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1 Introduction

Radial basis functions have spread into a wide field of topics in numerical mathe-
matics and computer science. Applications can be found in approximation of high
dimensional and/or scattered data and the modelling of partial differential equa-
tions, as well as in neuroinformatics where so-called radial basis function networks
are prominent. Not only for the mentioned applications, these functions are of spe-
cial interest, since they show several features which make them well suited for a wide
range of problems and, at the same time, computationally attractive.

The characteristic property of radial basis functions is that their value only de-
pends on the ”distance” of the argument to a fixed element of the function’s domain.
More exact, a radial basis function f is given by

f : V → C, f (x) = f̃ (‖x− y‖) , f̃ : R+ → C, x, y ∈ V,

where (V, ‖·‖) is a metric space. The definition shows clearly that calculations are
simplified, since radial basis functions behave like univariate functions, although
their domain, in general, is multi-dimensional. Especially for higher dimensions,
this fact contributes at a considerable amount to the effectiveness of algorithms
which utilize these functions.

Moreover, many radial basis functions have physical interpretations making them
a reasonable choice for the modelling of many physically motivated problems. The
Poisson kernel for example, a function we will investigate later in this text, can
be viewed as a solution of a potential problem, which makes it particularly useful
for a range of problems on spherical geometries. As another example, the well
known multivariate Gaussian normal distribution is a radial basis function and is
often used to represent models that incorporate an uncertainty principle or random
noise. Additionally, not only the Gaussian distribution, but many of these functions
can also be regarded as probability density functions, which leads to stochastic
interpretations.

From another point of view, the use of radial basis functions for approximation
problems becomes clear. They can be used to interpolate functions from a given set
of scattered data points without requiring a certain structure in their distribution
in the domain. We can think of a set of these functions, where each of them is
associated with exactly one of the data points and models the influence of it on
a probabilistic model of the function to be approximated. A model function can
be derived as a linear combination of these functions. For reasonable choices, they
are often unimodal and show exactly one global maximum at a certain point, often
referred to as their center. Therefore, each function’s influence on the model function
decreases as one moves away from it’s center, which, besides from being somewhat
logical in many cases, leads to a stability property of the interpolating function.
Deviations of a single data point only become visible in it’s neighborhood. Unlike
other interpolation and approximation schemes, like trigonometric polynomials, the
wide scope of orthogonal polynomials, or wavelets, radial basis functions can be used
for almost every form of unevenly distributed data.

In this text, we generally deal with a setting where we like to describe real-valued
functions, defined on a two-dimensional sphere embedded in the Euclidean space R3.
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In this case, one has to take certain peculiarities into account which arise from the
non-linear topology of a sphere.

Chapter 2 gives a quick introduction to notational conventions used and special
properties of spherical geometry. We tried to keep it short and simple and refer
to the literature for an in-depth introduction and elaborate proofs of the theorems
mentioned.

In Chapter 3 we review Legendre polynomials, associated Legendre functions and
spherical harmonics. These functions and the underlying concepts form the classical
basement for spherical approximation. Although they are not strictly related to the
setting described in later chapters, the definitions and results from this chapter will
be of use for later investigations on the Poisson kernel.

The following Chapter 4 introduces the concept of spherical basis functions and in
particular positive definite functions. They represent an entirely different approach
compared to spherical harmonics, which is well suited in cases where spherical har-
monics tend to exhibit unwanted ripple structures in the approximating function.
This can be often observed when somewhat smooth data with only a few protruding
peaks serves as input. As we will see, spherical basis functions can master this sit-
uation quite well. In fact, many radial basis functions can also be used as spherical
basis functions. We will also take notice of some famous theoretic results about
spherical approximation with this kind of functions. As a drawback, these results
only incorporate cases where all used basis functions are equal up to a rotation
around the center of the sphere. This contradicts the idea of using different kinds
of functions to represent regions of different smoothness in the data. The geometry
of the sphere itself renders this uniform approach often useless by causing the same
type of problems. In the conclusion, we show how the linear independence of Poisson
kernels of pairwise different parametrization can be shown.

Chapter 5 formulates some algorithmic aspects which arise in spherical approxi-
mation with radial basis functions. Some symmetry properties are derived and it is
shown how they can be exploited to reduce computational costs. But as a warning,
the amount of reduction that can be achieved, strongly depends on the concrete
distribution of the given data. Moreover, the spherical geometry introduces further
difficulties and reduces the effectiveness of the proposed methods.

Finally, Chapter 6 shows applications of the concepts introduced in the previous
chapters to real-life data from texture analysis in cristallography. We demonstrate
that for these data sets, a multiscale approach incorporating Poisson kernels or other
radial basis functions of different ”shape” is obligate for a good approximation result.
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2 Basics

In the introduction we have described in general, what kind of problems address in
this text. This chapter aims to provide the fundamentals needed, in order to de-
scribe and treat them mathematically. Section 2.1 therefore introduces basic nota-
tional conventions of spherical geometry. In Section 2.2, the spherical approximation
problem is described briefly.

2.1 Notational Conventions

We deal with points ξ in the Euclidean space R3. For the sake of simplicity, we don’t
clearly distinguish between these points and the corresponding vectors ~ξ, which point
to them, when placed at the origin. We use α to denote the angle spanned by the
two vectors ~ξ and ~η placed at the origin and also call it the angle between the two
points ξ and η. The same convention also holds for scalar products, when we write
〈ξ, η〉 instead of 〈~ξ, ~η〉. As most investigations will be concerned with points on
a sphere around the origin, we make excessive use of spherical coordinates rather
than employing the Cartesian coordinate system. Every point ξ ∈ R3 \ {0} given
in Cartesian coordinates by the vector (x1, x2, x3)

T can be uniquely described in
spherical coordinates by a vector (r, θ, ρ)T with r ∈ R+, θ ∈ [0, π] , ρ ∈ [0, 2π) for
which the correspondence

(x1, x2, x3)
T = (r sin θ cos ρ, r sin θ sin ρ, r cos θ)T (2.1)

holds. Vividly speaking, θ and ρ represent the longitudinal and latitudinal angles
whereas r represents the radius around the origin. Hence,

r =
√

x2
1 + x2

2 + x2
3 = ‖x‖2

yields the distance to the origin in the 2-norm. Figure 1 illustrates this convention.
As common for Cartesian coordinates, we identify a point x with the vector (r, θ, ρ)T.

We continue our notes on notation by letting Sm be the m-th unit sphere em-
bedded into Rm+1, i.e.

Sm :=
{
ξ ∈ Rm+1 | ‖ξ‖2 = 1

}
.

In subsequent chapters, only S2 will be of interest for us. Therefore, we also use
abbreviations like sphere, 2-sphere, or unit-sphere, when we refer to S2. The restric-
tion to the unit-sphere further implies r = 1 for every point ξ ∈ S2. So we identify
ξ with the vector (θ, ρ)T, neglecting the fixed radius.

The following easy to prove lemma gives a reformulation of the standard scalar
product in R3 for spherical coordinates on the unit sphere.

Lemma 2.1 Let ξ = (θ, ρ)T, η = (θ′, ρ′)T ∈ S2 and α be the angle spanned by the
origin and the points ξ, η. Then the standard scalar product 〈ξ, η〉S2 = cos (α) is
given by

cos (α) = cos θ cos θ′ + sin θ sin θ′ cos (ρ− ρ′) .

Proof Using equation 2.1 immediately yields the statement. 2
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Figure 1: The spherical coordinate system in R3. Every point ξ on a sphere with
radius r around the origin can be uniquely described by the angles θ, ρ, and the
radius r. For θ = 0 or θ = π the point ξ coincides with the North or the South pole,
respectively.

