

Applying (1) (withx = —2au/o2, / % + u)toasum ofg +uindependent copies &5 yields

1-9 ><(1—|—6)

n
5+u

n/2+u 23242 1 _ 22m2

n 1 = sy
Vn 2+uProb< = [An] — —+u>——e o2°/2+0) | < € e 2
o2y/N/ E &2 = |An] (2 ) ez < ez

i=1

for sufficiently largen. Note that forju| < M/n

1 1 1
n/2+u > n/4, (1_6)m<«/m<(1+6)ﬁ
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and

74A2u2 _ 2,.2y2 74)L2u2
1-e)e % @ /2t 1+ e)e 092N

if nis large enough. It follows foju| < M./n and largen

3 1 1 _4)L2u2
1—e6)°— e 2% < W — n/2+uk—-1
1-e ety o] < Wiin)j—n/2+uy(N/2+ )
1 1 _4)L2u2
3 92N
< Ao et 7 ©)

and consequently

1-¢€\®
(1+ e) Wiin)—n/2—uy(n/2—=u, k = 1) < Winj—n/2+uy(n/2+u, k= 1)

1+¢€\°
= (E) Win)—(n/2- (/2 — U,k — 1).
(7

Combining (5) and (6) yields

2 ([ 02
1-e* 21 y > R (422+2”13 )
/2700 PN /Tos0s W J/n

n
< Z ( )Wunj—<n/2+u)(n/2+ uk—1)

Wi n/24u
A on 1 Z 2(4x§+ 1 )
<(A+e) 203
[An]
V2rno o J—ozos Mevl Rl
We have
2
/oo t2<422+2”132> dt ;/; o203
_ 45 1 o
> o? T 22
and hence,

2 2
1 uT 4\ + 1 )
Z —e (? w?) - 1+e¢)

o
1—-¢) <
Vo203 S VD

providedn andM are large enough. Note that hdvkis determined by only. In view of (4)
we conclude for sufficiently large

n
1= Wjnj(nk) < Y (n/z +U>WLAnJ—(n/2+u)(n/2+U,k—1)
lu<Myn

< (14 €)®Wpn (0, k). (8)
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Finally, combining (7) and (8) yields

1d-e’\, nk< Y ( n )W (/24U k—1)
577 1 3 Wiangh, < LAn]—(n/2+u) , K —
2(1+e) oo \N/2 4 u

1(1+¢)°

Now letF € Npinj(n, k) be an arbitrary intersecting family. Let
Fi={ae F:|supga)| € [n/2— M./n,n/2+ M/n]},
Fa=F\ F,
whereM is chosen such that (8) and (9) are satisfied. From (8) we know
| F2| < 6eW (N, K)

for sufficiently largen. SinceF is intersecting we have for all

n n n
N N .
SUPRZ) <n/2+ u) | SUPRY) <n/2— u)‘ = (n/2+ u)
It follows with (7) and (9) for sufficiently large
1(1+e)!2
———W, k).
Al <3 1— o) 1an) (N, K)
Hence,| 7| < 2W;n (n, k). O
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