
Remarks on an Edge Isoperimetric Problem

C. Bey

Abstract. Among all collections of a given number of k-element subsets
of an n-element groundset find a collection which maximizes the number
of pairs of subsets which intersect in k − 1 elements.

This problem was solved for k = 2 by Ahlswede and Katona, and is
open for k > 2.

We survey some linear algebra approaches which yield to estimations
for the maximum number of pairs, and we present another short proof
of the Ahlswede-Katona result.

1 Introduction

Let G = (V , E) be a simple graph. Given a subset M of the vertex set V , we
put BG(M) := {{u, v} ∈ E : u ∈ M, v /∈ M}, the edge-boundary of M, and
IG(M) := {{u, v} ∈ E : u, v ∈ M}, the set of inner edges spanned by M. Two
edge isoperimetric problems (EIP’s) for G are the determination of the numbers
BG(m) := min{|BG(M)| : M ⊆ V , |M| = m} and IG(m) := max{|IG(M)| :
M ⊆ V , |M| = m}. If G is regular with degree d, then both problems are
equivalent since 2IG(M) + BG(M) = d|M| holds for every M ⊆ V . We refer to
[6] for a survey on edge isoperimetric problems on graphs.

Here we consider the Johnson graph G = J(n, k). Let [n] denote the set
{1, 2, . . . , n} and Vn

k the set of all k-element subsets of [n]. The graph J(n, k)
has vertex set Vn

k , and edge set {{A, B} : |A ∩ B| = k − 1}. Thus, looking at
incidence vectors, J(n, k) is the graph whose vertices are the {0, 1}-sequences
of length n and weight k, and whose edges are those pairs of sequences with
Hamming distance 2. The Johnson graph J(n, k) is an adjacency relation of the
Johnson scheme, which is the natural setting for studying constant weight codes
(cf. [10]).

Note that J(n, k) is regular with degree k(n − k).
We write Bn,k(m) for BJ(n,k)(m) and B(M) resp. I(M) for BJ(n,k)(M) resp.

IG(n,k)(M).
The EIP of the graph J(n, 2) was solved by Ahlswede and Katona in [3].

Solutions for the case k = 2 also appeared in [1,7] and [16]. In order to state the
result, we need the following definition.

Let m =
(
d
2

)
+ t with 0 ≤ t < d. The quasi-complete graph Cm

n on n vertices
is obtained from the complete graph on d vertices by adding a vertex of degree
t and n − 1 − d isolated vertices. The quasi-star Sm

n is the complement of the

graph C
(n
2)−m

n .

Theorem 1 ([3]). For every 0 ≤ m ≤ (
n
2

)
the minimum boundary Bn,2(m) is

attained for the quasi-complete graph Cm
n or for the quasi-star Sm

n .
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The EIP for J(n, k) with k > 2 is open. The papers [12] and [2] study continuous
versions of the EIP, whose solutions yield the numbers Bn,k(m) for certain values
of m. A natural conjecture on the structure of optimal solutions for the EIP is
also disproved in [2].

This note contains a survey on some estimations for the EIP based on eigen-
values, as well as a short and new proof for Theorem 1.

2 Estimations Via Eigenvalues

Given a set M ⊆ Vn
k of vertices of J(n, k) and a set P ⊆ [n] we denote by

d(P ) = dM(P ) = |{M ⊆ M : P ⊆ M}|

the degree of P in M. If p ∈ [n] we write also d(p) for d({p}).
Obviously,

∑

P∈Vn
k−1

d(P )2 = 2|I(M)| + k|M| = k(n − k + 1)|M| − |B(M)| . (1)

Thus, determining the maximum sum of squares of degrees dM(P ), P ∈ Vn
k−1,

over all subsets M ⊆ Vn
k of a given size is equivalent to the EIP.

In [9], de Caen proves the following inequality for the case k = 2: Given
M ⊆ Vn

2 ,
∑

P∈Vn
1

d(P )2 ≤ 2
n − 1

|M|2 + (n − 2)|M|. (2)

Of course, this inequality can be checked using Theorem 1, but the calculations
are somewhat involved. De Caen’s inequality was generalized to arbitrary k in
[5]: For every 0 ≤ p ≤ n and M ⊆ Vn

k we have

∑

P∈Vn
p

d(P )2 ≤
(
k
p

)(
k−1

p

)

(
n−1

p

) |M|2 +
(

k − 1
p − 1

)(
n − p − 1

k − p

)
|M| . (3)

Equality holds in (3) for 0 < p < k < n if and only if M = ∅ or M = Vn
k or M

is a star or a complement of a star, or n = k + 1 and M ⊆ Vk+1
k is arbitrary.