Finally, we denote by Homn (R3) the space of homogeneous polynomials of degree
n ∈ N0 in R3, comprising all polynomials Qn that fulfil Qn (αx) = αnQn (x) for
arbitrary α ∈ R, x ∈ R3. A subspace of Homn (R3) is defined by

Harmn

(
R3
)

=
{
Qn ∈ Homn

(
R3
) ∣∣ (∆xQ) (x) = 0, x ∈ R3

}
, (2.2)

namely the room of harmonic homogeneous polynomials of degree n, where ∆x

denotes the Laplace-operator

∆x =
∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂x2
3

. (2.3)

Furthermore, the relations

dim
(
Homn

(
R3
))

=
(n + 1)(n + 2)

2
and dim

(
Harmn

(
R3
))

= 2n + 1 (2.4)

hold (for a proof see [3], Chapters 2.2 and 2.3). To keep it short, we write Harmn (S2)
and mean the restriction Harmn (R3)|S2 of Harmn (R3) to the sphere S2.
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2.2 Spherical Approximation

We start with a given finite dimensional space V of square integrable functions over
S2. With respect to a basis {ϕk}K

k=1 of V , every f ∈ V has a unique representation

f =
K∑

k=1

akϕk, ak ∈ C.

In our setting, we are given L ∈ N data points (ξl, fl), where the ξl are points on
the unit sphere, and the fl represent corresponding measured values. We define the
abbreviations

f := (f1, . . . , fL)T ∈ CL, a := (a1, . . . , aK)T ∈ CK

and

Φ :=

ϕ1 (ξ1) . . . ϕK (ξ1)
...

. . .
...

ϕ1 (ξL) . . . ϕK (ξL)

 ∈ CL×K . (2.5)

We can now formulate the approximation problem on the sphere as follows:

Find ã ∈ CK satisfying ã ∈ arg min
a∈CK

‖f − Φ a‖2 .

Depending on which case holds, K ≤ L or K > L, the problem can be viewed as a
least-squares-problem or as a so-called special optimization problem. For the taks in
this text, K = L will hold and Φ will be assumed to be non-singular, so that the
solution can be explicitly written as

ã = Φ−1f.

Further information about the other cases can be found in [1], Section 2.2.
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3 Legendre Functions and Spherical Harmonics

3.1 Legendre Polynomials

Having mentioned some basic agreements, we now introduce the set of orthogonal
Legendre polynomials, the closely related associated Legendre functions, and dis-
cuss their properties. Based one this foundation, we describe the function space of
spherical harmonics and how it is related to spherical approximation. The reason,
why we set so great store by these topics, is that they not only have a strong rela-
tion to theoretical physics and represent classical, fundamental methods of spherical
approximation, but further build a mathematical framework for treatments of the
following chapters.

Orthogonal polynomials in common, play a great role in approximation theory.
For spherical settings, especially Legendre polynomials are vital. Not surprisingly,
there exists a great number of characterizations in the literature. In most cases,
they are derived by the Gram-Schmidt orthonormalization process, starting with
the monomials {ti}i∈N0

with respect to the inner product

〈f, g〉 :=

∫ 1

−1

f (t) g (t) dt, (3.1)

where f, g : [−1, 1] 7→ R. At variance with this definition, we use a denotation that
yields a different normalization.

Definition 3.1 For m, n ∈ N0, the functions Pn : [−1, 1] 7→ R with

1. Pn ∈ Πn,

2.
∫ 1

−1
Pm (t) Pn (t) dt = δm,n,

3. Pn (1) = 1,

are called Legendre polynomials.

The above definition makes only sense, if every of those polynomials does not
have a zero at t = 1. This can be seen from the corresponding Rodrigues-formula:

Pn (t) =
1

2nn!

dn

dtn
((

t2 − 1
)n)

.

The expression (t2 − 1)
n

represents a polynomial of degree 2n with two n-fold zeros
at t = ±1. Each differentiation step adds a new zero in the interval (−1, 1) and
reduces the order of the initial zeros by one. The final step then makes these zeros
disappear, which finally justifies Definition 3.1.

Many other independent representations are also available. We only propound
an additional recurrence relation in form of the corresponding three-term recursion,
which can be obtained for every set of orthogonal polynomials:

(n + 1) Pn+1 (t) = (2n + 1) tPn (t)− nPn−1 (t) , n ∈ N.
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For a collection of further representations, we refer the reader to [1] (Section 2.4.1)
again.

An interesting property of Legendre polynomials is that for n towards infinity
and applied to an argument of the form cos θ, they can be approximated by a simple
cosine function, as long, as θ is restricted to an interval [ε, π − ε] , with ε > 0. This
will allow for an investigation of their asymptotic behavior with regard to the zeros.
The following theorem states this famous result by Laplace, but we omit the proof
here.

Theorem 3.2 Let n ∈ N and θ ∈ [ε, π − ε] , ε > 0. Then the following equation
holds:

Pn (cos θ) =

√
2

πn sin θ
cos

((
n +

1

2

)
θ − π

4

)
+O

(
n−3/2

)
.

Remark 3.3 Since the zeros of the Legendre polynomials asymptotically behave like
those of a cosine, they approach an equidistant distribution in the interval [0, π] with
respect to θ. This fact will be of use in the next chapter.

Of equal importance is the next characteristic, concerning the power series

φ (h) :=
∞∑

n=0

Pn (t) hn, t ∈ [−1, 1] , (3.2)

which is absolutely and uniformly convergent for h ∈ (−1, 1) and features an inter-
esting, yet very simple representation.

Theorem 3.4 For all t ∈ [−1, 1] and h ∈ (−1, 1) , the identity

∞∑
n=0

Pn (t) hn =
1√

1− 2ht + h2
(3.3)

holds.

Proof We give an outline of a proof from [3]. First, by differentiation with respect
to h, one gets, after comparing coefficients in line with Equation (3.2), the differential
equation (

1 + h2 − 2ht
)
φ′ (h) = (t− h) φ (h) .

Under the initial condition φ (0) = 1, this equation yields the unique solution

φ (h) =
1√

1 + h2 − 2ht
.

2

Corollary 3.5 For all t ∈ [−1, 1] and h ∈ (−1, 1) it holds

∞∑
n=0

(2n + 1) Pn (t) hn =
1− h2

(1− 2ht + h2)3/2
. (3.4)
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Proof Since the series from Equation (3.2) is differentiable for all h ∈ (−1, 1), we
get

∞∑
n=1

nPn (t) hn−1 =
h− t

(1 + h2 − 2ht)3/2
. (3.5)

Now, using Equations (3.3) and (3.5), it follows

∞∑
n=0

(2n + 1) Pn (t) hn =
∞∑

n=0

Pn (t) hn + 2h
∞∑

n=1

nPn (t) hn−1

=
1√

1− 2ht + h2
− 2h2 − 2ht

(1 + h2 − 2ht)3/2

=
1 + h2 − 2ht

(1− 2ht + h2)3/2
− 2h2 − 2ht

(1 + h2 − 2ht)3/2

=
1− h2

(1− 2ht + h2)3/2
.

2

Remark 3.6 When the restriction h ∈ (0, 1) is applied, the function Gh : [−1, 1] →
R, with

Gh (t) :=
1− h2

(1− 2ht + h2)3/2
,

is called Poisson kernel. In Chapter 4, this function will play a major role when
we deal with approximation of data on the sphere. For the moment, we refer to
Figure 2 for a visual impression and take notice of the fact that the parameter h
allows us to control, how much the function’s energy is concentrated around t = 1.

3.2 Associated Legendre functions

The Legendre polynomials can be generalized. This is done by the following defini-
tion.

Definition 3.7 Let n, k ∈ N0 with k ≤ n. The functions P k
n : [−1, 1] → R, given

by

P k
n (t) :=

(
(n− k)!

(n + k)!

)1/2 (
1− t2

)k/2 dk

dtk
Pn (t) ,

are called associated Legendre functions.

Associated Legendre functions can be characterized in ways similar to those for
Legendre polynomials, for instance by the corresponding Rodrigues-formula or a
differential equation. They play an important role in the definition of spherical
harmonics. Note that for k = 0, the associated Legendre functions turn out to be
Legendre polynomials.

Similarly, these functions also obey an orthogonality property with respect to
the scalar product from Equation (3.1), if k is fixed.
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Figure 2: The Poisson kernel for different values of h. The x-axis is scaled linearly
with respect to θ while the argument for the function is t = cos θ. Since the cosine
function is monotone in the interval [0, π] , this yields a bijective mapping to the
interval [−1, 1] , where θ = 0 and θ = π correspond to t = 1 and t = −1. This is the
fashion, this function will be used in further investigations. It can be seen clearly
that the energy more and more concentrates around θ = 0, as h gets closer to 1.

Theorem 3.8 Let k, m, n ∈ N0, k ≤ min {m, n}. Then the associated Legendre
functions fulfil ∫ 1

−1

P k
m (t) P k

n (t) dt =
2

2n + 1
δm,n.

The proof is rather complicated and can be found in [1], Section 2.4.2.

3.3 Spherical Harmonics

In this section, we will review a classical method for spherical approximation, namely
the approximation in the function space of spherical harmonics. This type of func-
tions is motivated by problems, which yield partial linear differential equations of
second order.

At first, we recall Laplace’s differential equation in R3 formulated in Cartesian
coordinates,

∆f =
∂2f

∂x2
1

+
∂2f

∂x2
2

+
∂2f

∂x2
3

= 0.

This equation can also be rewritten in spherical coordinates, if f is restricted to a
two-dimensional sphere. The transformation is complex, but can be performed with
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elementary operations. We exclude the details here and show the result directly,

∆f =
∂2f

∂r2
+

2

r

∂f

∂r
+

1

r2 sin θ

∂

∂θ

(
sin θ · ∂f

∂θ

)
+

1

r2 sin θ

∂2

∂ρ2
= 0. (3.6)

The solution can be determined with an approach based on separation. The sought
solution f is written as the product of three functions, f = frfρfθ, which only
depend on r, θ, and ρ respectively. Then, Equation (3.6) can be rewritten and split
up into three equations, each one containing exactly one variable that can be solved
independently of each other. Again, the calculations necessary are beyond the scope
of this text. The interested reader might want to read [1], Section 3.1, for a complete
derivation of the solution. For the part depending on r, the solution

fr(r) := αrn,

with r ∈ R+, arbitrary n ∈ N0, and fixed α ∈ C, is derived from the linear differential
equation with non-constant coefficients

r2f ′′r + 2rf ′r − λfr = 0. (3.7)

Here, λ is a real valued constant. Equation (3.7) is of the Euler type and can be
solved with a well known method. The solution fρ for the ρ part can also be derived
with elementary calculations from the equation

f ′′ρ + µfρ = 0,

where µ ∈ R. The solutions are complex exponentials

fρ (ρ) := βeikρ,

with ρ ∈ [0, 2π) , k ∈ Z and a fixed β ∈ C. For the remaining part depending only
on θ, the calculations yield a differential equation, which is characteristic for the
associated Legendre functions, here applied to an argument of the form cos θ:

fθ (cos θ) := γP |k|
n (cosθ) , θ ∈ [0, π] , γ ∈ C.

It remains to be noticed that the values n and k are fixed among the different
solutions fr, fρ and fθ. After combination, these results gather in a set of functions in
spherical coordinates, all solving equation (3.6). For our considerations, we let r = 1
and introduce an additional scaling factor depending on n, resulting in functions Yn,k

with

Yn,k : [0, π] × [0, 2π) → C,

Yn,k (θ, ρ) :=
√

2n+1
4π

P
|k|
n (cos θ) eikρ.

It is behind the scope of this text to prove further properties of this functions and
delve into details. But to understand their importance in the context of spherical
approximation, we want to present the most significant facts. Surprisingly at first,
it can be shown that the solutions Yn,k are contained in the space of homogeneous
harmonic polynomials over S2, namely Harmn (S2), as stated by the following result.
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Theorem 3.9 The functions Yn,k with n ∈ N0, k = −n, . . . , n fulfil

Yn,k ∈ Harmn

(
R3
)
.

Due to the separability of the functions Yn,k, it is not difficult to prove that they
also fulfil orthogonality conditions with respect to the scalar product 〈·, ·〉S2 . Due to
the orthogonality of the complex exponentials with respect to the standard scalar
product in L2

2π, the orthogonality for a fixed n can be shown:

〈Yn,j, Yn,k〉S2 =
2n + 1

2
δj,k

∫ π

0

P |j|
n (cos θ) P |k|

n (cos θ) sin θ dθ. (3.8)

If we now define Hn to be Harmn (S2), it is not difficult to prove that for every
n ∈ N0, the set

{Yn,k | −n ≤ k ≤ n}

forms an orthonormal basis of Hn, since dimHn = 2n + 1.
If we use the orthogonality of the associated Legendre functions from Theorem

3.8, one can see from Equation (3.8) that the stronger condition

〈Ym,j, Yn,k〉S2 = δm,nδj,k

holds. This means that the spaces Hn are orthogonal to each other and makes
clear that a set of the form {Yn,k | n = 0, . . . , N, −n ≤ k ≤ n} with N ∈ N0 is an

orthonormal basis for the space
⊕N

n=0Hn.

Definition 3.10 The function space
⊕N

n=0Hn is called the space of spherical har-
monics of degree N .

Theorem 3.11 For every N ∈ N, the set {Yn,k | n = 0, . . . , N, −n ≤ k ≤ n} forms
an orthonormal basis of the space of spherical harmonics of degree N .

For practical concerns, spaces of this form seem not to be very useful. The re-
striction to homogeneous and harmonic polynomials might exclude various functions
from being as well representable, as in Πn (S2). The following theorem dispels this
apprehension by showing that the mentioned spaces are identical.

Theorem 3.12 Every function from the space of polynomials with maximum de-
gree N ∈ N, restricted to the sphere S2, can be represented as a sum of spherical
harmonics of maximum degree N , hence

ΠN

(
S2
)

=
N⊕

n=0

Hn.

The last result shows clearly, what a fundamental role spherical harmonics play
for approximation on the sphere. This scheme is today widely used for a wide range
of problems. Spherical harmonics can be seen as a somewhat natural extension of
the Fourier basis in L2

2π to the sphere. The latitudinal part is represented by the
well known complex exponentials, while for the longitudinal portion, the associated
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Legendre functions come to play. A different aspect is that spherical harmonics
also inherit some well known negative properties of the participating functions. For
rough data, the result of the approximation with spherical harmonics often shows
unwanted ripple structures near sharp deviations in the input data. There are several
applications, where the given experimental data just share these conditions. In the
following chapters, we will take a look at a different approach which can prevent
this behavior.

At last, we will now state the well-known addition theorem of spherical harmonics
that relates basis functions of Hn and Legendre-polynomials.

Theorem 3.13 For every L2 (S2) orthonormal basis {Yn,k}n
k=−n of Hn, it holds

n∑
k=−n

Yn,k (ξ) Yn,k (η) =
2n + 1

4π
Pn (〈ξ, η〉S2) .