Here a star is the set of all k-element subsets which contain a fixed element from
[n], and the complement of M is Vn

k \M.
The proofs of the above estimations in [9,5] utilize a positive semidefinite

matrix in the Bose-Mesner-algebra of the Johnson scheme (cf. [10]). This matrix
is essentially the p-element versus k-element subsets incidence matrix multiplied
with it transposed. A more transparent proof, using this matrix, can be given
using the following theorem. Recall that a semiregular graph is a bipartite graph
such that the degrees of the vertices are constant on each bipartition.
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Theorem 2. Let G = (V , E) be a connected semiregular graph with bipartition
V = V0 ∪ V1 and degrees d0, d1. Let μ2 be the second largest eigenvalue of the
adjacency matrix of G. For M ⊆ V1 and v ∈ V0 put

d(v) = |{v1 ∈ M : {v, v1} ∈ E}| .

Then
∑

v∈V0

d(v)2 ≤
(

d0d1 − (μ2)2

|V1|
)
|M|2 + (μ2)2|M| .

Proof: Let A be the adjacency matrix of G. We have

A =
(

0 W
W� 0

)
,

where W is the |V0| ×|V1|-matrix describing adjacency between the bipartitions
V0 and V1. It is known that the nonzero eigenvalues of A are exactly the (posi-
tive and negative) square roots of the nonzero eigenvalues of W�W , with equal
multiplicities correspondingly. We denote the eigenvalues of the latter matrix
by μ2

1, μ
2
2, . . . , with μ1 > μ2 > · · · ≥ 0. Since G is biregular and connect-

ed, the largest eigenvalue is μ2
1 = d0d1, and the corresponding eigenspace is

one-dimensional and generated by the all one vector which we denote by j. In
particular, μ2 is indeed the second largest eigenvalue.

Now let ϕ be the characteristic row vector of M (of length V1), and ϕ =
ϕ1 +ϕ2 + . . . be the orthogonal decomposition of ϕ according to the eigenspaces
of W�W . Note that |M| = ϕ�j = ϕ�

1 j, thus ϕ1 is the constant vector with
entry |M|/|V1|, and ϕ�

1 ϕ1 = |M|2/|V1|. Now we have

∑

v∈V0

d(v)2 = (Wϕ)�Wϕ = μ2
1ϕ

�
1 ϕ1 +

∑

i≥2

μ2
i ϕ

�
i ϕi

≤ d0d1ϕ
�
1 ϕ1 + μ2

2(|M| − ϕ�
1 ϕ1) =

(
d0d1 − μ2

2

|V1|
)
|M|2 + μ2

2|M| .

Inequality (3) now follows from Theorem 2. The computation of the corre-
sponding eigenvalue μ2 (cf. [5]) uses the known eigenvalues of the Johnson scheme
(cf. [10]).

Using (1) and (3) with p = k − 1 we get the following estimation for the EIP
of the graph J(n, k):

Bn,k(m) ≥ n
(
n
k

) m

((
n

k

)
− m

)
. (4)

Equality holds for 0 < m <
(
n
k

)
if and only if m =

(
n−1
k−1

)
or m =

(
n−1

k

)
or

n = k + 1.
This recalls a general edge isoperimetric inequality using Laplace eigenvalues

due to Alon and Milman:
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Theorem 3 ([4]). Let G = (V , E) be a simple graph, and λ2 be the second
smallest Laplace eigenvalue of G. Then, for every 0 ≤ m ≤ |V|,

BG(m) ≥ λ2

|V| m (|V| − m) .

Recall that the Laplace eigenvalues of a graph G are the eigenvalues of the
difference of the degree matrix and the adjacency matrix of G, where the degree
matrix is the diagonal matrix having the degrees of G on its diagonal. For regular
graphs the Laplace eigenvalues are the differences of the degree and the adjacency
eigenvalues.

The second smallest Laplace eigenvalue of the Johnson graph J(n, k) is n.
This is again an easy computation using the eigenvalues of the Johnson scheme.
Thus, inequality (4) and hence also (3) follow from Theorem 3. In fact, it is also
easy to deduce Theorem 2 from Theorem 3 (at least if the bipartite graph in
Theorem 2 is strongly regular when viewed from the bipartition V1).