The result of this important theorem will be employed in the following chapter.
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4 Spherical Basis Functions

In this chapter, we introduce an alternative class of functions, which is also suitable
for approximation on the sphere, the class of so-called spherical basis functions.
Instead of providing a basis for a certain function space on the sphere directly, the
space of spherical basis functions covers a wide range of functions, where each of
them generates a basis for an approximation space that is suited for a given set of
data points. This allows to adjust the used space to the properties of the given data,
in order to achieve optimal results, making spherical basis functions more flexible
and useful for unequally sampled and rough data. On the other hand, we leave the
well understood theory of spherical approximation using polynomials and enter a
field of mathematics, for which some parts of a complete theoretical foundation are
still missing and subject to research.

Strongly correlated with spherical basis functions is the class of positive definite
functions, we introduce now.

Definition 4.1 A continuous function G : [−1, 1] → R is called positive definite,
iff for every set of points {ξl}L

l=1 on Sm, where m, L ∈ N, the corresponding Gramian

matrix A := (ai,j)
L
i,j=1 with ai,j = G

(
〈ξi, ξj〉S2

)
is positive semi-definite. If A is even

positive definite, G is called a strictly positive definite function.

In general, it is hard to prove directly that a function is positive definite according
to the definition above. A characterization, which greatly simplifies this task for a
certain class of functions, is given in the following theorem by Schoenberg. A proof
can be found in [1], Section 4.1.

Theorem 4.2 Let G : [−1, 1] → R be a function of the form G (t) =
∑∞

n=0 anPn (t),
where

∑∞
n=0 |an| < ∞ holds. Then the following statements are equivalent:

1. The function G is positive definite on S2.

2. The coefficients an fulfil an ≥ 0 for all n ∈ N0.

Moreover, it can be shown that if the strict inequality an > 0 holds for all n ∈ N0,
the corresponding function G is also strictly positive definite. Now, we can define
what spherical basis functions are.

Definition 4.3 Every function G : [−1, 1] → R satisfying

G (t) =
∞∑

n=0

anPn (t) ,

with an > 0 for all n ∈ N0 and
∑∞

n=0 an < ∞ is called a spherical basis function.

Example 4.4 The Poisson kernel, defined by Remark Equation (3.6), is a spherical
basis function. This is a simple consequence of Corollary 3.5, after taking into
account that (2n + 1) hn > 0 for all n ∈ N0 and limn→∞ (2n + 1) hn = 0 hold, when
h ∈ (0, 1) .
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4.1 Approximation with Spherical Basis Functions

Until now, we have only described, how spherical basis functions can be defined,
but not, how the approximation according to the design described in Section 2.2
can be realized computationally. We need to derive a set of linear independent
functions, to be used, and have to define a mapping of points on the sphere S2 to
the interval [−1, 1] , so that they can be used used as arguments for these functions.
Starting-point is the set of given data points (ξl, fl) , L ∈ N. After having chosen a
spherical basis function G (for example, the Poisson kernel), we duplicate it L times
and associate each instance with exactly one of the pairwise different data points,
which yields functions Gξl

. This is done by letting

Gξl
(ξ) := G (〈ξl, ξ〉S2)

for ξ ∈ S2. Since the angle between to points on the 2-sphere defines a metric,
which is mapped bijectively and in a monotone way to the interval [−1, 1] by the
standard scalar product in S2, the values of the generated functions only depend
on the ”distance” of the argument to the associated point. For many reasonable
choices, the function value reaches a maximum when the argument equals 1, meaning
ξ = ξl, and decreases, as one moves away, towards a minimum for ξ = −ξl, where
the argument becomes −1. Therefore, these functions can be seen as radial basis
functions. As an example, Figure 3 shows the Poisson kernel evaluated that way for
different values of the parameter h.

It can be seen by comparison of the corresponding definitions that the Gramian
matrix from Definition 4.1 equals the matrix Φ introduced in Equation (2.5). Since
we know that this matrix is positive definite by definition of G, and therefore also
regular, the formulated approximation problem with spherical basis functions is well
defined and enjoys a unique solution. Note that using this property, the linear
independence of this set of functions can be proved easily.

From a more practical point of view, a drawback of the described method becomes
clear. Independently of the distribution of the points on the sphere, all data samples
are represented by rotated versions of the same function with fixed sharpness or
spatial density. As it is often the case in practical situations, the data does not need
to be distributed uniformly. Data points can be clustered in certain regions, while
in others, their density might be low. This can cause problems in the quality of
the computed approximation result. Please take notice of the fact that our scheme
requires the solution of an interpolation problem. This guarantees that the result will
fulfill the interpolation condition, but does not enforce further smoothness properties
of the result, directly. As practical calculations in later chapters will show, this can
lead to stability problems in regions where data points are concentrated and the
effective support of the used functions covers not only the associated point, but also
some of it’s neighbors.

Another aspect is that these functions can also be used for multiscale represen-
tations, where depending on the required accuracy, a subset of the basis functions
is used, to represent either a fine or a coarse approximation. Here, the need for
functions of different sharpness is also essential.

As well, as the use of this more flexible approach seems to be working (see for
example [4]), theoretic results ensuring the solvability of the problem for sets of
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Figure 3: The Poisson kernel evaluated on the sphere S2 for different values of h.
Starting with h = 0.6 in the upper left picture, the value increases in steps of 0.1 to
reach h = 0.9 in the lower right picture.

possibly different basis functions are not known yet. In the next section, we will
show the linear independence of Poisson kernels for pairwise different parameter
h. But two questions will remain open. First, if the matrix Φ still remains non-
singular, and second, if the linear independence of the functions can also be shown,
if arbitrary, but valid values for h are allowed (meaning that not all functions have
to differ in h).

4.2 Extension to the Multiscale Case

In order to investigate the linear independence of Poisson kernels at different scales
(that means for different values of h), we need some basic results about Legendre
polynomials and spherical harmonics.
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Theorem 4.5 Let θ ∈ [0, π] be fixed. There exists a constant c (θ) > 0, so that for
all n ∈ N0 there exists an m ∈ N0 with m ≥ n, so that√

2m + 1

4π
|Pm (cos θ)| > c (θ) (4.1)

holds.

Proof At first, assume θ = 0 or θ = π. By observing

|Pn (cos θ)| = |Pn (±1)| = 1,

we get the estimation√
2n + 1

4π
|Pn (cos θ)| =

√
2n + 1

4π
≥ 1

2
√

π
> 0.

By choosing m = n and c (θ) ∈
(

0, 1
2
√

π

)
, Equation (4.1) is fulfilled.

We now turn to the general case, where θ ∈ [0 + ε, π − ε] , 0 < ε < π is satisfied,
and employ the approximation formula from Theorem 3.2, we recall here:

Pn (cos θ) =

√
2

πn sin θ
cos

((
n +

1

2

)
θ − π

4

)
+O

(
n−3/2

)
.

Here and in the following equations, m ≥ 1 is assumed without loss of generality.
Using this formula in our representation, we conclude√

2m + 1

4π
|Pm (cos θ)|

=

√
2m + 1

4π

∣∣∣∣∣
√

2

πm sin θ
cos

((
m +

1

2

)
θ − π

4

)
+O

(
m−3/2

)∣∣∣∣∣
=

√
2 (2m + 1)

4π2m sin θ

∣∣∣∣∣cos

((
m +

1

2

)
θ − π

4

)∣∣∣∣∣+O
(
m−1

)
=

1

π

√
1 + 1

2m

sin θ

∣∣∣∣∣cos

((
m +

1

2

)
θ − π

4

)∣∣∣∣∣+O
(
m−1

)
=

1

π
√

sin θ

∣∣∣∣∣cos

((
m +

1

2

)
θ − π

4

)∣∣∣∣∣+O
(
m−1

)
Since the asymptotic part O (m−1) vanishes for m → ∞, we must ensure that this
cannot happen to the cosine term. By virtue of the fact that 1

π
√

sin θ
is a strict positive

constant for a fixed θ, we see that if we assume the contrary,

cos

((
m +

1

2

)
θ − π

4

)
m→∞−−−→ 0

must hold. Now, one can see easily that this cannot be true, since this would require
θ to be of the form θ = kπ, k ∈ Z and would therefore violate the assumption
0 < θ < π. This proves the theorem. 2
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The following corollary derives a similar property for spherical harmonics, which
we need for conclusions about the linear independence of Poisson kernels.

Corollary 4.6 Let ξ := (θ, ρ) ∈ [0, π] × [0, 2π) and n ∈ N0. Then there exists a
constant c (θ) > 0 and an index m ∈ N0, m ≥ n, satisfying

|Ym,0 (ξ)| > c (θ) .

Proof We utilize definition of the functions Yn,k from Section 3.3,

Yn,k (θ, ρ) =

√
2n + 1

4π
P |k|

n (cos θ) eikρ,

and close with the remark that for k = 0, this proof reduces to an application of
Theorem 4.5. 2

Corollary 4.6 now allows for an investigation of the linear independence of Poisson
kernels for pairwise different parameters h.

Theorem 4.7 Let N ∈ N, 0 < h1 < h2 < · · · < hN < 1 and

ξi := (θi, ρi) ∈ [0, π] × [0, 2π) , i = 1, . . . , N

be N pairwise different points on the 2-sphere. Then the functions

Gi (〈·, ξi〉S2) :=
∞∑

n=0

(2n + 1) hn
i Pn (〈·, ξi〉S2)

are linearly independent.

Proof We assume
N∑

i=1

λiGi (〈·, ξi〉S2) ≡ 0

for certain λi ∈ R and prove by contradiction that λi = 0 for i = 1, . . . , N holds.
Applying the definition of the Poisson kernel from Remark 3.6 and Theorem 3.13,
we get

0 ≡
N∑

i=1

λiGi (〈·, ξi〉S2)

=
N∑

i=1

λi

∞∑
n=0

(2n + 1) Pn (〈·, ξi〉S2) hn
i

=
N∑

i=1

λi

∞∑
n=0

4π hn
i

n∑
k=−n

Yn,k (·)Yn,k (ξi)

=
∞∑

n=0

n∑
k=−n

(
N∑

i=1

λi 4π hn
i Yn,k (ξi)

)
Yn,k (·).
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In view of the fact that the set
{
Yn,k

}
n∈N,k=−n,...,n

forms a basis of L2 (S2), the

following infinite set of equations must be fulfilled:

N∑
i=1

λi hn
i Yn,k (ξi) = 0, n ∈ N0, k = −n, . . . , n. (4.2)

Here we have omitted the multiplicative constant 4π. So assume that there exists
at least one i so that λi 6= 0 and define

imax := arg max
i=1,...,N

{hi | λi 6= 0} = max
i=1,...,N

{i | λi 6= 0} .

Furthermore, let m ∈ N be large enough so that

|Ym,0 (ξimax)| > c (θimax) > 0 (4.3)

and

|λi hm
i Ym,0 (ξi)| <

∣∣∣∣c (θimax)

N − 1
λimax hm

imax

∣∣∣∣ , i = 1, . . . , N, i 6= imax

are simultaneously satisfied. The existence of c (θimax) and m is ensured by Corollary
4.6 for equation (4.3) and the fact that

lim
n→∞

|λi hn
i Yn,0 (ξi)|∣∣ c

N−1
λimax hn

imax

∣∣ = lim
n→∞

∣∣∣∣(N − 1) λi

c λimax

∣∣∣∣ ( hi

himax

)n

|Yn,0 (ξi)| = 0

holds, due to the estimations∣∣∣∣ (N − 1) λi

c (θimax) λimax

∣∣∣∣ = O (1) ,

(
hi

himax

)n

= Θ
(
e−n
)
, |Yn,0 (ξi)| = O

(√
n
)
.

Now we get ∣∣∣∣∣
N∑

i=1

λi hm
i Ym,0 (ξi)

∣∣∣∣∣
≥

∣∣λimax hm
imax

Ym,0 (ξimax)
∣∣− N∑

i=1,
i6=imax

|λi hm
i Ym,0 (ξi)|

≥
∣∣λimax hm

imax
Ym,0 (ξimax)

∣∣− N∑
i=1,

i6=imax

∣∣∣∣c (θimax)

N − 1
λimax hm

imax

∣∣∣∣
=

∣∣λimax hm
imax

Ym,0 (ξimax)
∣∣− ∣∣c (θimax) λimax hm

imax

∣∣
=

(
|Ym,0 (ξimax)| − c (θimax)

)︸ ︷︷ ︸
>0

∣∣λimax hm
imax

∣∣︸ ︷︷ ︸
6=0

> 0.

This is a contradiction to Equation (4.2) and the theorem is proved. 2
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5 Algorithmic Aspects

This chapter concentrates on facets that play a role during the computation of
solutions of spherical approximation problems with radial basis functions.

At first, we commentate on a variety of properties of the interpolation matrix Φ,
explain under which conditions, regarding the distribution of the data points and
the set of basis functions used, they are present, and briefly mention, how they can
be employed to reduce computational costs.

In the second part, we take a closer look at one method that can be used, if the
data points are aligned in a grid. Other exploitable features only appear if the grid
fulfils additional structural conditions and most of them cannot be used to truly
reduce asymptotic computational complexity.

5.1 Some Properties of Spherical Grids

When we talk about a spherical grid, we mean a set of points on the 2-sphere that,
when viewed in the θ-ρ-plane, exhibits the structure of a rectangular grid consisting
of rows and columns aligned to the two principal axes. In the general case, we
allow rows and columns to have different angular distances to their neighbor rows or
columns. The most common case in practical settings, of course, is when the rows
and columns are distributed equispacedly in a certain interval I ⊆ [0, π] × [0, 2π) .
In this case, a complete description of the grid can be given by the coordinates of
a starting point, the number of columns and rows, and the relative angular offset
between adjacent rows and columns. The more general case is illustrated in Figure
4.

�

�

Figure 4: Mapping of a two-dimensional grid to a sphere. Every dot represents a
point or node of the grid. Note that the distance between adjacent rows and columns
varies and that the radius of the arcs, representing the rows of the grid, depends on
the longitudinal angle θ, while the arcs corresponding to grid-columns all have equal
radius. This is a direct consequence of the spherical coordinate system, we use.
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As easy as this setting seems to be at first, problems arise, when a grid is pro-
jected onto a sphere. To see this, we take notice of the fact that all circles following
a constant latitudinal angle ρ on a sphere pass through both, North and South pole,
and therefore have the same diameter as the sphere itself. It can be seen that the
points on such a circle are distributed linearly, not only with respect to the angular
measure, but also if we use radians to measure their distance. All points of a grid-
column are located on such a circle. Therefore, the mapping of angular distances
of grid-rows in the θ-ρ-plane to distances measured in radians on a sphere is also
linear.

Unfortunately, this does not hold for the columns, as well. When it comes to
circles containing only points with the same longitudinal angle θ, the radius depends
directly on θ. For θ = π

2
, the radius equals the radius of the sphere, while for θ = 0

and θ = π, it becomes 0, meaning that such a circle degenerates to a single point.
In general, for the radius r̃ of the sphere, the radius r (θ) of such a circle is given
by r (θ) = r̃ sin θ, hence by a non-linear mapping, and more worse, by a mapping
with zeros. Bearing this in mind, it is clear that the distribution of points in a row
becomes more and more dense, when, starting from θ = π

2
, θ moves towards 0 or

π. Since the grids we use all have a constant number of points per row, the spatial
distances of adjacent points in different columns varies with θ. The non-linearity
also affects the spherical standard scalar product, which also defines a metric on the
sphere, and so the values of the interpolation matrix Φ, too.