We continue with an estimation for the EIP in the case k = 2. Our Theorem
2 can be considered as a bipartite version of the following result.

Theorem 4 ([13]). Let G = (V ,M) be a graph and μ1 be the largest eigenvalue
of the adjacency matrix of G. For v ∈ V let d(v) = dM(v) be the degree of v.
Then ∑

v∈V
d(v)2 ≤ (μ1)2|V| .

If G is connected then equality holds if and only if G is regular or semiregular.

In order to apply this theorem one needs bounds on the largest eigenvalue of a
graph. Many such bounds have been established, and we refer to [8] for a survey.

For example, a result by Schwenk [19] and Hong [14] says that the largest
eigenvalue μ1 of a connected graph G = (V ,M) satisfies

μ1 ≤
√

2|M| − |V| + 1 .

This bound together with Theorem 4 however yields a weaker estimation for the
k = 2 case of the EIP than inequality (2). A best possible upper bound on the
largest eigenvalue (called index) of a graph in terms of the number of edges was
obtained by Rowlinson [17]:

Theorem 5 ([17]). Among all graphs with n vertices and m edges exactly the
quasi-complete graph Cm

n has largest index.

Note that this result together with the Theorem 4 comes close to the optimum
of the EIP of J(n, 2) in half of all cases (but does not yield to sharp estimations
for all quasi-complete graphs due to the equality characterization in Theorem
4). Indeed, the two previous theorems yield a better estimation for the EIP of
J(n, 2) than inequality (2). It seems worthwhile to study analogues of Theorem
5 for hypergraphs in order to improve the estimation (4).
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3 A Short Proof for the Case k = 2

Recall the majorization (or dominance) order for sequences: If d = (d1, . . . , dn)
and e = (e1, . . . , en) are real vectors we say that d is majorized by e if for all j =
1, . . . , n the sum of the largest j entries of d is not larger than the corresponding
sum for e, and if equality holds for j = n. Equivalently, d is majorized by e if d
can be obtained from e by a sequence of alterations each of which replaces two
entries di, dj with di < dj by di + x, dj − x with 0 ≤ 2x ≤ dj − di.

We look for graphs with a fixed number of vertices and a fixed number of
edges which maximize the sum of squares of degrees. For this it is sufficient
to look among graphs having a degree sequence which is not majorized by any
other degree sequence. Indeed, this follows by elementary means or by noting
that the sum of squares of degrees is a symmetric and convex function of the
degrees. A characterization of such degree sequences is known, and gives in fact
a characterization of all degree sequences of graphs:

Given an integer vector d = (d1, . . . , dn) with nonincreasing entries (i.e. a
partition of d1 + · · ·+ dn), the number r := max{i : di ≥ i} is called the rank of
d. Further, the sequence d′ = (d′1, . . . , d

′
n−1, . . . ) with d′i = |{j : dj ≥ i}| is called

the conjugate sequence (or partition).

Theorem 6 (Ruch, Gutman [18]). Let d = (d1, . . . , dn) be a rank r sequence
of nonincreasing nonnegative integers. Then d is a degree sequence of a graph
with n vertices and m edges if and only if 2m = d1 + · · · + dn and

d1 + · · · + di + i ≤ d′1 + · · · + d′i holds for all 1 ≤ i ≤ r. (5)

Degree sequences of graphs which satisfy equality in (5) for all i = 0, . . . , r are
called threshold sequences, the corresponding graphs are called threshold graphs.
These graphs were introduced in a different manner in [11] and have many char-
acterizations. For example, threshold graphs are exactly those graphs whose
degree sequences are not realized by any other nonisomorphic graph. Also, the
threshold sequences and their permutations are exactly the extreme points of
the convex hull of all degree sequences of graphs on a fixed number of vertices.
We refer to [15] for more details.

Theorem 6 says that a partition d = (d1, . . . , dn) is the degree sequence of a
graph on n vertices if and only if d is majorized by a threshold sequence.