If one looks at a grid in the θ-ρ-plane, this might seem irritating at first, since the
plane, equipped with the Euclidean metric does not reflect the topological modalities
of a sphere. Luckily, only the latitudinal mapping is non-linear. This still allows us
to derive some symmetries, but not to such a great extend, as it is possible for planar
geometries. But before we start investigations, we have to provide an enumeration
or ordering for the points of a grid, because this is something, the matrix structure
strongly depends on. In this text, we use an enumeration in row-major order. That
means that the points are numbered row by row in increasing or decreasing order
with respect to θ and ρ. Figure 5 shows this ordering in principle. Following this
figure, we let from now on m be the number of rows and n the number of columns
of a grid, so that Φ ∈ Rmn×mn holds.

We now discuss three different principles and derive properties of Φ they imply.

All basis functions are rotated versions of a single basis function.

This is the classical case, for which the non-singularity of the resulting inter-
polation matrix is assured. We don’t require that the data-points are located
on a grid. Using the definition of Φ from Equation (2.5) and remembering
the rotated basis functions, derived from a single basis function G and each
associated with a grid-point, as described in Section 4.1, it follows

ϕi (ξj) = G
(
〈ξi, ξj〉S2

)
= G

(
〈ξi, ξj〉S2

)
= ϕj (ξi) . (5.1)

This clearly means that Φ is symmetric and allows one to roughly halve the
memory space, needed to store the matrix.

The data points are arranged in a grid, for which every angular distance
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Figure 5: An illustration of an ordering of grid-points in row-major order. The
points are numbered consecutively row by row, beginning with the first.

between adjacent columns, except for the distance between the last
and the first column, is equal.

This restriction allows for a decomposition of the matrix Φ into quadratic
blocks. A submatrix Φk,l of Φ, defined by

Φk,l =
(
ϕk,l

i,j

)
∈ Rn×n, 1 ≤ k, l ≤ m

and
ϕk,l

i,j = ϕ
(〈

ξ(k−1)n+i, ξ(l−1)n+j

〉
S2

)
contains all values that depend only on the scalar products between all points
of the rows k and l. Therefore, the matrix Φ can be viewed as an m × m
block-matrix consisting of quadratic blocks, each of dimension n× n:

Φ =


Φ1,1 Φ1,2 . . . Φ1,m

Φ2,1 Φ2,2 . . . Φ2,m

...
...

. . .
...

Φm,1 Φm,2 . . . Φm,m

 ∈ Rmn×mn.

The first row of blocks then contains all values from Φ that depend on the
calculation of the scalar products between points of the first and all other
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rows (including the first itself) of the grid, while the second one contains the
values depending on scalar products between points of the second row and
points of all other rows, and so on. We must note here that we only require all
basis functions in a single row to be derived from the same function. Therefore,
we cannot use the symmetry of the scalar product to conclude the symmetry
of Φ, as we have done in the previous item.

A remarkable consequence of the assumed equidistant distribution of the columns
is that the blocks Φk,l have a very simple structure. To see this, let θk and θl

be the longitudinal angles associated with rows k and l and ρi and ρj be the
latitudinal angles associated with the columns i and j. Furthermore, define
δ to be the fixed latitudinal angle that separates adjacent points in the same
row. With Gk as the basis function used for row k, we get for an element
ϕk,l

i,j = Gk

(
〈(θk, ρi) , (θl, ρj)〉S2

)
of a block Φk,l and the analogously defined

element ϕk,l
i−1,j−1 (if existent, that means if i > 1 and j > 1) the equation

ϕk,l
i−1,j−1 = Gk

(
〈(θk, ρi − δ) , (θl, ρj − δ)〉S2

)
= Gk (cos θk cos θl + sin θk sin θl cos (ρi − δ − (ρj − δ)))

= Gk (cos θk cos θl + sin θk sin θl cos (ρi − ρj))

= Gk

(
〈(θk, ρi) , (θl, ρj)〉S2

)
= ϕk,l

i,j .

This means, that every block Φk,l is of the form

Φk,l =


ϕk,l

1,1 ϕk,l
1,2 . . . ϕk,l

1,n−1 ϕk,l
1,n

ϕk,l
2,1 ϕk,l

1,1 . . . ϕk,l
1,n−2 ϕk,l

1,n−1
...

...
. . .

...
...

ϕk,l
n−1,1 ϕk,l

n−2,1 . . . ϕk,l
1,1 ϕk,l

1,2

ϕk,l
n,1 ϕk,l

n−1,1 . . . ϕk,l
2,1 ϕk,l

1,1

 ,

hence a Toeplitz matrix. We see that only the first row and column are needed
to completely determine each matrix. The next item treats the case where the
blocks are even circulant. As we will see below, any circulant matrix can be
diagonalized by a multiplication with a Fourier-matrix. This allows the com-
putation of a matrix-vector product with O (n log n) arithmetic operations.
Similarly, the solution of a linear system of equations, whose matrix is circu-
lant, can also be calculated with O (n log n) operations. Since every Toeplitz-
matrix can be embedded in a circulant matrix of almost twice the size for every
dimension, these algorithms can also be used for Toeplitz-matrices, yielding
the same complexity.

The data points are arranged in a grid, for which every angular distance
between adjacent columns, is equal.

This case is very similar to the last one, except that further symmetries appear.
We now require that also the angle that separates the first and the last point
in each row equals δ. First, due to the fact that the grid is now invariant to
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rotations along the axis through North and South pole by angles which are
multiples of δ, each row of a block Φk,l is a circularly shifted version of its
successor (if existent):

Φk,l =


ϕk,l

1,1 ϕk,l
1,2 . . . ϕk,l

1,n−1 ϕk,l
1,n

ϕk,l
1,n ϕk,l

1,1 . . . ϕk,l
1,n−2 ϕk,l

1,n−1
...

...
. . .

...
...

ϕk,l
1;3 ϕk,l

1,4 . . . ϕk,l
1,1 ϕk,l

1,2

ϕk,l
1;2 ϕk,l

1,3 . . . ϕk,l
1,n ϕk,l

1,1

 .

The circulant structure simplifies the algorithmic treatment of such matrices
and reduces the storage space needed, because now, the first row or column
itself completely determines the matrix’s entries.

Second, another symmetry can be exploited. Since for every grid-point, the
grid is also symmetric to the plane that contains the point and the two poles,
the first row Φk,l (1, ·) of a matrix-block Φk,l is also symmetric to it’s center.
This means that depending on the parity of the length of this row-vector, the
equation

Φk,l (1, ·) =


„

ϕk,l
1,1,ϕk,l

1,2,...,ϕk,l

1, n+1
2 −1

,ϕk,l

1, n+1
2

,ϕk,l

1, n+1
2 −1

,...,ϕk,l
1,2,ϕk,l

1,1

«
, if n odd,„

ϕk,l
1,1,ϕk,l

1,2,...,ϕk,l

1, n
2−1

,ϕk,l

1, n
2

,ϕk,l

1, n
2

,ϕk,l

1, n
2−1

,...,ϕk,l
1,2,ϕk,l

1,1

«
, if n even,

holds. Therefore, it suffices to store roughly only the first half of the first
row in memory. This symmetry can under certain circumstances also be used
partly, if the grid only leads to Toeplitz-blocks. This is the case, if additional
grid-columns can be introduced, so that the resulting grid fulfils the conditions
of this item. The center of symmetry then lies in the right half of the vector,
which represents the first row of a block. Depending on the exact position,
this allows one to save memory, since still not all elements of the vector must
be stored explicitly.

We have described three cases, where symmetry properties can be used to reduce
the storage space needed for Φ. Especially the third case is interesting, since there
exist algorithms to treat the occurring types of matrices efficiently. How these
algorithms work, is presented in the following section.

5.2 Circulant Matrices and the Discrete Fourier Transform

Circulant matrices show a special structure that can be used to derive fast algo-
rithms. They consist of row-vectors which are successively circularly right-shifted
versions of the first row. Clearly, circulant matrices are constant along their di-
agonals, which renders them to be members of the more general class of Toeplitz-
matrices. We discuss the more specific circulant matrices first, because the algo-
rithms we present can be generalized to suite Toeplitz-matrices, too.

As we already now, the entries of circulant matrices are highly redundant. There-
fore, it suffices to store only the first row- or column-vector of such a matrix. We will
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see that this storage scheme also perfectly suites the algorithms for matrix-vector
multiplication and for the solution of systems of linear equations, which follow.

First, we take a look at matrix-vector multiplication. So let A = (ai,j) ∈ Rn×n

be a circulant matrix and x = (x1, x2, . . . , xn)T ∈ Rn be a column-vector of length
n ∈ N. We have

(Ax)i =
n∑

j=1

ai,j xj, 1 ≤ i ≤ n.

The circulant structure of A now gives

ai,j = a(i−j mod n)+1,1,

which leads to

(Ax)i =
n∑

j=1

a(i−j mod n)+1,1 xj.

If we now define the n-periodic sequences (ãi)i∈Z, (x̃i)i∈Z, containing the elements
of the first column of A and the elements of the vector x respectively, by

ãi := a(i mod n)+1,1, x̃i := x(i mod n)+1,

we can write the result of their discrete periodic convolution as

(ã ∗ x̃)i =
n−1∑
j=0

ãi−j x̃j

=
n−1∑
j=0

a(i−j mod n)+1,1 x(j mod n)+1

=
n−1∑
j=0

a(i−j mod n)+1,1 xj+1

=
n−1∑
j=1

a(i+1−j mod n)+1,1 xj

= (Ax)i+1 ,

if we let 0 ≤ i ≤ n− 1.
This means that we can calculate the result of the matrix-vector product Ax

by a discrete periodic convolution of the vectors a and x, where a is the column-
vector representing the first column of A. The discrete convolution theorem tells
that a discrete periodic convolution corresponds to a componentwise multiplication
in the frequency domain. If we now denote an application of the discrete Fourier
transform (DFT) to a vector x by DFT (x) and analogously an application of the
inverse transform (IDFT) by IDFT (x), we therefore get the simple forms

DFT (Ax) = DFT (a)�DFT (x) (5.2)

and
Ax = IDFT (DFT (a)�DFT (x)) , (5.3)



5.2 Circulant Matrices and the Discrete Fourier Transform 29

where � stands for the componentwise product or Hadamard-product of two vectors.
But there is more we can learn from Equation (5.2), if we rewrite the application of a
DFT as a multiplication with a Fourier-matrix Fn. Furthermore, the componentwise
multiplication of DFT (a) and DFT (x) = Fnx can be written as DFnx, where D
is a diagonal matrix containing the components of DFT (a) on the main diagonal.
This yields

FnAx = DFnx.

Since Fourier matrices are orthogonal, it holds I = F−1
n Fn = FH

n Fn. So we get

FnAFH
n Fnx = DFnx.

We conclude that FnAFH
n = D must hold, since x can be chosen arbitrarily. The

matrix-product AFH
n can also be interpreted as the application of the forward trans-

form, not to the columns, but to the rows of A. So the application of the DFT to
the rows and columns of a circulant matrix diagonalizes it. In real life algorithms,
the matrix D is, of course, never calculated. Since the matrix A can be represented
by the vector a, simply Equation (5.3) is used.

The componentwise multiplication of DFT (a) and DFT (x) can be computed
with O (n) arithmetic operations. The computational complexity of the multiplica-
tion algorithm is therefore determined by the application of DFT and IDFT. These
steps require O (n log n) flops, if the fast Fourier transform (FFT) algorithm is used.

We now turn to systems of linear equations, whose system matrix is circulant.
The problem of solving such a system is somewhat similar to the computation of a
matrix-vector product, since in both cases, a matrix and a vector in an equation

Ax = b, A ∈ Rn×n, x, b ∈ Rn (5.4)

are given, while the other vector is sought. This makes us hopeful that we can use
similar techniques as above, to derive an algorithm that can solve systems of linear
equations involving circulant matrices more efficiently than standard methods. In
Equation (5.4), we multiply with Fn from the left and by recalling FH

n Fn = I, we
get

FnAFH
n Fnx = Fnb.

We know that FnAFH
n is a diagonal matrix that can be computed very easily via

a FFT. So the system has been transformed into a very simple form and we can
immediately solve it with O (n) arithmetic operations to get Fnx. Here we must note
that the transformation of A to the diagonal form D does not affect the solvability
of the system, since the orthogonal Fourier-matrices are regular. A final application
of the IDFT to Fnx gives the sought solution x. The presented algorithm requires
roughly the same number of operations as the one for matrix-vector products, the
computational complexity remains the same with O (n log n).

We have seen that circulant matrices are strongly correlated with the discrete
Fourier transform and that matrix-vector multiplications or the calculation of the
solution of a system of linear equations can be carried out with O (n log n) arithmetic
operations, if circulant matrices are present. This renders the presented algorithms
to be considerably faster than classical methods that do not exploit the circularity.
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As we have seen, the matrices we have to treat are not only circulant matrices,
but contain blocks of circulant submatrices. The treatment of this type is described
in the following section.

5.3 Block Matrices with Circulant Blocks

Block matrices composed of circulant blocks can be handled by a reduction to the
algorithms for circulant matrices, presented above. So let an equation Ax = b be
given that involves such a block matrix. We can use the dimension of the blocks to
partition the vectors also. Therefore, we can write

A1,1 A1,2 . . . A1,m

A2,1 A2,2 . . . A2,m
...

...
. . .

...
Am,1 Am,2 . . . Am,m




x1

x2
...

xm

 =


b1

b2
...

bm

 , Ai,j ∈ Rn×n, xi, bi ∈ Rn.

Similar to the strategy for circulant matrices, we can multiply the system by a
matrix from the left and insert an expansion of I between A and x to transform
the equation into a simpler form. The matrix Fm,n, we use for the multiplication,
contains blocks of the same size as those of A. It is a block-diagonal matrix that
contains Fourier-matrices Fn of dimension n × n on its main diagonal. Again, we
take note of the fact that this matrix is orthogonal, too. The adjoint matrix FH

m,n

contains the adjoint Fourier-blocks FH
n on it’s diagonal. The product of both forms

the needed expansion of I. Performing the mentioned steps yields then

Fm,nAFH
m,nFm,nx = Fm,nx

or more detailed
FnA1,1F

H
n FnA1,2F

H
n . . . FnA1,mFH

n

FnA2,1F
H
n FnA2,2F

H
n . . . FnA2,mFH

n
...

...
. . .

...
FnAm,1F

H
n FnAm,2F

H
n . . . FnAm,mFH

n




Fnx1

Fnx2
...

Fnxm

 =


Fnb1

Fnb2
...

Fnbm

 .

All blocks Ai,j have now been changed to diagonal blocks Dij := FnAi,jF
H
n , so one

can write 
D1,1 D1,2 . . . D1,m

D2,1 D2,2 . . . D2,m
...

...
. . .