Our proof of the Ahlswede-Katona theorem will proceed by some easy opera-
tions on the diagrams of a threshold sequences. Recall that the (Young) diagram
of a sequence (d1, . . . , dn) of nonincreasing integers is the array of d1 + · · · + dn

boxes having n left-justified rows with row i containing di boxes, i = 1 . . . , n.
The square of a rank r partition d is the square consisting of the r2 boxes in the
left upper corner of the diagram of d. We will identify sequences of nonincreasing
integers with their diagrams. Figure 1 shows the degree sequences of a quasi-star
and a quasi-complete graph. Both types of graphs are threshold graphs. Note
also that a rank r diagram of a quasi-star has n − 1 boxes in each of its first
r − 1 rows, and a rank r diagram of a quasi-complete graph has at most r + 1
columns.
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Fig. 1. Diagrams of S18
9 and C18

9

�

...

Fig. 2. Moving a box

A simple calculation shows that
∑

i d′2i =
∑

i d2
i +

∑
i di holds for all threshold

sequences (d1, . . . , dn). Maximizing
∑

i d2
i over all threshold sequences with fixed∑

i di is thus equivalent to maximizing
∑

i d′2i . Let us place for each threshold
sequence d the weight i + j − 1 in the box of row i and column j of the diagram
of d. Then our maximization is equivalent to finding a threshold sequence which
has largest sum of weights among all threshold sequences with a fixed number
2m = d1 + · · · + dn of boxes.

Let us now turn to the proof of Theorem 1. We proceed by induction on the
number m of edges. Suppose that G is an optimal threshold graph with m edges
and nonincreasing degree sequence (d1, . . . , dn). We may assume that d1 = n−1.
Indeed, in the other case the complement G of G has a vertex of degree n − 1,
and is optimal among all graphs with

(
n
2

)− m edges (since the edge boundaries
of G and its complement are equal). But if we can show that G can be taken
to be a quasi-star or a quasi-complete graph, then G can be so too. The graph
obtained from G by removing a vertex of degree d1 = n− 1 is an optimal graph
with m−(n−1) edges. By induction, we can assume that it is either a quasi-star
or a quasi-complete graph. In the first case G itself is a quasi-star and we are
done. Thus assume that the second case occurs. We will show how to transfer
the diagram d of G’s degree sequence into one of the diagrams of the quasi-star
or the quasi-complete graph while maintaining the sum of weights. Since d is
threshold, the boxes to the right of d’s square have a mirror counterpart below
the square. In the following, when we perform operations with the boxes lying
to right of the square of a threshold diagram, we always assume that the same
(transposed) operations are done with the boxes below the square, such that the
resulting diagram will be again a threshold one.

Let r be the rank of d, and let 1 + s be the number of boxes in the (r + 1)-th
column of d. We may assume that r ≥ 3 and n− 1 − r ≥ 2, since otherwise d is
the diagram of a quasi-star resp. quasi-complete graph. We consider two cases.
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First, let r ≥ n− 1− r. If 1+ s ≥ n− 1− r, then moving the last box of the first
row to the first empty place in the (r + 1)-th column (and doing the transposed
operation below the square) will yield a threshold sequence with a larger sum of
weights, contradicting the optimality of G (see Figure 2).

...

−→
...

�

Fig. 3. Flipping and Moving a box

Thus 1 + s < n − 1 − r. But then we flip the hook consisting of the s + 1
boxes in the (r + 1)-th column and the last n − 1 − r boxes in the first row to
obtain a threshold diagram d′ with n− 1− r boxes in the (r +1)-th column and
r + s + 1 boxes in the first row, while maintaining the sum of weights. If s ≥ 1,
then, as above, moving the last box from the first row of d′ to the (r + 1)-th
column yields a contradiction. Thus we have s = 0. But then d′ is the diagram
of a quasi-complete graph, and we are done with the case r ≥ n − 1 − r. Let
r < n − 1 − r. Then we flip the last s boxes of the (r + 1)-th column and the
second up to r-th box of the r-th column to obtain a threshold sequence d′′

with 2r − 2 boxes in the second row and r − 1 + s boxes in the third row, while
maintaining the sum of weights (see Figure 3).

If 0 < s < r − 1, then moving in the diagram d′′ the last box of the third
row to the first empty place of the second row increases the sum of weights,
contradicting the optimality of G. If s = r − 1 (≥ 2), then moving the last
two boxes of the third row to the first two empty places of the second row will
increase the sum weights. Thus we have again s = 0. If r ≥ 4, then d′′ has rank
r−1, and moving the box in row and column r−1 to the first empty place of the
second row will increase the sum of weights. Thus we have r = 3. But then d′′

is the diagram of a quasi-star, and we are also done with the case r < n− 1− r.
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