...
Dm,1 Dm,2 . . . Dm,m




Fnx1

Fnx2
...

Fnxm

 =


Fnb1

Fnb2
...

Fnbm

 .

The matrix’s structure is now not as simple, as for a single circulant matrix, but
some progress has been made. To realize that, one can reorder the rows and columns
of the system. This is realized by multiplications with permutation matrices. We do
not delve into details here, but the result is a system with a block-diagonal matrix.
This means that the complete system has been decomposed into m independent
smaller systems of linear equations, each of dimension n× n. These can be treated
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independently of each other and each of them can be used to compute a vector-
block Fnbi (in the case of matrix-vector multiplication) or Fnxi (for a system of
linear equations) of the result. Then, after having reversed the previous column
and row reordering, a final multiplication with FH

m,n gives the sought solution. This
corresponds to an application of the IDFT to each block of the result vector.

The following analysis shows that the described methods have a lower compu-
tational complexity than classical ways. As an additional constraint, we require
m = Θ (n) for our asymptotic considerations. If this is not true, the used grid
degenerates for large n or m and becomes dominated by the number of rows or
columns.

In the algorithm, one must first calculate m2 + m discrete Fourier transforms.
Each of these transforms has length n and therefore requires O (n log n) flops1. In
total, this step accumulates to O (m2n log n) arithmetic operations.

At next, we must calculate m matrix-vector products, or must solve m linear
systems, in each case of dimension n × n. Depending on the concrete algorithms
used for these steps, we count the complexity for each of them with C (n). We only
now that C (n) = Ω (n2) holds and that C (n) = O (n3) is always possible. Together,
this gives a complexity of O (mC (n)).

The last step, the computation of IDFTs for each of the m vector-blocks of the
intermediate result vector, needs O (mn log n) flops.

So the described methods require in total O (mC (n)) = O (n4) arithmetic op-
erations. General methods, which also hold for non-circulant matrices show a com-
plexity of O (C (nm)) = O (n6).

We have seen how the methods for circulant matrices can also be used in a similar
way for block-matrices consisting of circulant blocks. This closes our investigations
in this chapter. In the next and last one, some results of applications to real data
are shown.

1Abbreviates “floating point operations”.
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6 An Application

In this final chapter, we shortly present an application of the previously described
approximation schemes.

For texture analysis in cristallography, spherical data on a regular grid, with
constant angular distances between adjacent rows and columns, is processed and
reviewed. However, these measurements are very time consuming, therefore limiting
the affordable resolution of the result. After applying the discrete Fourier transform
to the measured data, in order to approximate Fourier coefficients, the result opens
the door for physical interpretations and conclusions.

A problem is that the measurements often show isolated sharp peaks, while
the greater part of the data is nearly constant. This renders the procedure quite
ineffective on fine grids. We present a different way, by calculating a Poisson kernel
representation of the data set. Since the Fourier coefficients of this basis functions
are known, this procedure also provides a set of Fourier coefficients. But it allows
for more. As we have shown, the resulting function, which is a linear combination of
rotated kernel functions, can be seen as a stochastic model for the real underlying
function that produced the data. This enables one to get an approximation at points
which do not belong to the grid. In smooth areas with a low variance, the resolution
of the result can be enhanced reasonably. Moreover, the parameter h can be used
to adapt the model function to areas with higher variance.

We will restrict us to the first topic and work on a set of original data from texture
analysis. A visualization is given in Figure 6. On this basis, representations with
Poisson kernels were calculated. When the resolution is not increased, the resulting
function, meeting the interpolation condition by definition, clearly coincides with
the measured data on the original grid, regardless of the parametrization of the
kernels. But from a numerical point of view, a good adjustment of the parameters
is crucial. If a small value h is used for all basis functions, the interpolation matrix
Φ becomes nearly singular, since the kernels are close to constant functions. On the
other hand, the use of a value close to 1 pushes Φ towards the unity matrix, making
the calculation more stable, but useless for the following steps, as we will see.

At first, only rotated versions of a single kernel with a fixed h were employed to
produce values on a refined grid. Therefore, between each pair of rows and columns,
a single new row/column was introduced right in the middle, meaning that the
resolution of the grid was doubled in both directions. Results for different values
of h are shown in Figures 7 to 9. One might observe that the results do not meet
expectations. In Figure 7, the approximation in the lower part, corresponding to
the equatorial region, seems to be quite good. But the more one moves towards the
North pole, the more unwanted ripple structures, located between the original points,
show up. On the other hand, in Figures 8 and 9, for which greater values of h have
been used, the ripples are not so present. But at the same time, the approximation
in the lower regions has changed, too. Here, the function shows values near to zero
at the newly introduced points, while reaching the original values at the others.

The reason for both behaviors is the geometrical structure of the used grid. As
we have already described, the surface distance between adjacent points in a fixed
row decreases, while moving towards the North or South pole. Since the parameter
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h for the basis functions was fixed, this means that a single basis function near the
poles has a noticeably higher impact on it’s neighbor points than one located near
the equator. This overlap is the cause for instabilities in the result.

On the other hand, it can be seen that an increase of h does not really help, since
then, the effective support of the basis functions in the equatorial region becomes
so small that the newly introduced points are not covered very well, making an
approximation at this points worse. It is therefore clear that a system of kernels
with different spatial density must be used.

According to [4], p. 933, for a Poisson kernel Gh (ξ, ·) that is regarded as a
probability density function defined on the unit-sphere, the variance σ is given by

σ2 =

(
1− h2

1 + h2

)
. (6.1)

This formula can be used to derive an automatic procedure that adjusts the param-
eter h for each row of a given grid, so that the functions do not overlap too much,
ensuring at the same time that the effective support of the basis functions also covers
the intermediate points.

Figure 10 shows what happens, if this procedure is applied. The result now nei-
ther shows ripple structures near the North pole, nor too sharp basis functions near
the equator. A further example, where the resolution was even increased four fold,
is shown in Figure 11 and demonstrates the effectiveness of the proposed method.

This closes our investigation. For further improvements, the representation of
sharp peaks in the input data must be taken into account. But therefore, one must
leave the regular structure of the interpolation matrix Φ. Here, it might be useful,
to compute a coarse approximation on a regular grid with the proposed method and
incorporate sharp peaks afterwards. For example, one could solve the interpolation
problem by using an iterative method for systems of linear equations. The solution
calculated first can here be used as the initial solution, in order to reduce the number
of iterations needed. Therefore, the principles that were described in this text, form
only an introduction into this field of applications.
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Figure 6: The originally measured values. The measurements were performed on a
relatively coarse grid. Rows start at 1.25◦ and reach 78.75◦ in steps of 2.5◦, while
the columns are distributed equally in the interval [0, 2π] with a separation of 5◦.
Together, this leads to 31 rows and 72 columns.

Figure 7: The data from Figure 6 interpolated at a grid with doubled resolution in
both directions. For the parameter h, the value 0.965 was used. The result shows
unwanted ripples near the North pole. Please note the different color mapping
compared to Figure 6, since now, also negative values are present in the data.
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Figure 8: The same as in Figure 7, but with h = 0.970. The ripples are not as
present, as before, but the effective support of the basis functions is already to small
to guarantee a reasonable approximation in the equatorial region.

Figure 9: Here, h = 0.975 was used. Ripples are present, but small and only located
near the North pole. The approximation in the lower region is even worse.
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Figure 10: Approximation of the data from Figure 6 with doubled resolution and
the use of the automatic parameter adjustment. No ripple-like structures can be
seen and the basis functions also seem to cover the newly introduced points. The
values for h reach from 0.973 near the pole down to 0.946 at the bottom.

Figure 11: The same as in Figure 10, but with four fold resolution.
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